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This paper deals with the problem of the functional representation of e,
&, 0, and@ operators. We solve this problem by finding solutions to the
characteristic equations based on the triangular norm and conorm.
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Introduction. E. Sanchez [1,2] proposed a method for solving fuzzy relation equations.

Many applications can be derived using this method. The solution was based on « ,€,and o -
operators.

We recall that a stands for « - operation defined by

{l,xSy
xa y= .
Y, x>y

The definitions & and o - operators are given via the following expressions:

0,x> ,X >
x8y={ Y and xo y:{yx Y
¥, X<y 0,x<y

Let f and g be additive generators of Archimedian ¢ — norm T ', and Archimedian
t—conorm L ,, then:

T4l y)= /7 (min(7 ), 1)+ £ (),
L4 ()= g7 (min(g). g(x)+ g(»)),

where f:[0;1]— [0;0] is continuous and strictly decreasing function, £(1)=0; g:[0;1]— [0;e0] is
continuous and strictly increasing function, g(0)=0; f~'and g™ are the inverses of fand g.
In this case we denote o and ¢ - operators as a4, ¢ 4 and define [3,4]:

xay y=f(FB)- Flxvy));
xe4 y=g"(g(y)-glx A ).

Obviously a, and¢, are n - dual operators in the sense of De Morgan’s law:

%24 y =nin(x)a n(y)},

where n(s)is a strong negation function.

Example 1. Several examples of ¢ —norms, ¢ — conorms and corresponding « , ¢ -
operators are presented below:

) (i) (i)

T(x,y)=x-y; T(xy)=0v (x+y-1); T(x’y)=x+;'—yx.y;
Lx<y Lx<y Lx<y
xay: Z’x>y’ xay:{l_x+y,x>y’ xay= x-y x>y’

x x—-y+x-y



Ly)=x+y-x-y; Llxy)=1A(x+);

0,x>
0,x>y {O,ny xzy
XEY=4y—x ;) XE Y= " xXgy= y—x
—-X,X< —_—,x<
1-x" Y y y 1-2x+xy ¥
We now introduce the & - operator
, X<
xey:{y y
Lx>y

and list below some properties of « , ¢, o, and 8 operators:

l. xey<xay; xey<xvy;, xay=xnAy

2. x0 y<xAy<xvy<xy;

3. ¢, a are N —dual operators in the sense of De Morgan’s law
xe y = N{N(x) @ N(»)} with the negation defined as N(s)=1-s;

4. o, 6 are N —dual operators in the sense of De Morgan’s law
xo y =N{N(x) 8 N(y)} with the negation defined as N(s)=1-s.

In the next section we will represent those operators via characteristic equations by using
additive generators f and g.

Results.
1. Characteristic equations.
In this section we introduce the following characteristic equations:

T(@®b,z)=b; 1(a®b,z)=b (1)

where 7,1 area t-normand a ¢-conorm; @, ® are some operations; a,b are given and z is
unknown.

Let us now present a set of propositions that can be used to find a solution of the fuzzy
relation equations as well as to derive further applications.
In particular, in the characteristic equations (1) we set T =T,, =min; ®=v and
l=1,/=max; ®=A.
Letus denote z,,, =max z; zp, =min z; Qc [0;1].
zeQ) zeQ)

The following state results.
Proposition 1 (o - operation). The solution of the characteristic equation

TM(xVy,Z)zy is z:{(yﬂ],xSy
V:sXx>y

From Proposition 1 we have the particular solutionz_,, =xa y.

Proposition 2 (¢ - operation). The solution of the characteristic equation

[y x2y
Ly (x/\y,z)—y is Z—{y,x<y

From Proposition 2 we have the particular solutionz_, =x& y.



In the characteristic equations (1) we set ®=a and ® =¢. Now, 6, o - operators can be
determined by characteristic equations from propositions 3,4.
Proposition 3 (& - operation). The solution of the characteristic equation

. XSy
TM(xa y,z)=y 1S Zz{ivy;l],x>y

From this we have the particular solution z_, =x6 y

Proposition 4 (o - operation). The solution of the characteristic equation

. X 2
L (xg y,z)=y 18 z:{f())'y),:<y

From Proposition 4 we have the particular solutionz_, =xo y.

Let us assume that 7, | are Archimedian triangular norm and conorm. Then in the
characteristic equations (1) we set 7=T,; ®=v and 1=1 ,; ® = . In this case the functional
representation of a4 and ¢, can be derived from propositions 5 and 6.

PropoSition 5 (a, - operation). The solution of the characteristic equation
T,(xvy,2)=y is 2oy =xa,y; xa,y=f"(f()- flxv )
Proof. We consider two cases. Let x < y, then the solution of the equation T, (y, z) =y is
Zmax =1. If x>y , then by the definition of T, we have z = f7(f(y)- f(x)).

Proposition 6 (¢, - operation). The solution of the characteristic equation
L, (xayz)=yis 2 =x6, 55 x24 =27 (e(»)-glx A »))
Proof. Here we also need to consider two cases. If x> y, then the solution of the equation
L, (#,2)=y is zyy, =0. Otherwise, if x < y, then according to the definition of L 4, the
solution of this equation is z = g (g(y)- g(x)).

In order to obtain functional representations of the new operators, and o ,, we introduce
the following characteristic equations:
T(@®b,z)=a®b; L(a®b,z)=a®b (2)

Returning to «, £ - operators, we consider the pair of N —dual operators a, &g :

1,x< 0,x2>
vaoy {025 sy {2V sey - MG o NO)
,X> Y , Lx<y
Proposition 7 (o 4 - operation). The solution of the characteristic equation
L, (xeGy,z)=xaA y isz,w=x6,y
-1
where xG, y = {f (FG)=f()hx=y .
O,x<y
Proof. We first set x < y, in this case z,;, =0.If x=y then the solution is
z=1= f“(f(x)—f(x)). Now, when x >y, we can derive the solution z = f'l(f(y)—- f(x))
from the characteristic equation max(0,z)= £ (f(y)- f(x)). Hence z,;, = x5, y.



In order to obtain minimal solution of the fuzzy relation equation [2] we need the
correction & , - operator. We add the following condition: x4, y =0 at y =0. As a result we get

o 4 - operator

X0 4 J’:{f_l(f(y)_f(x))’xzym

0,x<y or y=0

Proposition 8 (8, - operation). The solution of the characteristic equation
TM(xaGy,z)= XE,y 1S z, = ng y
where x5, y= {g“l (g0)-glhx<y
Lx>y

Proof. Suppose that x>y, then z_,,, =1. We can easily see that if x=y then the solution is
z=0=g"(g(x)- g(x)). Finally, if x<y then the solution z = g™ (g(»)- g(x)) can be derived
from the characteristic equationmin(l, z)= g (g(y) - g(x)). Hence zpq = 6,4 .

We now add the following condition: x4, y=1 at y=1 and get 6, - operator

{g"l (g()-glx)x<y<1
x04y=
Lx>y or y=1
Example 2. Several examples of ¢ —norms, ¢ — conorms and corresponding o 4,0, -
operations are presented below:

y (i) (1)

: -

T(x,y)=x-y; T(x,y)=0v (x+y-1); T(x’y)=x+y—yx~y;
0,x<y {0,x<y or y=0 Ox<y

X04Y=1y ; XC4y= » XO4 ¥y = x-y >
Y x> _ _, X2
. y 1 x+yq,x2y>0 X—y+x-y Y

x+y-2

Lly)=x+y-x-y; L(xy)=1ax+y); l(x’Y):_I{xyxy;
Lx>y Lx>y or y=1 Lx>y

XHA Y=yy-x < ; XHA y= ; xeAy: L x<y.
= =y y-xx<y<l 1-2x+xp°

2. Fuzzy implications.
In this section we use the definition of the fuzzy implication presented by [5].
Any function I:[0;1]* - [0;1] is called fuzzy implication if it fulfils the following
conditions:
1. x<s = I(x,y)21(s,y), Vx,y,sel0]];
2. y<s > I(x,y)sl(x,s), Vx,y,s € [0;1];
3. 1(0,y)=1, wyelo]; 1(x1)=1, vxe[0;]; 1(,0)=0.

For example, it is easy to check that for the function of two variables

I,(x,y)=xa,y=r"(f0)- flxvy)

the above conditions hold.



Consequently, the a - operator is equivalent to an implication operation 7.

Proposition 9. If f(n(s))= g(s), then the function of two variables

I (% y)=1"(glx)-glxry))
is the fuzzy implication.
Proof. Since function I, (n(y),n(x)) satisfies above stated conditions, then taking into
consideration theorem’s condition, we can write

1 () n(x) = 17 (7)) - flnlx) v n))) = 7 (g(x) - gx A ¥)) = T (3. 9)

Proposition 10. If | is a 7 — conorm, then the function of two variables

I, (x.y)=g " (g)+ gy)- g(L (x.))

is the fuzzy implication.

Corollary. If f(s)=g(1)- g(s), then in accordance with proposition 10, the function of two

variables
I (e y)= ()= (L Gk y))
is the fuzzy implication.

Example 3. Let L (x, y)=max(x, y), then in accordance with proposition 10, we have
fuzzified Lukasievicz implication
-1
1, (e y)= {g (g()-glx)+ g x>y
Lx<y
or

1 (x,y)=min{l, g (2(1) - £(x) + 2»)))-

Example 4. Let L (x,y)=1 4, then in accordance with proposition 10, we have fuzzified
binary logic implication

ng(x)y<ng(x)
IB(x’y)z{y,yan(x)
I:r(x, y) = max(n 2 (x), y) s
where n,(s)=g ' (g(1)— g(s)) is the negation function.
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