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Abstract: In this paper, two classes of sets called Z-open sets and B-open
sets are introduced in L-topological spaces. Then, we study their properties
and establish their structure relations with known nearly open sets.
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I. Introduction

Since semi-topological classes and semi-topological properties were introduced in
C'rossley and Hildebrand’s article in 1972, many researchers have introduced many
kind of sets, such as semi-open. regular-open, pre-open, semi-regular open,
semi-regularly semiopen, strongly semi-open, semi-preopen, regularly pre-open,
i -regularly pre-semiopen sets in various spaces [1-7]. Some interesting results have
been obtained. Thus. research in this area has been greatly extended. In this paper we
mtroduce Z-open sets, B-open scts, Z-closed sets and B-open sets in L-topological
spaces and establish their structure relations with known nearly open sets. It is a
continuation of such work.

2. Preliminaries

In this paper, X will denote non-empty set; L will denote a fuzzy lattice; L™ will
denote the set of all L-fuzzy sets on X. Let (LY, 8 ) be an L-topology space (simply
written as L-ts) and A& L". Call A . A is the interior and the closure of A, respectively.

Definition 1 [1-7]. Let ( L™, 8 ) be an L-topological space, A €L, then A is called:
(1) A semi-open set iff there isa BE & such that BSA<B;
A semi-closed set iff there isa BE 6 ' such that B'<SA<B.
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(21 A pre-open set iff A<SA 1 A pre-closed set iffA=A" .
(21 A strongly semi-open set iff there isa BE 8 such that BSKA<B;

A strongly semi-closed set iff there isa BE 8 ' such that B' <A<B.
(4) A pre-semiopen set iff A<(A ) ; A pre-semiclosed set iff A=(A") .
(5) A semi-regularly semi-open set iff A=A~ :

A semi-regularly semi-closed set iff A=A--.
(6) A regularly semi-open set iff A=(A )-: A regularly semi-closed set iff A=(A")- .
(7) A regularly open set iff A=A " : A regularly closed set iff A=A" .
(8) A semi-preopen set iff there is a B is pre-open set such that BSA<B ;

A semi-preclosed set iff there is a B is pre-closed set such that B <XA<B .

Definition 2 |2-4,7]. Let (L*. & ) be an L-topological space, A €LY, then

(1 AV 1B B< AL B is pre-open set !

(2 AT B B= A0 B s pre-closed set }.

() A=V B B=SA. B is semi-preopen set }.

(h) A=/VIB: B=A, B is semi-preclosed set |,

(5) AV {B: B<SA. B is pre-semiopen set |,

(61 A=/ {B: B=A, B is pre-semiclosed set },

are called the preinterior. preclosure, semi-preinterior, semi-preclosure, pre-semiinterior,
pre-semiclosure of' A . respectively.

Definition 3 [5,6]. Let ( L*. 8 ) be an L-topological space, AE€L", then A is called:
(11 A regularly pre-open set iff A=A :A regularly pre-closed set iff A=A™" .
(21 A regularly pre-semiopen set iff A=A_, ; A regularly pre-semiclosed set iff A=A,-.

Definition 4 [9]. Let (1. . 5 ) be an L-topological space, AEL", then A is called:
(1) A J-open set ift A=(A )"
(21 A J-closed set ift A=(An)".

Lemma 1 [3]. Forany A€ L". the [ollowing inequalities are right.
A TATALTAEATCASALTA KA

3. Z-open sets and B-open sets

Definition 5. Let ( L.". &) be an L-topological space, A €L, then A is called:

(1v A Z-open set ift A=A ¢

(2y A Z-closed set itff A=An, .

iowill always denote the family ol Z-open sets, u’ will always denote the family of
Z-closed sets in (LY, 6),

Definition 6. Let (L°, 6 ) be an L-topological space, AE LY, then A is called:
(17 A B-open set ift A=(A™)n .
(23 A B-closed set ift A=(A"), .
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Theorem 1. Let ([, 6 ) be an |.-topological space, AELY, if A is a J-open set, then A

is a /Z-open set .
Proof. This is easy.

Theorem 2. Let (1., &) be an [.-topological space, AE LY, if A is a B-open set, then A
is a Z-open set .

Proof. For any A€L". because A=(A"), .by Lemma 1, A=A, ,s0(AM)a=A.0. By
Detinitions I, 2. A is a semi-preopen. So A=A SSA .o , then A=A o .

Theorem 3. Let (1.7, §) be an | -topological space, AELY, if A is a Z-open set, then A
IS a semi-preopen set .

Proof. This is immediate to get the conclusion from Definitions 1, 2.

Theorem 4. Let ( L° . 5) be an [.-topological space, AELY, if A is a semi-regularly
semiopen set. then A is a Z-open sct .

Proof. For any AL if A is a semi-regularly semiopen set, then A is not only
semi-open set but also semiclosed set (Bai [4]), hence A is a pre-semiopen set and
pre-semiclosed set (Bai[3]), so A is a semi-preopen set and semi-preclosed set. By
Definitions 1.2, A=A =A. . A=A, =A ., and A=A,=Ag, . So A is a Z-open set and A
is a Z-closed set.

X

Theorem 5. Let ( L .5) be an L-topological space, AEL". If A is a regularly

semi-open set. then A is a B-open set.
Proot. The proot'is casy and omitted.

I'he reverses Theorem 1-5 are not hold. It can be showed by Examplel.

) P23 45 ,
Example 1. Let X= {a. b}. 1= :0\‘;.*.—.:1'._, 1}, and forany a€l,a’ =l-a.Let§
66 66 6
4()0)(1 3)(2 3)(’3 5)(I I}, Itis evident that (L™, 8 )is an L-ts
OO =)= =)= =L T s evid , -ts .
| 66766 66 ‘

i1y ltis casy to get the following conclusion. Let A=(%,%), then A = (—2—,%)=A , SO

: 33 23 3 4 3 4
Ais a Z-open set. But (A,)' = l.—))m—‘: L) FA L (ANS=(=, = )o=(=, = )FA, s0 A
i f )(6(5 (66 ()D(66)D(66)
is @ not J-open set and A is not a B-open set, either.
55 .. : . .
(2 Lot /\:(g.?). it is obviously that A is a semi-preopen set. But A o= (%,—g—)m
D



“th )AL s0 Alisnota Z-open set.

4 4 4 4 4 4
(3 Let A=(=.—). then A ~=(—.—=)=(—,—)=A, so A is a Z-open set. But
6 6 6 6 6 6
4 4 , ) . .
A (=)= #= A0S0 A s not a semi regularly semi-open set.
6 0
(41 ll\(42‘) then (A) 4 ) (4 )=A , so A is a B-open set. But
41 Let A=(—.— ). the T -, - .
| 66 66 66 P
43 4 3 ) .
(A e —, —)—)o::(— J2)% A, 50 A s not a regularly semi-open set.
6 0 6 6
- 2 4 Li_ LJ -’—
(5 LetA=(=,—).then (A,) =(— —) - —) =A, so A is a J-open set. But
6 6 6
2 4 . . .
A= 1? E Fe=(1.1): =(1.1)7A. so A is not a semi-regularly semi-open set. Because
D )
24 4 4 4 4
(A== . =) )= (—.= )= (—,—)FA., A is not a B-open set, either.
O 6 6 6 6 6
33 33 4 3 33 .
(&5 Suppose that A=(=.,=), then A-=(—,=)=(—=,=)=~(—,—)=A, s0o A is a
ppose (()6' 66) (66)(66)

semi-regularly semi-open set. By Fxamplel (1), so A is not a J-open set and A is not a
B-open set. either.

42 2 4 2 .
(7y Let A =(—.=). then (A", (— —)=(—.—)=A,so A is a B-open set. But
6 6 6 6 6
9]
A b =) ~—(i i) o= 4 i)# A.so A is not a semi-regularly semi-open set. Because
O 0 6 6 6 6
42 42 :
(ALY = — —) )'=(=. ) =A Adsnot a J-open set.
() 6 6

From Example | we can obtain the following proposition.

Proposition 1. J-open set. semi-regularly semi-open set and B-open set are independent
respectively.

Remark 1. Let ( L' ,8) be an L-topological space, AEL". If A is a regularly
pre-semiopen set, then A need not be Z-open set.

4 1 4 1 4 1 4 1
Example 2. In Example 1, let A= (—,—). then A= (—,—)a=(—,=)a=(—,—)=A, so
p ple 66) A(6 6)A(6 6)A(6 6)
41 4 1 .
A s aregularly pre-semiopen set. But A o= (—,g)mZ(g,—é)g=(O,0)¢A, so Aisnota
D

/-open .

Remark 2. The intersection (union) of any two Z-open sets (B-open sets) need not be a
Z-open set {B-open set). This is shown by the follow example.



Example 3. In Example 1, let A=(0,—). B=(],é), then A=A ,.q, B=B.n, but (AVB).n

S |

5 5 \ :
Sy L )s’i(l.?). so (AV/B) is not a Z-open set. Because (A/\B)Am=(0,é)m
O D
| ; . ..
f»:().())i—(().?), (A/AB) is not a Z-open set, either. Similarly B-open set has the
)

conclusion.

Proposition 2. Let (1. 6 ) be an L-topological space, AEL", then A€ niffA’ €p’ .
Proof. By Definition 4. it is immediate to get the conclusion.

Theorem 6. Let ( 1.V, §) be an L-topological space, AEL".

{ ) H‘ /\:/\| Iy then A/\:AAH N

(2y ITA=A, | then Ap=A.y .

Proof. By Definitions 1, 2 and 4, it is immediate to get the conclusion.

Theorem 7. Let X, and X5 be L-topological spaces such that X; is product-related to
X Ihen the product AXB of a Z-open set(B-open set) A of X; and a Z-open

set(B-open set) B of X5 is a Z-open set (B-open set)of the Product space X XX .

Proof. This follows similarly the Theorem 2.8 in [2].
4. Conclusion

in this paper we introduce the Z-open set. B-open set and Z-closed set, B-closed set
in 1.-topological spaces. and estublish their structure relations with known nearly open
sets. Therefore we can easily obtain the following diagram.

Semi-regularly semiopen set regularly pre-semiopen set
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