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The aim of the present paper is to establish interrelationship among continuity
conditions for a nonnegative extended real-valued function p defined on an
effect algebra. Examples and counterexamples are given to illustrate various
situations arising in this study.

1. INTRODUCTION

In 1992, Kopka defined the D-posets of fuzzy sets in [17], which is closed un-
der the formations of differences of fuzzy sets, while studying the axiomatical
systems of fuzzy sets. The structure of a D-poset supports a noncommutative
measure theory and allows the solution of some problems of noncommutative
probability theory, including some problems of theory of quantum measurement.
In the "quantum probability theory” one assume the occurrence of noncompati-
ble events, that is, events that can be tested separately but not simultaneously.
Thus the set of noncompatible events does not fulfil the axioms of Boolean alge-
bra. Therefore Boolean algebra is replaced by orthomodular lattice or poset [13].
The concept of an effect algebra (which is a common generalization of orthomod-
ular lattices and MV -algebras) has been introduced by Foulis and Bennet [4] as
an algebraic structure providing an instrument for studying quantum effects that
may be unsharp. For a list of nice examples of effect algebras we refer to [6]
and for some of its properties we refer also to [4] and [5]. Effect algebras, which
are essentially equivalent to D-posets, were introduced as the carriers of states
or probability measure in the Quantum Physics [7], in Mathematical Econom-
ics ([10], [11]) and in Fuzzy Theory ([8], [12], [14-16], [19-21]). The categorical
equivalence of D-posets and effect algebras is discussed in [9]. Nonadditive mea-
sures appear today in many branches of pure mathematics with many important
applications ([18], see also [22]).

Avallone [3] gave the concept of upper continuous (also called continuous from
below) and lower continuous (also called continuous from above) functions de-
fined on a D-lattice in the context of subadditive measures. In the present paper,
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notions of weakly null-additive function, null-additive function and different types
of continuities of a function defined on an effect algebra E are introduced and in-
terrelationship among these conditions are studied. Prerequisites and some basic
results on effect algebras are collected in Section 2, which have been extensively
used in the subsequent sections. In Section 3, we introduced nonadditive measure
p defined on an effect algebra E, with values in [0, 00]. It is shown that being
a weakly null-additive function, is a weaker condition than null-additivity. We
have proved for a function p defined on a g-complete effect algebra E that (i) if
p (with (0) = 0) is strongly order continuous, then p is order continuous (ii) if
i is monotone and order continuous, then p is exhaustive (a characterization of
exhaustivity in terms of a pu-Cauchy sequences is established and used to prove
converse of this statement); converse of both of these statements need not be
true, which has been established through counterexamples. We have proved that
every null-additive and order continuous function is null-continuous and also ev-
ery weakly null-additive, strongly order continuous function is null-continuous;
two different techniques are used to obtain a suitable decreasing sequence from
a given increasing sequence while proving these results. Here also converse of
both of these statements need not be true, moreover converses in each case is
established by adding suitable necessary conditions.

2. PRELIMINARIES AND BASIC RESULTS

Throughout the paper, £ = (F;®,0,1) denotes, in general, an Effect algebra
(see [1-6, 9]). In every effect algebra E, a dual operation © to @& can be defined
as follows: a © c exists and equals b if and only if b @ ¢ exists and equals a. We
say that two elements a,b € E are orthogonal and we write a L b, if a & b exists.
If a b =1, then b is orthocomplement of a and write b = a*. It is clear that
1t=0,(at) =a,a L0and a® 0 = a, for all a € E. Also for a,b € E, define
a < b if there exists ¢ € E such that a L ¢ and a®c = b. It may be proved that <
is a partial ordering on F and 0 < a < 1; a<bebt<agtanda<bleald
for a,b € E. If a < b, the element ¢ € E such that ¢ L a and a ® ¢ = b is unique,
and satisfies the condition ¢ = (a @ b*+)*. In this case we write ¢ = b a. If
(E, <) is a lattice, we say that the effect algebra E is a lattice effect algebra, or a
D-lattice. For elements a, b of a D-lattice, we set aAb = (a V b) © (a Ab) [3].

For ay,...,a, € E, we inductively define a; & ... B a, = (a1 D ... Da,_1) D
ay, provided that the right hand side exists. The definition is independent on
permutation of the elements. A finite subset {ai,...,a,} of E is said to be
orthogonal if a1 @ ... ® a, exists. A sequence {a,} in F is called orthogonal if,
for every n, P, a; exists. If, moreover sup,, €P,,, a; exists, the sum €, .y a, of
an orthogonal sequence {a,} in E is defined as sup, ,, a;; N denotes the set
of all natural numbers. An effect algebra F is called a o-complete effect algebra
if every orthogonal sequence in F has its sum [1, 2, 9].
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Let us recall the following results which we shall use in the sequel.

2.1 [2]. Let E be a lattice effect algebra (or D-lattice). We write a, T a
(respectively, a, | a) whenever {a,} is an increasing sequence in E and a =
sup,, a,, (respectively, {a,} is an decreasing sequence in F and a = inf,, a,,).

2.2 [1]. Let a,b,c € FE such that a L b and b < c¢. Then a ® b < ¢ if and only
ifa<cohb.

2.3 [1]. (i) Let {ai,...,a,} € E be orthogonal. If 1 < k < n, then {a4, ..., a;}
and {ay41,...,a,} are orthogonal and @@, a; = @le a; ® P}, a

(ii) Let {a,} be an orthogonal sequence in E and A, B C N disjoint such that
a=@,ca0nand b=, pa, exist. Thena L band a ® b= P, .4 5 n-

(iii) Let {a,} be an orthogonal sequence in E and A, B C N be such that
B C A and there exist a = €D,,c4 an and b = D,,cp an. Then P, 4\ p an exists
and we have €P,,c 4 pan = a S b.

2.4 2. (i) Let {ag,a1,...a,} be in E with ay < a; < ... < a, and let
b; = a; © a;—y for every i € {1,2,...,n}. Then {by,bs,...b,} is orthogonal and
by @by @ ... 3 b, =a, O a.

(i) Let E be a o-complete effect algebra. If {a,} is an increasing (respectively,
decreasing) sequence, then sup,, a, (respectively, inf, a,) exists.

2.5. ([2], [9]) Assume that a, b, c are elements of an effect algebra E.

(i) Ifa<b, thenb=a® (bOa).

(i) fa<b thenbSa<band bS (bSa) = a.

(iii) If @ L b, then a < a@® b and (a B b) ©a=0b.

(ivyfb<canda<cob, thenb<cSaand (cOSb)Sa=(cOa)Ob.

(v) If a < cand b < ¢, then c6a=cobif and only if a = b.
(
(
(

(x) fa<b< ¢ then (boa)<(cOa)and (cOa)o (b a)=(cOb).
2.6. ([3], [9]) Assume that a,b,b, (n € N) are elements of a D-lattice E.
)If b, | band a L b, for each n, then a ® b, | a ® b.

(i
(i) If b, | b and a > b, for each n, then a &b, T a & b.
(iii) If b, | b and a < b, for each n, then b, ©a | b© a.
(iv) If b, 1 b and a > b, for each n, then a &b, | a ©b.

3. INTERRELATIONSHIP AMONG CONTINUITY CONDITIONS

Let E be an effect algebra and u be a [0, co]-valued function defined on FE.

Definition 3.1. u is called a nonadditive function if it satisfies the following
conditions:

(i) u(0) = 0; (it) (monotone) if a,b € E, a < b, then u(a) < u(b).
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Definition 3.2. A function p is called weakly null-additive, if (b & ¢) = 0
provided b,c € E, b L ¢ and pu(b) = p(c) = 0.

Definition 3.3. A function p is called null-additive, if ;1(b& c¢) = u(b) provided
bce E, b L cand p(c) =0.

Observe that, p is null-additive if and only if (b & ¢) = p(b) provided b, ¢ € E,
¢ < band p(c) = 0. Also, if a function p is null-additive, then it is weakly null-
additive, but the following example shows that converse need not be true.

Example 3.1. Let By = {0,a,b,c¢,d,e,1}. Let us define: a®b=0bda = c,
bbc=cdb=add=dda=cPDe=1andletx®0=0dx for all x € F}.
Then Ej is an effect algebra. Define a function py on Ey as follows: ui(x) =1
if x € {a,e}, and py(z) =0 if x € {0,b,¢,d,1}. Then py is weakly null-additive
but not null-additive.

Example 3.2. Let Ey = {0,a,b,¢,1}. Let us define: a ®b = b®a = c,
bbc=chdb=aP®a=1andletx®0=0dx for all x € Ey. Then E5 is an
effect algebra. Define a function py on Ey as follows: us(x) =1 if x € {c,1}, and
po(z) =0 if © € {0,a,b}. Then py is not weakly null-additive (and so pg is not
null-additive). Further, define a function ps on Es by, us(x) =1 if x € {a,c, 1},
and ps(xz) =0 if © € {0,b}. Then s is null-additive.

Definition 3.4. For a function p, we say that u is

(1) continuous from below, ifa, T a, a, € E (n € N), a € E, then lim,_ pu(a,) =
p(a),

(i) continuous from above, ifa, | a, a, € E (n € N),a € E, thenlim,,_. p(a,) =
p(a),

The function p is called continuous if it is both continuous from below and
continuous from above,

(i13) order continuous, if a, | 0, a, € E (n € N), then lim,,_, p(a,) = 0,

(iv) strongly order continuous, if {a,} is a decreasing sequence in E and
(N an) =0 (provided N\ -, a, exists), then lim,_. p(a,) = 0,

(v) null-continuous, if {a,} is an increasing sequence in E and p(a,) = 0
(n € N), then u(\/,_, a,) =0, (provided \/,”_, a,, exists),

(vi) exhaustive, if {a,} is an orthogonal sequence in E, then lim,,_ . pu(a,) =0,

(vii) A function p is called autocontinuous from below, if lim, o u(c,) = 0
implies lim,, o (1(b © ¢,) = u(b) whenever b € E, {c,} is a sequence in E, and
¢, <b(neN),

(vii) A function p is called autocontinuous from above, if lim, . pu(c,) = 0
implies limy, oo p(b® ¢,,) = p(b) whenever b € E, {c,} is a sequence in E, b L ¢,
(n S N);

The function p is called autocontinuous if it is both autocontinuous from below
and autocontinuous from above.



Interrelationship Among Various Continuity Conditions in Effect Algebras 5

Observe that if y is autocontinuous from below or autocontinuous from above,
then it is null-additive.

Example 3.3. Let B3 ={0,1, 3, é, s %, ...}. Let us define: for each 217, O@i =
Il) % 5 =1,00l=1andifp+#gq, L 5 % 1s undefined. Then FEs is a o-complete
effect algebra. Define functions g, ps and pg on E3 as follows:

) a(1) =1, and pa(x) = 0 if v € {0, 5, 3, .., L, ... ).
) ps(x) =0, for all x € Es.
IT) 116(0) = 0, and pe(x) = 1 if 2 € {1, 5, 5, 5, }-

Then we have,

(1) pa, p5 and pg are continuous from below;

(ii) 4 and ps are continuous from above, but pg is not continuous from above;

(iii) pg and ps are order continuous, but g is not order continuous;

(iv) pg4 and ps are strongly order continuous, but pug is not strongly order
continuous;

(V) pa, ps and pg are null-continuous;

(vi) pg and py are exhaustive, but g is not exhaustive;

(vii) ps are pg are autocontinuous, but gy is not autocontinuous;

(I
(I
(1

Proposition 3.1. Let pu be a null-additive and continuous from above function
defined on a o-complete D-lattice E. If a € E, then lim,,_o, u(a @ b,) = u(a) for
any decreasing sequence {b,} in E for which lim, . u(b,) = 0 and a L b,
(n € N).

Proof. Let {b,} be a decreasing sequence in E such that lim, . u(b,) =
and let @ € E with a L b, (n € N). By 2.4(ii), put b = A 2, b,. Then p(b)
lim,, o p(b,) = 0. Now, since a L b, (n € N) and b, | b, so by 2.6(i), we have
a®b, | a®b Hence by the null-additivity of u, we get lim, .o pu(a ® b,) =
p(a @ b) = p(a).

Proposition 3.2. Let p be a null-additive and continuous function defined
on a o-complete D-lattice E. If a € E, then lim, . u(a © b,) = p(a) for any
decreasing sequence {b,} in E for which lim, . pu(b,) =0 and b, < a (n € N).

0

Proof. Let {b,} be a decreasing sequence in F such that lim,, . p(b,) = 0 and
let a € E with b, < a, (n € N). Putting b = A~ b,, we obtain that b € E and
w(b) = lim, o p(b,) = 0. Again, since b, | b and b, < a, so by 2.6(ii), we get
a© b, T a©b. Hence by the null-additivity of p, we obtain lim, . pu(a © b,) =

pla ©b) = pla).

Proposition 3.3. Let u be an order continuous and autocontinuous from above
(respectively, autocontinuous from below) function on a D-lattice E. Then p is
continuous from above (respectively, continuous from below).
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Proof. Let a, | a,a, € E (n € N), a € E. By 2.6(iii), we have a,Sa | 0. Since
 is order continuous, therefore lim,, ., p(a, © a) = 0. Now, since a < a,, so by
2.5(i) we obtain a,, = a®(a,©a). Hence lim,, ., p(a,) = lim, . p(a®(a,0a)) =
p(a), as p is autocontinuous from above, and the result follows.

Remark 3.1. Converse of the above Proposition 3.3 need not be true, as iy
is continuous from above but not autocontinuous.

Proposition 3.4. Let i be function defined on a o-complete effect algebra E.
(1) If p is continuous from above, then it is strongly order continuous.

(23) If u is strongly order continuous, with (1(0) = 0, then it is order continuous.
(1ii) If v is continuous from below, then it is null-continuous.

Proposition 3.5. Let i be monotone and order continuous function defined
on a o-complete effect algebra E. Then y is exhaustive.

Proof. Let {a,} be an orthogonal sequence in E. In view of 2.3(ii), we have
P2, ai | 0asn — oo. By the order continuity of i, we get lim,, o (P, a;) =
0. Since a, < @:°,, a;, so we obtain lim,,_, p(a,) = 0.

Remark 3.2. Converse of Proposition 3.5 need not be true: consider the effect
algebra Ey of Example 3.1. Define a function p; on Ey as follows: pr(z) = 1
if © € {a,b,1}, and pz(x) = 0 if x € {0,¢,d,e}. Then u; is exhaustive but not
monotone.

Theorem 3.1. Let p be a nonadditive function defined on a o-complete effect
algebra E. Then  is exhaustive if and only if p(a,Aay,) — 0 as n,m — oo for
any monotone sequence {a,} in E (which is called p-Cauchy).

Proof. Let 1 be exhaustive. Suppose that {a,} is an increasing sequence but
not p-Cauchy. Then there exists ¢ > 0 and a subsequence {a,, }?>; of {a,} such
that pi(an,,, © an,) = plan,,, Aan,) >, Vn >k Put by = an,,, © an,(k € N).
Then by 2.4(i), {bx} is an orthogonal sequence and limg_.. pu(bx) > €, which
contradicts that u is exhaustive. Conversely, if {a,} is an orthogonal sequence
in E, then @, a, exists and by 2.3(ii), we have b, = @.°, a, | 0 as n — ooc.
Thus {b,} is pu-Cauchy and so we obtain, lim, . p(a,) = lim, e by © bpy1) =

Proposition 3.6. Let pu be a nonadditive, exhaustive and continuous from
below function defined on a o-complete D-lattice E. Then p is order continuous.

Proof. Let a, | 0, a, € E (n € N). For any fixed n € N, using 2.6(ii)
we get a, © a,, T a, as m — oo (as a, > a, for m > n). Consequently,
lim,, oo pt(an © am) = p(ay,). Now, for a given € > 0, choose ny,ny € N such that
pan) < plan © am) + 5, for all m > ny and p(a,Aay,) < §, for all n,m > n,.
Now, for m > n > ng (ng = max{ni,nz}) we obtain, pu(a,) < p(a, © am) + 5 =
planAay,) + 5 < e, showing that lim, . p(a,) = 0.



Interrelationship Among Various Continuity Conditions in Effect Algebras 7

Aliter. Let us suppose on the contrary. Then there exists an ¢y > 0 and a
sequence {a,} with a, | 0, and u(a,) > ¢y (n € N). Since (by using 2.6(ii)),
(ar, © ap) T ag for n > k as n — oo, for any fixed k and p is continuous from
below, we get lim,, (a1 ©a,) = p(a;) > 9. Thus there exists an n(1) such that
p(a1 © an(1y) > €o. In the same way, since limy, oo pt(an1) © an) = p(anay) > <o,
choose n(2) > n(1) with p(ana) © an@)) > 0. Thus, we obtain a subsequence
{n(k)} of N such that n(1) < n(2) < ...and p(anm) © anws1)) > 0. Put by =
ai(k)@at(kﬂ) (k € N), using 2.4(i) and 2.5(viii), we obtain an orthogonal sequence
{br} of elements in L, with u(by) > ep, which contradicts the fact that u is
exhaustive.

Remark 3.3. Exhaustivity of p is an essential condition for the above Propo-
sition 3.6. The function ug is monotone and continuous from below, but not order
continuous (observe that ug is not exhaustive).

Proposition 3.7. Let i be a null-additive and order continuous function de-
fined on a o-complete D-lattice E. Then p is strongly order continuous.

[e.9]

Proof. Let {a,} be a decreasing sequence in E and p(A, - a,) =0, (A —; an
exists by 2.4(ii)). Put a = A’ a,. Since a, | a, then by 2.6(iii) we have
a, ©a | 0. Now, since a < a, (n € N), so a, = a ® (a, © a) and by the
null-additivity and order continuity of p we obtain

lim u(a,) = lim pla ® (a, © a)) = lim p(a, ©a) = 0.

Remark 3.4. Converse of the above Proposition 3.7 need not be true, as iy
15 strongly order continuous but not null-additive.

Remark 3.5. In view of Proposition 3.6, 3.7 we obtain that a function p which
1s null-additive, exhaustive and continuous from below defined on a o-complete D-
lattice E, then i is strongly order continuous; however, converse of this statement
need not be true, as juy is strongly order continuous but not null-additive.

Theorem 3.2. Let p be a null-additive and order continuous function defined
on a o-complete effect algebra E. Then p is null-continuous.

Proof. Let {a,} be an increasing sequence in F and pu(a,) = 0 (n € N).
Since {a,} is an increasing sequence take, b, = a, © a,_; with ag = 0. By
2.4(i), we obtain {b,} is orthogonal and €,., b; = a,. Since E is o-complete,
we get a = sup, (P, b;) = sup, a, exists, and so ¢, = a © (P,., b;) exists.
Now, by 2.5(viii), {c,} is a decreasing sequence. Let d < ¢, (n € N). Then, by
2.5(iv), @,.,bi < a©d, for each n. Taking the supremum over n, we obtain
a < a & d. Now, by 2.5(v), we get d = 0, so ¢, | 0. Since @,., b; < a, so a =
D, bi® (a0 (P, b)) = (D,<, bi;) ®cn. Now, by the order continuity and null-
additivity of u, we obtain p(a) = lim, o u((@;<, bi) ® ¢,) = lim, o0 p(c,) = 0.
Thus x(\/22, a,) = 0, hence the result follows.
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Remark 3.6. Converse of Theorem 3.2 need not be true, as iy is null-continuous
but not null-additive.

Theorem 3.3. Let p be a weakly null-additive and strongly order continuous
function defined on a o-complete D-lattice E. Then u is null-continuous.

Proof. Let {a,} be an increasing sequence in F and pu(a,) = 0 (n € N).
Since £ is o-complete, by 2.3, we obtain a = sup,, a,, and hence a,, | a. Define
a subsequence {a,, } of {a,} as follows: Let ny = 1. For m € N, we have
p(ay, ) = 0. By 2.6(iv) we obtain a&a, | 0 and since a,,,, < a, < a, foralln > m,
so by 2.5(vi) we have (a © a,) @ a,,, exists. Now, since (a © a,) ® a,,, | an,
as n — o0, (by use of 2.6(i)) therefore from strong order continuity, we can
choose ny > ny = 1 such that p(a; ® (a © a,,)) < 1 for all n > 1. Similarly,
ny > ng > ny = 1 such that p(an, ® (a © ap,)) < 3 for all n > 1. Thus, we
can choose ny,41 such that nm,.1 > n, and p(a,, ® (a © a,,,,)) < =. Since
{an,,} is an increasing sequence, put b,, = a,, © a,,_, with a,, = 0. By 2.4(i),
we have {by, } is orthogonal and P, ., bx = an,. Since E is o-complete, we have
a = sup,,, Dj.<,, bk = SUp,, an,. Thus by 2.3(ii), we define

c= @(anzi O iy, ,) and d = ay, (@(CLHQHJ O ny,))-
i=1 i=1
Since ¢ 1. d and d < a, so by 2.2, we have ¢ ® d < a if and only if ¢ < a © d. By
2.5(ii) and (vii), we have

¢ < (aS(ansSan,))S((Any B (an; ©an, )®. . ) < aS(an;Ean,) = An,B(aOay,).

Similarly, we obtain ¢ < a,,®(aSa,, ). Hence, for every i, we have ¢ < (a,,, & (a©
Qnyi,,))- Using similar arguments, we obtain, for every i, d < (an,, , ® (a © ay,,)).
Since p is monotone, we get for every ¢,

and /J(d) S ,u(anzi_l S (Cl S a’n2i)) <

1
1(e) < plang, ® (@ O ny,.y)) < % 2i—1°

Hence, we have p(c) = 0 and p(d) = 0. Now, since p is weakly null-additive, so
p(a) = p(c @ d) = 0. Therefore, p is null-continuous.

Remark 3.7. Converse of Theorem 3.3 need not be true, as ji4 is null-continuous
but not weakly null-additive.
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