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Abstract: The purpose of this paper is to construct the basic concepts of intuitionistic L-fuzzy groups. The
concept of an intuitionistic L-fuzzy set, which is a generalization of the concept of a L-fuzzy set, has been
introduced by Atanassov and Stoeva. In this paper, first, the fundamental definitions of intuitionistic L-fuzzy sets
are given. Then, the definition of an intuitionistic L-fuzzy group is introduced and its simple properties are
discussed. Finally, in the sense of homomorphism and isomorphism between two classical groups, the image and
preimage of intuitionistic L-fuzzy groups are studied.
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L.Introduction

With the research of fuzzy sets, Atanassov presented intuitionistic fuzzy sets which are very
effective to deal with vagueness. On basis of this, Turanli and Coker introduced several types
fuzzy connectedness in intuitionistic fuzzy topological spaces [3]. Bustince presented different
theorems for building intuitionistic fuzzy relations [4]. Szmidt and Kacprzyk proposed a
non-probabilistic-type entropy measure for intuitionistic fuzzy sets [5]. However, the algebraic
aspects in intuitionistic fuzzy theory have gained less attention. In this study, we shall give a brief
introduction to the intuitionistic L-fuzzy groups.

2.Preliminaries
Here we shall present the fundamental definitions. For the sake of completeness we shall outline
the basic facts:

Definition 2.1. [8] Let (L,v,A) is a complete lattice such that for al A < L and for allb

€L, vianblae d}=(v{alace A})Ab and A{avb|lae A} =(A{a|aec A})Vvb.

The meet, join, and partial ordering of L will be writtenas v, A, and<, respectively. We also
write 1 and 0 for the maximal and minimal elements of L , respectively.
Definition 2.2. [2] Let X be a nonempty set. An intuitionistic L -fuzzy set A4 is an object

having the form A = {<x,2(x),4(x)>|x € X}, where A:X — L and A:X > L are two
functions.

Definition 2.3. [2] Let 4, B, and A4 , be intuitionistic L -fuzzy sets in a nonempty set

X.jed.

(a Ac B < Z(x)SE(x) and A(x)2 B(x) foreach xe X ;
(b) A=B & Ac B and 4D B;



() AUB= {(x,Z(x) v B(x), A(x) A _B(x)>|x e X};
d) AnB= {(x,Z(x) A B(x), A(x)v _B_(x)>|x € X}; |
© U, 4= {<x,v jed A_j(x),/\ jed '_4L (x)>|x e X };

O N, 4= {<x,/\jej Aj(x),vjejﬁ(x)>]x € X};
Definition 2.4. Let A4 an intuitionistic L -fuzzy set in a nonempty set X . For ¢ € L,

define Za,_/il_ as follows:

a

Ao ={x|xe X, A(x)2a}, A,={x|xeX,Ax)<a)}
It is easy to verify that for intuitionistic L -fuzzy sets 4 and B

(@ AcB,ael = Zagﬁa,ﬁa;gﬁa;

® a<f,a,fel = AiDAp A, CAy;

—_—a -

c) A=B & Aa =§a,gl_a =B,,ael.
Now we shall define the preimage and image of intuitionistic L -fuzzy sets. Let X, ¥ be two
nonempty setsand f : X — Y amapping.
Defimition 2.5. (a) If B an intuitionistic L -fuzzy set in a nonempty set Y, then the
preimage of B under f, denoted by f'(B), is the intuitionistic L -fuzzy set in X
defined by

£ ® = {xBUENBI@))x e X

(b) If A an intuitionistic L -fuzzy set in a nonempty set X , then the image of 4 under
f, denoted by f(A)= {< y,?(—A—)( ¥), M(y)>| yeYt }, is the intuitionistic L -fuzzy set in
Y defined by

) = {v {(4()| f ) = y,x € X}, f(3) % ¢

0, fO)=¢
ANMAX) | fD)=y,xe X}, f() = ¢
A =
1A)0) {1, f)=¢

3.Intuitionistic L -fuzzy groups
Now we generalize the concept of ““ L -fuzzy group” to intuitionistic L -fuzzy sets.
Definition 3. 1. An intuitionistic L -fuzzy group (ILG for short) 4 on a group U is an
intuitionistic L -fuzzy setin U satisfying the following conditions:



@) ACp) 2 AX) AAY), A() <AV AY), forall x,yeU
() A(x")z A(x), A(x™")< A(x),forall xeU
Clearly, A(x™)2A(x) & A(x")<A(x) © A(x™")=A(x), and A(x") < A(x) &

AT 2 A(x) & A(xT) = A(x).
Proposition 3.2. Let 4 be an intuitionistic L -fuzzy set on a group U, then A4 is an ILG

on U ifand only if A, and A, aresubgroupsof U forall o€ L.
Proof. Suppose A4 is an ILG on U. Let ae L, x,ye A . Then Z(x) 2a, and
Z( y)2«a. Since 4 is an ILG, Z(xy'l) 2 Z(x) A Z( y = Z(x) A Z(y) = a . Therefore,
e Za, so Aq isa subgroup of U . Similarly, 4, isa subgroupof U.

Conversely, suppose Aq isa subgroup of U forany € L.Let x,yeU, a= Z(x) A
Z(y), ,B=;1-(x). Since Ao and Zﬂ are subgroups of U, xye Za, x™ ez,g. Thus
Z(xy) >a= Z(x) A Z(y) ,Z(x‘l) 2 f= Z(x). Similarly, we have A(xy) < A(x)Vv A(y)

A(x™") < A(x) . Hence, it follows that 4 isanILGon U.
Proposition 3.3. Let 4 and B belLGsonagroup U,then AN B isanILGon U.
Proof. Let 4= {<x,2(x), _Aj_(x)>‘x eU } and B= {<x,§(x),_l§(x)>|x eU } Then we have

{<x, ANB(), AN B())fre U} {<x, 4(x) A B(), 4(x) v B@))x € U
Forall x,ye U,
AN B(xy) = A(xy) A B(xy)
2 (A(x) A A(¥)) A (B(x) A B(y))

= (A(x) A B(x)) A (A(¥) A B(3))

=ANB(x)A AN B(y)

Similarly, 4N B(xy) < AN B(x)v AN B(y).Also, we have

AN B(x™") = A(x")AB(x") = A(x) A B(x)



ANB(x™") = A(x")v B(x™) < A(x)V B(x)
Hence, AN B isanILGon U.

Corollary 3.3. Let 4, beanILGonagroup U, jeJ,then N, 4, isanILGon U.

Let A and B be ILGs on a group U, but it is uncertain to verify that 4 B is an ILG on
U.

4.Homomorphism and isomorphism of intuitionistic L -fuzzy groups
In this section, we shall introduce the concepts of homomorphism and isomorphism of ILGs, and
use them to develop results concerning ILGs.

Proposition 4.1. Let U, and U, be groups. Let f be a homomorphism of U, onto U,,

A anILGon U,.Then f(4) isanILGon U,.

Proof. f(A)= {< y,m( ¥), M( y)>l yelU, } Now suppose there exist y,,y, € U,, such

that

Sy, < f(ADY) A F(A(,)

or SADG:) > DDV FADD,).

By definition 2.5., considering f ' (y,)# @,/ (y,) # ¢ , we have

FA319,) < (HA® | fX) = y,x €U A (AR | f(x) = y,,x€U}Y)
or [y > (AMAX) | f(x)=y,xeU ) v (MAX) | f(x)=y,,xeU,}).
If the former equality holds, there exist x,,x, € U, suchthat y, = f(x,),y, = f(x,),and
FA)(3,y,) < A@x) A(A)(x,) . Since f(x,%,) = p,Y,,  A(x,x,) SV{AX) | f(x) =
A28 =M( WWY,) < —/I(xl YA @(x2 ). This contradicts ILG’s definition. If the latter equality
holds, the proofs are similar to those of the former. Consequently, forall y,,y, € U, ,

m(ylb) 2 _f—(—/_‘ﬁ(%) /\7-(—25(3’2)
and S y,) £ DDV f(D(,)-

Forany yeU,, f(A™")=v{A®)|f(x) =y xeU}=v{4x)|f(x")=y,xe

U =vidx™)" | ) =y, €Ul =v{dz™)| f(2) = y,27 € U,} 2 V{A(2)|



f@=y,z" €Uy =V{4(@)| f(2) = y,z€U,} = f(4)(»). For f(4)(y™), the proof
follows in a similar manner as above. Hence, f(4) isanILGon U,.
Corollary 4.2. Let U, and U, be groups, f a homomorphism of U; onto U,.Let 4,

beanILGon U,, jeJ, then f(Nn,,4;) isanlLGon U,.

jeJ
Proposition 4.3. Let U, and U, be groups. Let f be a homomorphism of U, into U,,

A anILGon U,.Then f'(A4) isanILGon U,.

Proof. By definition 2.5, f™'(A)(x)=A(f(x)), and f(A(x) = A(f(x)), x € U,.

Let x,x,e U,

I (A)(xx,) = A(f(x,x,)) = A(f (%) £ (x,))

> Af(x)) A Af(,)) = £ (D) A £ (A)(x,)

And, forany x € U,,

FADE™) = AT = AN 2 AF ) = £ (AD(x)

Similarly, we have

F L (A)x) < ST AV [ (A
[T A
Hence, f'(4) isanILGon U,.
Corollary 4.4. Let U, and U, be groups, f a homomorphism of U, into U,. Let 4,

beanILGon U,, jeJ, then f7'(N 4;) isanlLGon U,.

jeJ
Proposition 4.5. Let U, and U, be groups. Let f be an isomorphism of U, onto U,,
A aniLGon U,.Then f'(f(4)=4.

Corollary 4.6. Let U, and U, be groups, f an isomorphism of U, onto U,. 4 an

ILGon U,.Then f(f'(4)=4.

Corollary 4.7. Let U is a group, f an automorphism of U. A an ILG on U. Then



f(d=4e fl4A)=A4.
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