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In [3], Ahsan, among others, has introduced the notion of prime fuzzy ideals of
a semigroup 5, and proved that a semigroup S is semisimple if and only if every
fuzzy ideal of S is the intersection of all prime fuzzy ideals of S containing it. As a
continuation of the results of [3], in this paper we give a characterization of prime fuzzy
ideals of a semigroup S.

Throughout this paper, S always denote a semigroup. A function f from S to the

unit interval [0, 1] is a fuzzy subset of S. Let f and g be two fuzzy subsets of S. The
product f o g is defined by

(fog)(z) = { sup [min{f(y), f(2)};

0, if z is not expressible as ¢ = yz [3].
As is well known [4], this operation o is associative.

For any fuzzy subset f of S, it is obvious that f = U y,, f is called a fuzzy left
ideal of S if So f C f, and f is called a fuzzy right id:czfzf Sif foS C f. A fuzzy
subset f of S is called a fuzzy ideal if f is both a fuzzy left ideal and a fuzzy right ideal

of S. A fuzzy ideal f of S is called prime if for any fuzzy ideals g and h, go h C f

implies that ¢ € f or h C f [3]. By Definition of product of two fuzzy subsets of S,
we have

Lemma 1 Let f, g and h be fuzzy subsets of S. Then
fo(guUh)C fogUfoh.

Lemma 2 [2,5] Let ay be a fuzzy point of S. Then the fuzzy ideal generated by ay,
denoted by (ay), is

(Vz € 5) (an)(z) = { 8\: itiewgzlu)i;e,
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where (a) is an ideal of S generated by a.

The statements 1), 3) and 4) of the following lemma are due to Theorems 2.5 and
2.6 in {5] or it is easy to check by these Theorems.
Lemma 3 Let ay be a fuzzy point of S. The following are true:

1)(Vz € S) (SoayoS)(z) = { \, € SaS;

0, otherwise.

AN, € aSbh
2)(Vz € §) (axoSoby)(z)= { 0, g otherwise.

)
3) axob, = (ab)an, for all fuzzy points ay and b, of S.
4) (ay) =ayxUayroSUSoayUSoayoS.

5) (ax)* CSoaxoS.

Lemma 4 For any z,y € S, the following statement is true:

(z)(y) CazyUzySUzSyU Szy U SzyS U SzSy U SzSyS.

Lemma 5 Let f and g be fuzzy subsets of S , and z, € f, y, € g.
1) If f and g are fuzzy right ideals of S, then (z,) o0 (y,) C fogUSo fog.
2) If f and g are fuzzy left ideals of S, then (z,) o (y,) C fogU fogoS.

Proof Suppose for any z,,y, € S, by Definition of operation “o” and Lemma 2, we
have

o) ={ 1% e e

0, otherwise,

where (z), (y) is an ideal of S generated by z and y respectively.
On the other hand,

(fogUSofog)(w) = fog(w)VSofog(w)
= V@ Ag®)V V (S(s)A f(u) Ag(v)).

Then
(fogUSofog)(w) 2 \_/t(xr(Z) A ys(t)) V =\/ (S(s) A zr(u) Ays(v)).

For any w € (z)(y), by Lemma 4, there exist s1,8s,+,519 such that w = zy, or
W = TYS; OF W = TSy, O W = S3TY, OT W = S4TYS5, OT W = SgTS7Y, OT W = SgTS9YS10-

A) If w = zy, then
(fogUSo fog)(w)>z.(z) Ay,(y) =7 As.
B) If w = zys;, then

(fogUSo fog)(w) f(z) A g(ys1)
f(z) Ag(y) (since g is a fuzzy right ideal)

z.(2) Ny,(y) =7 As.
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By the same way, if w = xs,y, we can prove that
fogUSofog)(w)>rAs.
C) If w = s3zy, then

(fogUSofog)(w) S(ss) A f(z) A g(y)

z(2) ANys(y) =7 As.

(AVARAYS

D) If w = s4zyss, then

(fogUSofog)(w) = S(sa) Af(z)Aglyss) 2 S(sa) A f(z) Agly)
> z(2)ANys(y) =rAs.

Similar to D), we can prove that

(fogUSofog)w)>rAs

holds in other cases of w.
By the proof above, we have for any w € 5,

(fogUSo fog)(w) > ()0 (ys)(w)

The proof of 2) is similar to 1), we omit.
The following theorem is what we desire.

Theorem Let f be a fuzzy ideal of S. Then the following statements are equivalent:
1) f is a prime fuzzy ideal of S; |
2) For any z,,y, € S, if z,0S oy, C f, thenz, € f, ory, € f;
3) For any z,,y, € S, if (z,) 0 (y,) C f, then . € f, ory, € f;
4) If g and h are fuzzy right ideals of S such that goh C f, then g C f, or h C f;
5) If g and h are fuzzy left ideals of S such that goh C f, then g C f, or h C f;
6) If g is a fuzzy right ideal of S and h is a left ideal of S such that goh C f, then
g f,orh Cf

Proof 1)=— 2). For any z,,y, € S,if z,0S oy, C f. Then
(Soz,08)0(Soy,05)C So(z,050y,)0S5 C f.

Since Soz, 0S5 and Soy, oS are fuzzy ideal of S. Then we have Soz, 05 C f or
Soy,05C f. Say Soz,0S5 € f, then by Lemma 3(5),

(2, CSoz, 05 C f.

Since f is prime, we have z, € (z,) C f.
2)=> 3). Let (z,) o (y,) C f. By Lemma 1 and Lemma 3(4), then

r,o0Soy, C m,o(y,Uy,oSUSoy,USoy,OS)
C (zr)o(ys) CF
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By 2), thus z, € f,or y, € f.

3)=> 4). Let g and h be fuzzy right ideals of S such that goh C f.If g  f. Then

there exists a ¢ € S such that g(z) £ f(z). So Tgw) & f. For any y, € h, by Lemma 5,
then

(Zg()) 0 (ys) CgohUSogoh C fUSofC S

By assumption, y, € f. Thus h = U y, € f.
yaEh

3)= 5). Similar to the proof of 3)= 4).
5)= 1), 4)=> 1) and 6)== 1) are obvious.

3)== 6). Let g be a fuzzy right ideal of S and h a fuzzy left ideal of S such that
goh C. If g  f. Then there exists a fuzzy point z, € h such that z, ¢ f. For any
Ys € h,

(z+) 0 (¥s) (:c,USOJJ,U.Z',.OSUSO:B,.OS)O(y,,)
(gUSog)o(ysUys0SUSoy,USoy,o0S)
(gUSog)o(hUholS)

gohUgohoSUSogohUSogohols.

N 1N N

Since go h C f, so we have (z,) o (y,) C f. Thus by hypothesis, y, € f. Therefore

h = U ysef'
ys€Eh
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