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Abstract: This paper firstly presents a decomposition theorem about fuzzy sets, which is
based on "Fuzzy Point". Then a new expression of fuzzy extention principle is introduced
which is based on the decomposition theorem. The new extention principle and the old one are
coincident, but the new one is simpler and easier to understand. Morever, we can get the
reasonable explaination of fuzzy compound function and the composite operation on
multivariate fuzzy relation by the present extention principle.
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1 Introduction

Extention principle is the basic principle among fuzzy set theories, it gives the
structured description of the fuzzy subset 4 (image f(A)) in universe X on the
condition that the mapping f is an ordinary mapping of X into Y. Fuzzy extention
principle was first put forward by Zadeh!', and many people have done a lot of discussion
on its different equivalent forms?1® F uzzy mapping 1 is the mapping of X into fuzzy set
class F(Y). This concept is widespread and important in both fuzzy mathematics theories
and application of practical projects. Such as interval value function, fuzzy value function,
differentiation of fuzzy value function, composite operation on fuzzy relation and so on,
they are all special examples of fuzzy mapping. Therefore, it is important for
consummating fuzzy mapping theory and studying fuzzy relation operation to establish
extension principle on the basis of fuzzy mapping. The present expression of extension
principle is the union of A —level set of fuzzy set. In this paper, we put forward a new
expression of extension principle, which is equal to the traditional extension principle.
this new expression abandons the form of A —level set, so that the extension principle
becomes simpler and easier to understand. Meanwhile, we also depict the expression of
fuzzy compound mapping and the composite operation on multivariate fuzzy relation by
this new expression of extension principle.

2 Basic conception

Set P (X) and F (X) denote the ensemble of ordinary sets and fuzzy sets over universe
X respectively. Let A be a fuzzy set of universe X, where 4EF (X), its membership
function is 1£,(x), for VA € (0, 1), we call the ordinary set



A, ={x |u(x)2 1,x e X} (1
the A —level set of 4 in X
Let AEP (X), for VA € (0, 1), we define the fuzzy set A* 4 in X and the
membership function as follows

A,xeAd )
Hiea(X) = { Oxgd €3
For VAEF (X), there is the decomposition theorem!" :
4= ) 4*4, 3)

Ae(0,1]
Suppose that fis a general mapping of X into Y, byf we can obtain the mapping of
P (XD into P (Y) as following
fi P (X) =P (Y)
4—fCA)={ylIxEA,and y=Ff(x)}
From above definition, we can easily get the following property :
Z/(A)(y)= vV X4(%) (4
y=f(x)
Where y, is the characteristic function of set 4. Applying formula (4) and by the
mapping f: X — Y we can obtain the following mapping;:
f : F XD = F YY)
A —~ f(4) € F (Y)
the membership function of f (A4) is shown as following:
HiayV)= v H4(x) vV yeY (5
y=f(x)
Here, we don't intent to discuss the conclusion of the inverse mapping f ! for detailed
discussion you may see the document[2].

3 New expression of fuzzy extension principle

Let X and Y be two universes , the mapping 7: X —F (Y) is called the fuzzy
mapping of X into Y, If X and Y are all real number sets, and set V(Y ) is the ensemble of
bounded closed fuzzy numbers in Y, then the mapping 7 : X =N (Y) is called fuzzy
value function.

Consider a special case, we choose the single point set 4 = {x} in X, hence A ,=

A*{x} is called the fuzzy point of X, where A €[0, 1].
From formula (2) , we have
A,y=x
My (V)= My (V) = { vV y€Y (6)
0,y#x
Let A€F (X), for the given pointx €X, the degree of membership with regard to

fuzzy set 4 is ,(x).Consider the fuzzy point 1,= A*{x} over x, and denote
H,(x) as A, hence it is called the fuzzy point which is restricted to fuzzy set 4. In

-



fact, A ;= AN {x} .From formula (6) we can easily get /(s (x)=A, sowehave

D)
/'l;lA(x)t{x} (x) = /uA (x)

In fuzzy set theory, the traditional decomposition theorem decompounds fuzzy set as
the union of A —level set of the fuzzy set, However, fuzzy set can be expressed by the
union of fuzzy points, which is restricted to the fuzzy set A in X. Therefore, we have the
following decomposition theorem. ‘ . '

Theoremi (decomposition theorem) If let A€EF (X) and its membership function
is 44,(x) , then we have

A= Ju0*{x (8)
xeX

Proof: From (7), we may immediately obtain the proof. - o

By theorem 1, we can also give a new expression of fuzzy extention principle '

Theorem 2 (extention principle) Consider the general mapping £ X — Y, by this
mapping f we can obtain the following mapping:

£ P (X) =P (Y)
A—f(A)={y|Ix€EA, and y = f(x) }
=Uxa@={fx)} (9

xeX
Proof: By expression (9) and the definition of the union operation of the set's
characteristic function, we have '

X ()= \/XZ aeniren (V) (105
By definition (2) and the expression (10), we have
(x)y = f(x)
o) ={ %4
X zacomtren (W) =4 0, b % f(x)

Above expression is Substituted in (10), we can obtain
X r4 M= v 1.
y=f(x)
Obviously, the expressions (9) and (4) are equivalent..
Furthermore, by this mapping f:X — Y we can obtain the following mapping:

f : F XD = F (YY)
a4~ f =Jpu, @)} an

xeX
According to the proof method of theorem 2, the membership function of fuzzy set
f (4> €F (y) depicted by (11) is as follows:
BV = v H4(x)
y=f(x)
This is equal to (5) .

Definition 1 (extension principle of fuzzy mapping) Suppose that 7 : X =F (Y)
is a fuzzy mapping , by this mapping f we can obtain the following mapping;:

=



f: F X — F )
A=F = Jp*fx) (12)

xeX
Where ,for any given point x€X ,
K, i WM =pu,x)A K5 )
Hence we have
Hi »= \V4 [a,(x)A K7 62] V yeYy (13

xeX
Definition 2 (multivariate extension principle ) Letd4; €F (X)) ,i=1, 2, -+
n. Consider the n-ary fuzzy mapping f : X;xXax---xX , = F(y ), by this mapping f
we can obtain the following mapping:

FiF (X)) xF (Xy) x-xF (Xp) = F (Y)

(A laAZs"'sAn) _>f(A laA 29"'9An) € F (Y)
We have
f(A A2, A n)= U U [,uAlezx...xA"(xlaxz,'“,xn)*f(x]rxza'“’xn)]

xneX, x,€X,
The membership function is as follows:

Fiaaeny)@= N VG AR, G A Aty I @] (18

xle’Yl x,,eX,,

4 Application of extension principle

4-1 Fuzzy relation and fuzzy transformation

First, we discuss the simpler binary fuzzy relation. fuzzy subset RE F (XxY) in the
Decare product set XxY is called fuzzy relation of X into Y, for (x, y) € X xY, the
membership function u,(x,y) €[0, 1] of fuzzy subset R is called the correlation
degree which x and y satisfied the relation R.

Theorem 3 ! If a given fuzzy mappingfof Xinto Y , fuzzy relation R ; can be
uniquely determined, where R, | ,= 7 (x) .For any given pointx€ X it has
Hi, (V) = t7,, (V) = Ha (%, Y) (15>

Conversely, if the fuzzy relation RE F(XxY) is given, then fuzzy mapping 7R of

X into Y can be uniquely determined, where 7R (x) =R | x.
Definition 3 LetRE F (XxY), and
Tp: F (X) — F (Y)
A~ Tp W = AoR
Then Ty is called fuzzy transformation which is induced by fuzzy relation R of X into
Y .By definition of composition operation "o" on fuzzy relation, we have




Hr (V)= lyn () =\ [, () A g (x, )] (16)

xeX
Theorem 4 Suppose that 7 (x) is fuzzy mapping of X into Y determined by fuzzy
relation RE F (XxY) ,foranyAEF (X) it has

F (4) =4oR
Proof : From (15) and (16) ,the conclusion holds.
Theorem 5 Suppose that 7 (x15 x5 -+» xy,) is fuzzy mapping of X {xX,x ---
xX , into Y determined by fuzzyrelation RE F (X xX 5x---xX x¥Y), for
Y (4y, Ay -5 Ay) EF (X)) xF (X3) x--.x F (X ,) then we have
F Ay Ay oy Ay = (Aix Agx xA,) oR

Proof: From (14), we have

'uf(Al,Az,m,A,,)(y)z V "V [:uAl (xl)/\“'/\:uA" (x")A#ﬁ(xl,xz,m,x,,)(y)]

xneX, x,€X,
And from
Fhaapexayor V) = vV (g, (1525755, ) A (6 X7, %, )]
(X%, 5%, JEX] xXox:+ %X,
Where

Hopsca, X153 %,) = oy () Ay (X)) Ao~y (x,)

He (X, %5700, %,,¥) = ,Uj(xhxz,...,x")(y)
So we can obtain

Hapyx-xayyor (V) = ﬂf(AhAz,...,A")(J’)
4-2 Fuzzy compound mapping

Suppose that7 : X =F (Y), g: Y—F (Z) are two fuzzy mappings, byfand

£ we can determine the following mapping

B: X — F 2

x—=h ) =gf ] an

Where 7 is called the compound mapping of g and 7 , denoted by g o 7 .

Since V x €X, and 7 (x> €F (Y), and g is mapping of Y into F (Z), then
from (12) we have

ELf @ Uk, 00*80) ¥ x ex (18>

yeY
Its membership function of g (7) is as follows:
yeY
Then we consider the composition of fuzzy relation. Let R € F (XxY), S € F

(YxZ), and Q is called the composition of fuzzy relation R and §, consequently,
Q€EF (XxZ) is fuzzy relation of X into Z, and



Ho(2)=\/ () A s (2)] Y xEX, z€Z (20)

yeY
Suppose that 7R is fuzzy mapping of X into Y determined by fuzzy relation R €F
(XxY), gs isfuzzy mapping of Y into Z determined by fuzzy relation S, then we
have
,uik(x)(y)=,uk(x,y) /‘gs(y)(z)‘_‘ﬂs(yaz)
Put above result in (20) and relate the expression (19), we can get the following
theorem.
Theorem 6  Suppose that 7 : X—=F (Y), g: Y—F (Z) are two fuzzy
mappings ,then fuzzy relation Qfoé € F (XxZ) can be uniquely determined by compound

mapping o f , where

Q]Og~=Rf 08 Ry | «=f(x) Sg |y= g )
Conversely, for given fuzzy relation R € F(XxY) andS € F(YxZ), the fuzzy

mapping g o 7 : X—F(Z)can be uniquely determined by the fuzzy compound relation
Q=RoSEF (XxZ) , where

Fx)=Rlx g (»)=5ly
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