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1 Introduction and prelimilaries

“'risp congruence relations on semigroups play an important role in studying algebraic
stuctres of semigroups [2-4). Fuzzy relations on a set have also been studied since the
neept of fuzzy relations was introduced by Nemitz [8]. Fuzzy equivalent relations and fuzzy
srdering have been studied in the literature of fuzzy mathematics {6, 8]. Samhan among

sthers proved that normal fuzzy subgroups and fuzzy congruence relations determined each

otner i eroups|2]. Moreover, proved that the lattice of all fuzzy congruences on a group G
{(1osp rng R) is ismorphic to the lattice of fuzzy normal subgroups of G (resp. fuzzy ideals
ot 1 249 For a semigroup S, Samhan obtained that the lattice of fuzzy congruences
o1 4 semigroup S is a complete lattice. In particularly, if S is a group, then the lattice of

4! fuzev congruences on S is a modular lattice [2]. For some special algebraic structures of
scmigronps. such as inverse semigroups, Kuroki characterized fuzzy congruences on an inverse
scmiigronp by the concept of fuzzy congruence pair. For some special fuzzy congruences on a

scdgeonp, for example, fuzzy Rees congruence, Xie characterized RC-semigroups by fuzzy
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Rees congruences.  Recently, Wang[5] introduced the concept of fuzzy linked triple of a
qzyv congruence on a completely O-simple semigroup and proved that there is a one-one
correspondence between fuzzy proper congruences on a completely 0-simple semigroup and
fnezy linked triples. As continuation of the study undertaken by Wang(5], the lattice of fuzzy
congruences on a completely O-simple semigroup is developed in the present paper. We prove
that the lattice of fuzzy congruences on a completely 0-simple semigroup is semimodular.

N fuzzy relations on a set X are maps: X x X —— [. If § and ¢ are two fuzzy relations
ot a st X then 0 < ¢ means that 6(z,y) < ¢(z,y)(Ve,y € X). Their composition is denoted
yo fi oo and defined as

0oo(z,y) =\ (B(z,2) Aolz,y))  (Vz,y € X)[2].
zeX

A fuzev relation @ on X is called a fuzzy equivalent relation on X if (i) 6(z,z) = 1(Vz € X)
weflexive): (i0) 6(z, y) = 0(y, x)(Va,y € X) (symmetric); (iii) 0 0 8 < 6 (transitive). A fuzzy
cqgaivalent relation @ on a semigroup S is called fuzzy compatible if (Vz,y,z,t € S} 6(z,y)A
dioote - Blez,yt). 0 s called fuzzy left ( right) compatible if (Vz,y,2 € 5) Oz, y) <
i oy (e y) < 0(xz,yz).) A fuzzy equivalent relation 6 on a semigroup S is called fuzzy
wagrnence if it is fuzzy compatible.

We denote the set of all fuzzy congruences on a semigroup S by FC(S). Then Samhan

2 proved that FC(S) is a complete lattice with respect to “” and “+” defined as follows:
(W0, ¢ € FC(S)) A+o=00VP),0-d=0N0.

Furthermore, 0+ ¢ = (60 ¢)™. Let elements Vg and Ag be fuzzy congrunces on S defined by
Vo o= Lforall e,y e S, and Ag(z,y) =0ifz #yand Ag(z,y) =1ifz =y. Thenitis
“lear that Vg and Ag are the greatest element and least element of the lattice (FC(S), +, )
respectively

tor other definition and terminology not given in this paper, we employ those in [1,2].
2 Lattice of fuzzy congruences on completely 0-simple semi-
groups

i rhis section, M (z,y) will denote the minimum of z and y, N denote the set of all
besitic integers. From now on, S means a completely O-simple semigroup MC[G; 1, A; P). If
p. . p,..ny and p,; are all non-zero, then we write gyui; = p,\ip;ilpujp;-]. Moreover, we can

sbow casily the following:
11 -1.-1 1 -1
Y Yxk = Qapiks Py OauiiPriPui QuuiiPui = Pai DawijP (2~1)'
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A equidvalence relation ey on 1 is defined by the rule that
(i,5) €er iff {A€A:pyi=0}={ e A:py =0},
ad an equivalence relation ep on A is defined by the rule that

(\u)€en iff {iel:py=0}={iel:pu=0}

Lot p be afuzzy congruence on S. pis called properif it satisfies the following statements:p(0,0) =
Loothna Ny = p((i,a, A\),0) = 0, and p((¢,a, A), (4,b,4)) = 0 whenever (z,j) € €; or

(4 i 2y, By g7 and €, we define fuzzy relations pr on I and py on A as follows:

oy Ao G PR N Gory ) () € e
/)1((le))—{ ! 0 ’ , Af (4,7) Eer

Apsozo PG PR A, (ot ) 3 (A ) Een
Au)) = P70 Ai i U
pAl(A 1) { 0 i () Eea

It i~ castdy to see that p; and pa are two fuzzy equivalence relations on I and A, respectively.
Lot ¢ be o fuzzy proper congruence on S. We define a fuzzy subset N, of G by N, : G —
i1 o - p((Loa.1),(1,e1)), where e is the identity of G. Then N, is a fuzzy normal
sthgroup of G5

Definition 2.1 5] A fuzzy triple (N, S,7T) consisting of a fuzzy normal subgroup N
o1 () o bizzy equivalence relation S on I and a fuzzy equivalence relation 7 on A will be
called linked if

ST, T Ceng

sy It 4. j in Tand A, in A are such that py;,pu, pa; and py; are all non-zero, then
My, 0> S J) v T (A ).

Theorem 2.2 [5] Let S = MOPG;1,A; P] be a completely 0-simple semigroup. Then
the mapping U p e (Np, p1, pa) is an order-preserving bijection from the set of fuzzy proper
congreences on S onto the set of fuzzy linked triples. Conversely, If (N, S,T) is a fuzzy linked
tople 05 = MOIGL T, A P) we shall write the fuzzy congruence (N,S,T)T7! corresponding

the fuzzy triple as [N, S, T| (with square brackets). Thus we have that p = [Ny, pr, pal.

Lemma 2.3 [1] The lattice ((X),C,M,V) of fuzzy equivalences on a set X is semi-
soodl

Lemma 2.4 [1] The direct product Ly x Ly x- - -x L, of semimodular lattices Ly, La, -+, Ly,
o semannodular.

Lemma 2.5 [1] Every modular lattice is semimodular.
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N we shall discuss the lattice of fuzzy congruences on a completely O-simple semigroup
UG LA P). First, we prove a useful lemma, as follows:
Lemma 2.6 If p and 6 are fuzzy proper congruences on a completely 0-simple semi-
sap = = MYG LA P, then
nNd = [N, Ns,pr N5, pa N6A], pV & =[NyoNs,prVar paVésl
Proof. To prove the first of these statements, notice first that (N, Ny, pyNér, pANoa)

a fnzryv linked triple. For it is clear that py N d; C ey and pp Ndp C ep, and if 4,7 in I and

gon Vare such that pag, pui.paj and p,,; are all non-zero, then
(Np VN5 (@apij) = Nol(@auis) A Ne(@ouig)
Z pr(6,5) A 614, J) = (p1r N or)(i, 5),

vd similarly, (N 0V Ns)(@auij) = (pa N6A) (A, ). Hence we have

(Npm Né)(q/\;ﬂj) > (pf N 51)(15.7) v (,UA M 61\)(/\7/1‘)

Fliis there is a fuzzy congruence [N, N Nj, pr N 01, pa N dx) which, by Theorem 2.2, is

‘ontained i p and in § and is the largest congruence with these properties.

' prove the second part, we first show that (N, o Ns, p; V41, pa V 6p) is a fuzzy linked

ple Since pp.dp C g7 we have that pr vV oy € 2y, and similarly pa vV dp C ex. It is not

trhicutt to show that N, o Ny is the smallest fuzzy normal subgroup of G containing both IV,

aul v ey in Dand A pin A are such that py;, pui, pa;j and py; are all non-zero, then we

i

SV

YOREIDICN)

~up{(prodon)(i,j)in € N}

sup{sup{ M ((pr o or)(i,ir), -+, (prodr)(in-1,7))i41, yin—1 € [}sn € N}

~up{ sup{ M ((N, o Ns)(@rpiiy ) » (Np © Ns)(@rwin_1i1)); 01, in—1 € I}sn € N}
cup{sup{ (N, o Ns)(@ruj); i1, -+, ine1 € I};n € N}(by the equation (2.1))

N o Ne)(@apis)-

a0 OA A, 1)

capd(pa o 0a)" (A p)in e N}



capfsup{M((pa 0 0a) (A Ar), -5 (pa 0 0a)(An—1, )3 A1y o+ Adnmt € Alin € N}
supsup{ M((N, o Ns)(@anii5), - (Np 0 Ne)(@rn_1pif)); A1s s Anm1 € Asne N
~plsup{ M((Np o N)(p3 Gonyi;Pxi)s s (No © No)(Br iGnn iiPhae1i));

. A €Ahne N}

<ipdsupl (N © N) (P Gaus;Pri)i AL -+ A1 € A}y € N}

by the equation (2.1))

\/ 0 ;\’Y()' ) ((1/\1”']').

Foomn the above statements, we have (N, o Ns)(qaui;) = (pr V Or)(4,5) V (pa V oa) (A ).

We have shown that (N,0Ns, pyVér, pa V) is a fuzzy linked triple, and it thus follows
SGom Theorem 2.2 that [Ny, o Ns, pr V01, pa Vép]l = pV 0.

Wo can now establish the most wonderful result in this paper:

Theorem 2.7 The lattice of fuzzy congruences on a completely 0-simple semigroup
= sensitodular,

Proof. Let S = MOYG;I,A;P]. Let (N,N,0) be the lattice of all fuzzy normal
~uheroups of G, let (P, N, V) be the lattice consisting of all fuzzy equivalences on I contained
oz and et (Q.N.V) be the lattice consisting of all fuzzy equivalences on A contained in

fet V=N x P x Q be the direct product of these three lattices. By Lemma 2.6 the
~iibser 1V of X consisting of all fuzzy linked triples (N, S, 7) in X' is a sublattice of X. The
cifeet ot Theorem 2.2 is to give us an isomorphim I between the lattice (K,N, V) of fuzzy
proper congruences on S and the lattice . Now & is semimodular by Lemmas 2.3,2.4,2.5.
I ¢\ 5.7 and (N3, 83, 73) belong to Y. Similar to Lemma 3.6.3 in [1], we can prove
that N LS. Ty) covers (No, 8o, T2) in Y if and ouly if (N1, 81,77) covers (N2, S, 72) in X
I+ will follow that Y is semimodular. Thus the lattice K of fuzzy proper congruences on
S s semimodular, since it is isomorphic to Y. The lattice C(S) of all fuzzy congruences
o1 5 i obtained from X by adjoining a single extra maximum element, the fuzzy universal
congracnce \7g of §. Since the maximum element can never figure either as p or as J in the
lnpothesis A if p - pndand & = pNé K appearing in the definition of semimodularity,
ard = the adjunction of this element does not destroy the semimodularity property of the

frtice Lhe proof of Theorem 2.7 is complete.
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