The decision theorems that the equation
type [l of a fuzzy matrix has a

solution when the index is one
yang jie

College of chinese medicinal crops, BeiJing university of chinese medicine, BeiJing, China 100029
Shi Junxian and Wang Hongxu
Liaoyang College of Petrochemical Technology, Liaoyang, Liaoning, China 111003

Abstract . In this paper. the decision methods that the equation type [l of a fuzzy matrix has a so-
lution when the index is one were studed, and we had obtained a series of decigion theorems that the e-
guation type [l of a fuzzy matrix hes a 'soluticn when the index is one.
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In this paper. we consider the necessry and sufficient conditions, which the equation type [l of a
fuzzy matrix has a solution when the index is one.

Theorem 1. (The first decision theorem that the equation type [l of a fuzzy matrix has a solution
when the index is one) The equation type [l of a fuzzy matrix B=(b;;),x, has a solution when the in-
dex is one if and only if the unique solution matrix of this equation is that

A=(by, byp-1 - bu-iz bu)T.
Proof . Necessity. Because the equation type [l of B has a solution when the index is one. may let B
=(x;" x,) T (x, " x;),and so
[ X1 %, = by
X Xg-1 = b2
Xt X2 = binog
X1 = byn
X2 Xo = by

\ Xz Xn-y = by

Therefore we obtaine that
(%1 X2 Xq=1 Xp) ' = (byabyn-1 by-y12 b)) '
And this solution is the unique solutioni of the equation type [l of B when thk index is one.
Sufficiency . Obviously this conclusion is right.

Theorem 2. Let B= (b;) € L"*"is a non — zero sub — symmtric fuzzy square matrix. The equation



type [l of B has the solutions when the index is one, if and only if B has the unique linearly indepen-
dent row vector, and B has the unique linearly independent column vector. '

Proof. Necessity. Because the equation type Il of B has a solution wthn the index is one, may let
that

!’bll bln ay al(an"' al)
i

Aageag) =] e
\bnl b“ an an(an"' al),z
[f a, =maxia), *, a,i. then the row vectors of B are that

{

i

i

|
the 1-st row ai(ay " a;) =a; a(a, 41)

the k—th row a(a, - ap)
the n—th row an(ay, a)) =a, a,(a, - aép;)

. Since B is a non — zero matrix, then a,(a,* a;) is a non — zero vector, *oo Therefore
a(a, - a;) is the unique linearly mdependent row vector of B. |
To prove analogously that B has tihe unique linearly independent columﬁ vector.
Sufficiency . Suppose that(b,l . bl_n i+1) (1<Xi<Cn) is the unique lmeaxfly independent row vector
of B. then there is ky, -, k, € L, suchithat |

(byy - bl n-h+1) =k, (by - bin-i+1),h=1,2, ~--.jn

and so
ky (by - bin-ie1) k; k) k 1
B= = | e qbil"' bl.n—‘“.+1)= bu»"', ;tbl'n_iﬂ (1)
kaCbu bro-ie )] ley) K, Kl
If b=maxibi, ", by n-iv1, "',bl,‘n-iﬂl,then the column vectors of Blare that
the 1-st Ccolumn by (e k) T=byb(ky t k)T

(2) Ythe (n=i+1)=th  column by, iey(ky ky)T=b; goivyb(ky o k)T
{the n-th Ccolumn by o (ke k) T=by i bk k)T
Now B is a non — zero matrix, then b(k;--- k,)7 is a non — zero vector, tpo Therelore
b(k[ k,)T already is the unique colurhn vector of the linear independence qf B.
Because B is a {uzzy sub ~ symmtric square matrix, if the i — th row vecqor of B is the

unique row vector of the linear mdependence of B, then the (n—i+1)-1th ;column vector of B is the
unique column vector of the linear mdependence of B.

Therefore
(bi,n-i+1 B a-ie1 bil)T*b(kl'” kn)T=(bk1"' bkn)T (3)
By the expressions(1) ~(3), we have that ‘
ky ke ke ke bk, bk,
B= || by, [ Ibyasiar | = | [ | b by, ey | e bbya-isr| = || by s | |byacies

k, k, ki, k, bk, bk,




bl.n—n‘rl bl.n-i+1 bl,n—i+1
= by, s bin-ie1| = (b by a-is1) =A AST,
biy by, biy
where A= (b, ,_;+ ., by)T. Therefore the equation type Il of B has a solution when the index is
one. Therefore we again have obtanined that

Theorem 3. let B is a non — zero fuzzy sub — symmutric square matrix. The equation type [l of B
has a solution when the index is one if and only if B is equal to product of both of the unique linearly
independent column vector of B and the unique linearly independent row vector of B.

It must be pointed out that by Definition 2 in[2], the unique linearly independent column vector
of B exactly is the maximum column vector of B, and the unique linearly indépendent row vector of B
exactly is the maximum row vector of B, to00. |

Theorem 4. (The second decision theorem that the equation type [ of a fuzzy matrix has a solu-
tion when the index is one) Let B is a non — zero fuzzy sub — symmtric square matrix. The
equation type I of B has a solution when the index is one if and only if B is équal to a product of both
of the maximum column vector of B and the maximum row vector of B.

By Theorem 1 and Theorem 4 we have direct gained that

Theorem 3. le: B is a non — zero fuzzy sub — svmmztric square matrix. If the equation tvpe [l of B
has a solution when the index is one, then the maximum column vector of B is (by, bya-1°" by-1 2
by )", and the maximum row vector of B is (by by-12°"* ban-1 b1a), and the maximum column vector
of B is the unque solution matrix that the equation type [II of B has a solution when the index is one.

Definition 1. [3) If a row (or column) of a fuzzy matrix A has identical elements, then this row
(column) of A is called the same element row (or column) of A. If the minimal element of A forms a
same element row (or column) of A, the we say that the row (or column) of A can be canceled, and
other rows (or columns) of A forms a new matrix, which is called a submatrix of A. And this cancella-
tion goes on step by step till it can not be canceled any more, which is called gradual cancellation, till
the last submatrix is come out.

Theorem 6 ( The third decision theorem that the equation type [ of a fuzzy matrix has a solu-
tion when the index is one) Let B is a non ~ zero fuzzy sub — symmetric square matrix. The equation
type I of B has a solution when the index is one if and only if the rows (or columns) to B and theirs
submatrices can be canceled step by step till comes a 1 X 1 submatrix or a u X v(u<tn, v&<in)submatrix
(theirs elements are maximal element of B). And a solution matrix is the column vector containing
maximal element of B.
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