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1. Introduction. :
N.Kuroki[1,2,3] discussed the concept of a fuzzy congruence relation on a semigroup.
F.A.AL-thukair discussed the fuzzy congruence pairs of inverse semigroupsj. It is natural to define

the fuzzy congruence relation on a ring and study a ring R with the fuzzy congruence relation
(abbr. FCR)

The purpose of this paper is to introduce the concept of fuzzy congruence, give some
homomorphic properties of a ring with fuzzy congruence relation. We obtain that if R is a ring
with FCR, then the kernel of FCR is a fuzzy ideal of R. We also prove some homomorphic

theorems of a ring R with FCR. Moreover, some applications of the result of this paper are given.
2. Preliminaries.

Let R be aring. A function @ from RxR to the unit interval [0,1] is called a fuzzy relation
on R. Let @ and B be two fuzzy relations on S, the product ¢o0fof @ and B is

defined by

(a0f)a,b) = sup, x[min{e(a, x), B(x,b)}]

forall a,be R,and a < f isdefinedby a(x)< B(x) forallxeR.
A fuzzy set of a set X is a function g from X to the unit interval [0,1] , and all fuzzy sets of
|

X denote by F(X) . As is well-known, u, ={xe X | u(x)2 A4} is a ‘A -cut set of M and

Uy ={xe X |u(x)> A} isastrong A-cutsetof u.
A fuzzy relation 4 onR is called fuzzy equivalence relation on R if

(E.1) u(a,a)=1 forall ae R. (fuzzy reflexive)

(E.2) u(a,b)= u(b,a) forall a,be R.(fuzzy symmetric)

(E3) pouc u.(fuzzy transitive) .
Definition .2.1 If x4 is a fuzzy equivalence relation on a ring R, then u is called a fuzzy

congruence relation on R if
() w(a+x,b+x)2 u(a,b);

(c.2) wu(ax,bx) 2 pu(a,b) and u(xa,xb) = u(a,b)
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forall a,beR.
We denote by y, the characteristic function of a binary relation f on R. We denote

Con(R) and con , (R) the set of allicongruence and the all fuzzy congrueilce on R respectively.

Then we have the following conclusi¢ns.

Proposition 2.1 Let f is a binafy relation on a ring R. Then f is an equivalence (a
|

congruence) on R if and only if ¥, is a fuzzy equivalence (a fuzzy congru;:nce) onR.
Proof: It is clear by the Theorem 2.4 in [3].

Let u be a fuzzy equivalence relation R. For each a € R, we define a fuzzy subset 4,
on R as follows:

M, (x)=pu(a,x) forall xeR.

Then we have the following.

Proposition 2.2 Let 4 be a fuzzy congruence relation on R, and let & be a zero element of R.
Then u, isafuzzy ideal of R.
Proof: Let u be afuzzy congruence relation on R, and forall x,y € R ’
M
Ho(x=y) = (0, x=y) = u(y - y,x - y) 2 p(y,%) = p(x,y)

2 (uou)x,y) =sup, g [min{u(x, z), u(z,y)}]

2 min{u(x,6), u(8, y)} =min{u, (x), 1, ()}
and forall r € R,

Ho(rx) = p(0,rx) = p(r6,rx) 2 p(0,x) = p,y(x)

Similarly, p,(rx) 2 py(r), then we have p,(rx) 2 max{u,(r), u,(x)} ,Thus, u, is a
fuzzy ideal of R.

Proposition 2.3. Let x4 be a fuzzy congruence relation on R, and a € R .Then. for all
x€R, p,(x)=py(x~a).
Proof: weonlyprove u (a,x)=u (0,x—a) forall xeR.

H@,x—a)=u(a-a,x—a)



2 p(a,x) 2 (uou)a,x)
= sup,.x[min{u(a, y), u(y,x)}]
2 min{y(a, a), u(a,x)}
= p(a,x) = p(a,x - a;+ a)
> p(6,x-a), |
Then u,(x) = p,(x—a) forall xeR.

Proposition 2.4 Let 4 be a fuzzy congruence relation on R , then for each

a,beR, u, = p,ifand only if u,(a—b)=1.

Equivalent: u, =, ifandonlyif u (a,b)=1. H

Proof: Suppose that 4, =, , then for all xe R . u(a,x)= ,udL, x) ,it implies that
| |
Hg(a—b) = p(a—b,0) = u(a,b) = u(b,a) = u(a,a) =1;

Conversely, if u,(a—b)= u(@,a-b)=1,thenforall xe R,
Ho(¥) = p(@, %) 2 (8, % +a) = (o p)B,x ~a) |
=sup, . [min{u(8, y), u(y,x — a)}]
> min{u(6,b—-a), u(b—a,x—a)} = u(b-a,x —a)
> p(b,x) = 1, (%) .
Andso u, Dy, By symmetry, we have 4, C 4, , Thus we obtain that 4, = u, .
Let 4 be a fuzzy congruence relation on R. For all a,b € R, the addition x, ® 4, and

product u, ou, of u, and p, are defined respectively by

sup,_,...[min{u, (), 4,(2)}], if x=y+z,
Mo ® 1y (%) = A -
0 if x is not expressible as x=y+z,

and g, o, (x) = sup,=ﬁ[niin{ﬂa(y),;z,,(z)}], i x=yz
o 0 | other wise.

Lemma2.5[Proposition inf]] Let ‘ My be a fuzzy additive subgroup | of R , then for all
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V,Z2€R if py(y)# pe(2) then' py(y +2) = min{u, (y), 4,y (2)} -
Proposition 2.6 Let u be a fuzzy congruence relationonR. Then, 1, ® u, =pu,.,.

Proof: First, we prove the binary oPerations @ are well-defined. Assque that u, =y, and

M, = M, , then by Proposition 2.4, \&1e have u(a,b) = u(c,d) =1.Thus
Ha+e,b+d)=p,((a-b)+(c-d)) = u,(a—b) A pu,(c—d) = p(a,b) A u(c,d) =1
So, wehave u, @ u, =u, S u,.
Foreach y,ze€ R satisfies x =y +z.
Hapy (x) = p(@+b,x) = py[x - (a+b)]
=ty +z-(a+b)]
2 Ho(y=a) Aty (z=B) = pi(a, p) A (b, 2) = p, (Y) A Hs(2)

thus s Hawp (x) = Supx=y+z [mm{ua (y)= Ky (Z)}] ,50 we have Hawp = H, ® Hp -

|
|

Conversely, forall x € R,if x canbeexpressibleas x =y +z,(y,z € r) ,then
Ha ® 1y (x) = maximin{p(a, y), p(b,2)}]

2 glfﬁ [min{/u(a9 ¥ ,u(ba Z)}]

#(a,yy2ub,z)

= max [min{u, (y — a), u(z - b)}]

#a,y)*u(b,z)

= max [u,(y+2)-(a+b)]

#ia,yyep(b,2)

=u(a+b,y+2z)=pu(a+b,x).

Then, 4, ® u, =p,,,.
Similarly, we have the following

Proposition 2.7 Let u be a fuzzy congruence relation onR. Then, 4, ou, < i, -

Therefore , we define the binary operation * on R/ u as follows:

Iua * lub = :uab
By Proposition2.6 and Proposition2.7 we have the following:



Theorem2.8 Let 4 be a fuzzy congruence relation on a ring R. Then (R/ u®*) isaring.
Proposition2.9: Let u be a fuzzy congruence relation on R .Then

ult@)= {(a,b)l,u(a, b)=1,a,b € R} is a congruence relation on R.
Proof: ByLemma24in[1], u (il) is a fuzzy equivalence relation on ]R and
(ax,bx) e u™ W), (xa,xb)e utQ.
|
Moreover, for x€ R, u(a+x,b +ix) > u(a,b) =1, which implies that |

Ha+x,b+x)=1 thatis (@+x,b+x)e u'(1). Thus 7' (1) is a congruence relation

onR.
3. Homomorphism Theorems

Let R and R be tworings and f ahomomorphism of R to E » Then, the relation.
ker(f) = {(a,b)|f(a) = f(b),a,b e R}

is a congruence relation on R . Then, the characteristic function Kxer(f) is a fuzzy congruence

relation on R. and

anll T S@=10) :
P70 1 f@= o) ’
Theorem 3.1 Let u be a fuzzy conéruence relationon R . and

Let (% ,®,*) bearing .The mapping u*:R > % defined by,

for aeR, p'(a)=u,.

Then 4" is a homomorphism.

i
i

Proof: It is dear.
Theorom3.2Let R and R be tworingsand f:R —> Rahomomorphism,

Then the fuzzy kernel %, is a fuzzy congruence on R, and there;s is a homomorphism
g R/ Yyeqsy > R suchthat f=g0(1u )"
Proof: Let a,be R By the definition y# , we have
pHa+b) =ty = p, ® p, = p* (@)@ u* (b)
and  p(ab) = py = p, * p, = pu* (@) > p*(®) .
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Now we define g : R/ ¥ye s — R by 8((Xver))a) = f(@) forall acR.
Ifforall a,b€ R, (Xies))a = Xiers))s» then Yy (@,0)=1.

So (a,b) e ker(f). Thus we have

(e sy)a) = f(@) = J((b) = 8((Fersy)s)

This means that g is well-defined.

If f(a)=f(b), then (a,b)eker(f), X.q;, (@b)=1.Itimplies that
(Xer(ry)a = ke )5 » & 15 one-to-one. Let a,b € R,
8((Xrery)a © Crertry)s) = & (Fieerc )V ass)

=fla+b)=f@+f®) |

=8((Xserry)a) + 8((Xierr))s)

= g((xker(f))a * (xker(f))b) = g((xker(f))ab)

= f(ab) = f(a)f (0)=8((¥ig(r))a) ® 8((Xiers))s)

Then g is a homomorphism. “

Let aeR, g((xker(f))#)(a) = 8((Xuer(y)a) = f(a).

So we obtain that

go(xkex(f))# =f.
Theorem 3.3 Let x and v be fuzzy congruence relations on R . such that g < v. Then

there is on unique homomorphism

g:R/u—>Rlv suchthat gou® =v*.
and R/y is isomorphicto  R/v.
Akete) |
Proof: Define g:R/y—)R/vi' by setting
glu)=v, forall aeR.
Assume that H, =”b9tﬁen; l=ﬂ(a,b) SV(a,b). 11

So v(a,b)=1,thatis, v,=v,, jthen g is well-defined .



The remainder of the proof is clear.
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