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Abstract

The aim of the paper is the elaboration of a representation theory of 6-
valued involutive Lukasiewicz-Moisil algebra, the concept of L-fuzzy sets
playing the role that the notion of field of sets plays for the representation
of Boolean algebras. This theory provides both a semantic interpretation
of Lukasiewicz many valued logic and logical basis to L-fuzzy set theory.

1 Introduction.

In 1941 [10}, Moisil introduced the notion of £ukasiewicz-Moisil algebra
under the name Lukasiewician algebras, as an algebraic counterpart of the
Zukasicwicz many-valued logics. The theory of £ukasiewicz-Moisil algebras
hias been developed both as a tool for studying certain non-classical logics
and as an algebraic theory having its own interest; besides, it is now con-
sidered one of the fundamental formalizations of fuzzy logic. The reader is
veferred e.g. to (1, 2, 3, 4, 5, 13, 15, 16].

Not long after Zadeh published his important paper ” fuzzy sets ” [18]
Gioguen published the paper 7 L—fuzzy sets ” [8] such that the concept of
L. —tuzzy sets (briefly LFSs) is a generalization of the concept of fuzzy sets
and takes the latter as a special case when L = [0, 1]. There are several dif-
forent kinds of understanding and employment of the concept of an L--fuzzy
et distinguished by how to specify the lattice L (see eg., [7, 17, 19]). An
1. -tuzzy set on a universe X (LFS, for short) is a function A : X — L. One
of the understandings of L is that (L, <y, *) is a complete lattice equipped
with a multiplication operator * satisfying certain conditions as shown in the
initial paper of Goguen [8]. On the other hand, many investigation require
L to be more general and posses no extra structure other than lattice struc-
ture, and the sccond understanding of the meaning of L is that (L, <y, R)
15 o complete lattice with an order-reversing involution N.
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The sccond understanding of L is widely used by researchers in the ficld
of fuzzy algebra. For example, if we consider the meaning of L is that L is
a chain (ic., totally ordered sct) with largest clement T and least element
1, Moisil {14] showed that the set F(X) of L—fuzzy sets on a universe X
can be cquipped with a structure of §—valued £ukasiewicz-Moisil algebra,
where 4 is the order type of L. Conversely, Ponasse [15] proved that every 6-
valued £ukasiewicz-Moisil algebra (£, J, (¢a)aejo) where 6 is the order type
of the chain J can be embedded in an algebra of the form Fp,(X), where
L is the chain of all ideals of J — {0}; thus L is of type 6 > 6. Rudeanu
[16] proved that under certain hypotheses on C{£) the Boolean sublattice
of complemented clements of £, every #-valued Lukasiewicz-Moisil algebra
(£,J,(¢a)acyo) can be cmbedded in an algebras of the form Fr(X), where
L is the initial chain J; thus L is of type § = 6. In [15] Ponasse has also
studicd the representability of involutive 8-valued £ukasiewicz-Moisil alge-
bra (£,J, (¢a)aco, (Ya)aesi, N,n) as algebras of the form Fp(X), wherc
L is a rcgular chain equipped with an order-reversing involution X. This
problem was also investigated in [4, 5], where Coulon proved that under cer-
tain conditions on J and C(£), every involutive 8-valued £Lukasiewicz-Moisil
algebra can be ecmbedded in an algebras of the form Fp(X), where L is the
MacNeille completion of J; thus L is of type 8 > 6.

In the present paper we want to study, in a new way, the representability
of involutive #-valued fukasiewicz-Moisil algebra as algebras of the form
Fr(X), where L has an order type 6 = 6 (i.e., there exists an isomorphism
between L oand J).

In the next section, we will remind the reader what an involutive §—valued
Lukasicwicz-Moisil algebra is [11 - 13] and we recall definitions and results
on L—fuzzy scts [8] that are needed. Section 3 describes our main results.

2 Preliminaries

2.1 fukasiewicz-Moisil algebra

In this section, we give some notations, definitions and results on which our
work in this paper is based. We note by:

JO=Jg-{0}, ' =J-{1},J =J - {0,1}.

Definition 1 (Moisil [11 - 13]) An involutive —valued £ ukasiewicz-Moisil
algebra is a 6-tuple (£,J, (Pa)acivs (Ca)acsr,n, N), where:

1) (£,V,A,0,1) is a distributive lattice with largest element 1 and least el-
ement 0. The Boolean sublattice of complemented elements of £ is denoted
C(£);

2) J is a chain with largest element 1 and least element 0 and whose order
type is @ ;
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YInoas an order reversing involution in J;
ii N is an order reversing involution in £ satisfying for oll x € C(£),
2) = I, ( is the complement element of x} ;
i Ca)aego 18 a family of morphisms £ —s C(£) such that: Vo, 3 € JO:
(i) va(0) =, Pa(l) =1
(1) If a < 3 then g < g
(111) pa © 9y = 3
(10) If al(x) = @aly) for all a € J° then x =y (Moisil’s determination
sriciple);
S (W )aesr s a family of morphisms £ —- C(£) such that:
(1) Vo < 0o, for all a € JO*
(11} @aN = NV, 4, for alla € J°

We use the same symbols <, 0,1 for the partial order, least and greatest
clements of J, respectively, and for those of £. We shall freely note x < y
or ¢ > x in the sequel.

Example 1. Let (B, A,V,=0,1) be a boolean algebra. The set

DB)={f/f:J— B,i<j=f(j) < f@i)}

ol all decreasing functions from J to B can be made into an involutive
t- valued £Lukasicwicz-Moisil algebra where the operations of the lattice
<D{B),A,V,0,1) arc defined for all i € J by

@) = F(0) A g(d)

vl = 1)V gi)

i) =0, 1(1) = 1.

And

con 1) = fna), for all o€ JO
L ) = f(na), for all a € J!
N O = f(ni).

Definition 2 A filter of a lattice (L,V,A,0,1) is a nonempty subset F of
"~ such that:

(i) Ifx,y € F, then xAhy€F

) IfeeF andx <y, theny € F.

Y piter I of L ois called proper filtre if it does not contains 0.
Definition 3 Let L be a lattice and U a proper filter in L . Then U is said
to bea maztmal filter (more usually known as an ultrafilter) if the only filter

property containing U is L.

We will need the following Theorem and Lemma.
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Theorem 1 (/9/, Theorem 2.1) Let B be a Boolean algebra and let X be
the sel of its ultrafilters. Then B is isomorphic to P(X), the embedding
monomorphism being given by

olz)={UeX / z€U}.

Lemma 1 (/9/, Lemma 3.2) Let (L, J,(¢a)actos (Ya)aesr,N) be an invo-
lutive 8—uvalued £ukasiewicz-Moisil algebra. Then

(U5 > @, forall 0<fB<a<l)

Definition 4 Two involutive 0—valued £ukasiewicz-Moisil algebras
(LT, () aesos (Ta)aesisn, N) and (f’, T (0 ) aes0s (B ety s N’) are
saud to be homomorphic if there exists a morphism f: £ — £ such that:
(i) fopa=hof, forallac J°
(iij foN=N'of.
If f is a monomorphism, we say that £ can be embedded into £'.

We note that (i) and (ii) implies fo ¥, =/ o f VYa e JL.

2.2 L-fuzzy sets

We consider L—fuzzy set as a mapping from a nonempty set X into a com-
plete chain L with largest element T and least element |, provided with
an unary, involutive, order-reversing opcrator 72 . In particular, L can be
the Int([0,1]), where Int([0, 1]) stands for the set of all closed subinterval of
[0,1]. But will not be studied here. The class of L—fuzzy sets on a universc
X will be denoted Fp(X).

Further the set Fr(X) can be equipped with a structure of involutive 6-
valued £Lukasicwicz-Moisil algebra (FrL(X), L, (Ni)ieLL,(]\[j{)jeLT,N,ﬁ) as
follows:

forany A,B€ Fr(X),ie L+ =L - {L},jeL"=L-{T},

1) The structurc (FL(X),U,N) of all L—fuzzy sets on a universe X is a
distributive lattice with the least element @) defined by @(z) = L, for allx € X
and the greatest clement X. The union and the intersection are defined as
follows:

AU B(z) = sup(A(x), B(x)), for all z € X.
An B(z) = inf(A(z), B(z)), for all z € X.
2) Ni: Fp(X) — P(X) defined by:

Ni{A)={z e X / Alz) 21}
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3 N FL(X) = P(X) defined by:

Ni(A) ={zeX / Al)>j}
b NA(z) = a(A(x)), for allx € X.

3  Representation theorem

In this section, we will show under the condition that J is a complete chain,
cvery involutive f—valued £ukasicwicz-Moisil algebra can be embedded in
an algebra of L—fuzzy sets. But first we prove two lemmas.

Lemma 2 letJ be a complete chain with an unary, involutive, order-reversing
operator n. Then the pair (L, <)) defined by

L={(a,na) /| acJ},

(a,na) <, (B,nB) & a <3

< w complete chain with an unary, involutive, order-reversing operator 7
defined by
nla, na) = (na, a), forall o € J.

Proof. In [6, Lemma 2.1] it is proven that if J a complete lattice with an
nnary. involutive, order-reversing operator n, then the pair (L, <) defined

L={(a,8)eJxJ | a<nf},
(a1,B1) <t (a2,B82) ©@ a1 S ag A By > Po

1= a complete lattice.

Now, consider that § = na and J is a complete chain with an unary, in-
volutive, order-reversing operator n. Hence, we may conclude that the pair
i <y ) defined by

L={(x,8)cJxJ | a<nf}={(a,nx) /| ael}

(a,nae) <p (B,nf) < a <8

i+ 1 complete chain.

X [UI‘“()VCT, since n 1s an unary involutive, order-reversing o erator in J we
S ’
tiave that 71 defined by

ala,na) = (na, a), forall @ € J

i< a1 unary, involutive, order-reversing operator in L.
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It is also cvident from the definition of lattices isomorphism, that the map-

ping £ defined as
£ J - L
a +— (a,na)

is an isomorphism betwcen the chains J and L. O

Lemma 3 Let (£, J,(0a)acso, (Va)acyr, N) be an involutive §—valued £ukasiewicz-
Moisil algebra. Then

sup{a € J? / palz) €U} =sup{B € J' / Ws(z) € U}.

Proof. For all « € J® and 8 € J' we can distinguish at least two cascs.

In the onc hand, if 8 < «, then from the incquality (Vg > ¢q, for all 0 <
f < o < 1) given by Lemmal it follows that po(z) € U implies ¥g(z) € U.
This means that

sup{B € J' / Ugs(x) € U} < supf{a € J° / pu(z) € U} (1)

In the other hand, if 8 > a then V3 < ¥, < ¢,. Moreover, if Ug(z) € U
then ¢, (x) € U . This means that

sup{f € J' / Ug(z) € U} 2 sup{a € J / pa(x) € U} (2)
It is clear from (1) and (2) that:
sup{a € J? / p.(z) € U} =sup{B € J' / Up(z) € U}.
O

Theorem 2 The mapping f : £ — Fi(X) defined, Yz € £ and VU € X
by f(x)(U) = (Mg, nAy), where

Ao = sup{a € JO / pqu(z) € U},

is a0 monomorphism between the involutive 0—valued £ukasiewicz-Moisil al-
geb1a (£, ($0)ae (Ya)aesi,n N) and (FL(X), L, (Na)uer s> (NG e, N, 71)
the algebra of L— fuzzy sets, where J is a complete chain, X is the set of ul-
trafilters of C(£) and L is the complete chain with 7 defined as in LemmaZ2.

Proof. Since J is a complete chain with n we obtain that f(2)(U) € L, i.c.,
[ is well defined.

First we shall show that f is a lattices morphism.

1) f(0)U) = (Ag,nAg) such that:

Ao = sup{ac JY/ pa(0) € U}
= sup{acJ’/0cU}
= supf =0,
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Heuce, f(O)() =(0,1) = L. Then we have
F(0) =9.

S0 = (A, nAy) such that:

Moo= sup{a €’/ pu(1) €U}
= sup{a€J’ /1€ U}
= supJ?=1,

Henee, f{1){(U) = (1,0) = T . Then we have
f) =X

i Ha v ) (U) = (Agvy, nAgyy) such that:

Nvy = sup{a € JY [/ po(zVy) € U}
= sup{a € J"/ wa(T) Valy) € U}
= sup{a € JY / walz) €U Vouly) €U}
= supf{a € JY / gu(x) € U} Vsup{ac J° / waly) € U}

= AV /\y,
Henee,
flavy)U) = (A V Ays Az V Ay))

= (/\aca n/\z) A ()‘yan)‘y)
= sup(f(z)(U), f(y)(U)).

Thus

Havy)U) = fz)U f(y)(U).
1o Similarly,

Ha Ay)U) = f(x) 0 fy)(U).
now we shall prove that fop, = Ngnayof, forall o € J%and foN = Nof.

fowa(@)(U) = [flealz)(U)
= ()‘wa(z)vn)‘tpu(z)>

~uhe that:
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valz) — Sup{ﬂ e J / (Pﬂ((ﬂa(x)) € U}
= sup{B e J° / polz) € U}
{ 0 ifpalz) ¢ U
1 ifpa(z) €U

Therefore

Fova@ ={ g DT opato.

In the other hand
Neama)y 0 f(T) = Nigna)(f(z))
= {UeX/ f@)U) = (a,na)}
= {UeX/ac{BeJ/ps(x)eU}}
{UeX /palz)eU}
= o(pa(z))

Hence
Jo¥a = Ngnaof, for all a € JO.

2) We prove that fo N = No f. However, before doing this we need to show
that

sup{a € J° / Upu(z) ¢ U} =nsup{a € J' / Uy(z) € U}. (3)
Let us consider that
sup{a € J [ Upo(z) ¢ U} #nsup{a e J* |/ U (x) € U},

then there exists a € {a € J / U,,(x) ¢ U} in which a < nX or @ > nA
where A = sup{a € J! / ¥,(x) € U}. Morcover, na > A or na < A implics
that W, (z) < Wx(z) or Upq(z) > U,(x). Hence Uy(z) ¢ U or Upu(zx) € U,
this is contradiction with the hypothesis.

From the above cquality (3) we obtain for all z € L,

foN(z)= f(Nz) = (Ang, nANz)

where:

Ave = sup{la € J? / po(Nz) € U}
= sup{a € J /| NU,,(x) c U}
= sup{a € J® /) ¥, u(x) ¢ U}
= nsup{a € J' / Uy (z) € U}
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v know by Lemma 3 that

sup{a € J' /) Uo(z) € U} = sup{a € J° / pu(z) € U}.

Az = nsup{a € J® / ¢u(z) € U}

= nA;.
‘Therefore

foN{z) = (nAzAz)
Az, nAg)

- )
= Nf(z)

foN=Nof.

Fiually, f s injective since for z,y € £ holds f(x) = f(y), then VU € X,
s have f(a)(U) = fy)(U).

Henee, (Apandg) = (Ay, nAy).
e we have A, = Ayie,
sup{o € J° / pa(z) € U} = sup{a € J° / waly) € U},
Hich vields
{aeJ /) pa(e) e Ut ={aeJ" /[ paly) €U}

Uiwen, for all o € JY) we have ¢q(z) € U iff ¢, (y) € U. Consequently

{Ue X /palz) eUt={U € X / paly) € U}.

\pplving Theorem 1 yields o (z) = @a(y) for all o € JY, and then z =y
M oisil’s determination principle).

s completes the proof of Theorem 2. (W]



10 Lemnaouar Zedam and Abdelaziz Amrounc

4 Conclusion

In this paper, we have found under the condition that J is a complete chain,
every #—valued involutive £ukasiewicz-Moisil algebra,
(£, J,(¢Va)actor (Ta)aesr,n, N) can be embedded in an algebra of L—fuzzy

sets (,FL(X),L,(Na)aeL_L,(N&)QGLT,N,":L) where L is a complete chain

with 7 depends on J has an order type 6 = 6. In particular, if L is the
Int([0,1]) where Int([0,1]) is the set of all closed subinterval of [0,1], we
can also obtain that (£, J, (¢Ya)acos (Ya)acsi», N) can be embedded in
(FL(X), L, (No)gerts (N aer, N, 7) and the monomorphism f can be de-
fined by

f@)(U) = [0, A]

where:

Az = sup{a € J / pa(z) € U}.
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