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Abstract: In this paper, the concepts of countably strong Lowen’s com-
pactness and strong Lowen’s Lindeldf property in L-fuzzy topological
spaces are introduced. And these concepts are defined for arbitrary L-
fuzzy subsets. Their basic properties are studied, and also the cover forms
and finite intersection properties are described.
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1 Introduction

R.Lowen has introduced a fuzzy compactness for fuzzy topological spaces in [6],
and we'll call it Lowen’s compactness. Wang has generalized it to L-fuzzy topo-
logical spaces in [8]. We have introduced SR-compactness and strong Lowen’s
compactness in L-fuzzy topological spaces in [2,4]. The strong Lowen’s compact-
ness is a kind of compactness between Lowen’s compactness and SR-compactness
in L-fuzzy topological spaces[4]. In this paper, we introduce the concepts of count-
ably strong Lowen’s compactness and strong Lowen’s Lindel6f property in L-fuzzy
topological spaces. They are defined for arbitrary L-fuzzy subsets. Their basic

properties and characteristic properties are studied.

2 Preliminaries

In this paper, L = L(<,V, A,") always denotes a fuzzy lattice, i.e., a completely

distributive lattice with an order-reversing involution ”?’”. 0 and 1 denote the least
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and the greatest element in L, respectively. L* denotes the set of all L-fuzzy sets
on a nonempty crisp set X. M(L) denotes the set of all nonzero irreducible
elements of L. M*(L¥X) denotes the set of all nonzero irreducible elements of
L*. B(a) and B*(a) = B(a) N M(L) respectively denote greatest minimal set and
standard minimal set of a (a € L). a*(r) = (8*(r"))’ denotes maximal set of r (r
1s a prime element of L and r < 1).

For each ¢ C L, we define ¢/ = {A' : A € ¢}, Vd = V{P : P € ¢},
Ao =NP:Pe€¢} ForrelL,e(A)={ze€X:A(z)>r} We will denote
L-fuzzy topological space by L-fts.

Definition 2.1(Bai[l]). Let (L¥,8) be an L-fts, A € LX. Then A is called a
strongly semiopen set iff there is a B € § such that B < A < B7°, and A is called
a strongly semiclosed set iff there is a B € §’ such that B°~ < A < B, where B°
and B~ are the interior and closure of B, respectively. SSO(L*) and SSC(L*)
will always denote the family of strongly semiopen sets and family of strongly
semiclosed sets of an L-fts (L¥,§), respectively.

Definition 2.2(Bai[2]). Let (L*, ) be an L-fts and z) € M*(L*).A € SSC(LX)
is called a strongly semiclosed remoted-neighborhood, or briefly, SSC-RN of z, ,
if zx € A. The set of all SSC-RNs of z, is denoted by £(z,).

Definition 2.3(Bai[2]). Let (L*,$) be an L-fts, A € L¥ and a € M(L),
¢ C SSC(L¥) is called an «-SS-remote neighborhood family of A (briefly a-
SS-RF of A) if for each z, in A, there is P € ¢ such that P € £(zq).

Definition 2.4(Bai[3]). Let (L*,4) be an L-fts and A € LX. A is called strong
Lowen’s compact, if for each a-net S in A(a € M(L)) and each r € 3*(),S
has an SS-cluster point in A with height r. Specifically, when A = 1x is strong
Lowen’s compact, we call (L%, §) a strong Lowen’s compact space.

Theorem 2.5(Bai[3]). Let (L*,4) be an L-fts and A € L*. A is strong Lowen’s
compact iff for each r € 8*(a) and each r-SS-RF ¢ of A has a finite subfamily
of ¢ such that ¢ is an a-SS-RF of A(a € M(L)).

3 Countably Strong Lowen’s compact sets

Definition 3.1. Let (L*,§) be an L-fts and A € LX. A is called a countably



strong Lowen’s compact set, if for each r € #*() and each countable r-SS-RF ¢
of A has a finite subfamily ¢ of ¢ such that % is an a-SS-RF of A(a € M(L)).
Specifically, when A = 1x is countably strong Lowen’s compact, we call (L*X,§) a

countably strong Lowen’s compact space.

Definition 3.2. Let (LXJJ) be an L-fts, A € LX,r be a prime element of L
and r < 1. u C SSO(L¥) is called an r-S-cover of A if for each = € £,(A), there
is U € p such that U(z) £ r.

Lemma 3.3. Let (L*,6) be an L-fts, A € L* and g C SSO(L¥X). Then p
is an r-S-cover of A iff u' C SSC(LX) is r'-SS-RF of A, where r is a prime ele-
ment of L and r < 1.
Proof. Let u be an r-S-cover of A. Then for each z € ¢,/(A) there is an U € p
such that U(z) £ r, and so v’ £ U'(z). This shows that U’ € £(z,+), and hence p’
is 7'-SS-RF of A.

Conversely, let u' C SSC(LX) be r'-SS-RF of A, where r is a prime element
of L and r < 1. Then for each z,/ in A, there is U’ € p’ such that U’ € £(z,),
and so r’ £ U'(z), then U(z) £ r. This shows that y is an r-S-cover of A.

Theorem 3.4. Let (L*,4) be an L-fts and A € LX. Then A is countably
strong Lowen’s compact iff for each r € (8*(a))'(i.e.,r’ € B*(a))(a € M(L)) and
every countable r-S-cover u of A, there is a finite subfamily v of x such that v is
an o'-S-cover of A.

Proof. This follows directly from Definition 3.1 and Lemma 3.3.

Definition 3.5. Let (L*,d) be an L-fts, o € L,A € LX and ¢ C LX.¢ is
_ called a family with the o-finite intersection property in A, if for each ¥ € 2(%)
(where 2(9) is a set of all the finite subfamily of @) there is an z € ,(A) such that
(AD)(z) = o

Lemma 3.6. Let (L*,8) be an L-fts, A € LX,¢ c SSC(L*) and o € M(L).
Then ¢ has the a-finite intersection property in A iff ¢’ is not an «/-S-cover of A
for each ¢ € 24,

Proof. ¢ has the o-finite intersection property in A(a € M(L)) iff Vip € 2(9),
3z € ea(A), (AY)(z) > a iff Vi € 29) Tz € £,(A), (V') () < o iff Vip € 20),

is not an a’-S-cover of A.



Theorem 3.7. Let (L*,5) be an L-fts and A € LX. Then A is countably
strong Lowen’s compact iff for each @ € M(L) and every countable subfamily
¢ C SSC(LX) which has the a-finite intersection property in A, thereis z € e4(A)
and some r € (8*(a))’ such that (A ¢)(z) > r'.

Proof. This follows directly from Theorem 3.4. and Lemma 3.6.

Theorem 3.8. Let A and B be two countably strong Lowen’s compact sets
in an L-fts (L*,6). Then AV B is also countably strong Lowen’s compact.

Proof. Suppose for each r € f*(a)(a € M(L)), ¢ C SSC(L¥) be a countable
r-SS-RF of AV B. Then ¢ is a countable r-SS-RF of both A and B. Since A and
B are both countably strong Lowen’s compact sets, there exist finite subfamily
¥1 and ¢, of ¢ such that ¢, and 1, are a-SS-RF of A and B, respectively. Put
¥ = 1 U,. Clearly, ¢ is a finite subfamily of ¢, and also an a-SS-RF of AV B.

Thus, by Definition 3.1 AV B is countably strong Lowen’s compact.

Theorem 3.9. Let A be a countably strong Lowen’s compact set in L-fts (L%, ).
Then for each B € SSC(L*), AA B is countably strong Lowen’s compact.
Proof. 1t is similar to the proof of Theorem 2.1 in [3].

Corollary 3.10. Let (L*,8) be a countably strong Lowen’s compact space and
B € SSC(L*). Then B is countably strong Lowen’s compact.

Definition 3.11(Wang|8]). Let (L*,6), (LY, ) be two L-ftses and f : L¥ — LY
be a mapping induced by a crisp mapping f : X — Y. We define the f : LX — LY
and its inverse mapping f~!: LY — L* as the following:

VA€ LX,y €Y, f(A)y) = VIA() : = € X, (=) = v},

VBe LY,z € X, f~Y(B)(z) = B(f(x)).
Then f: LX — LY is called an L-fuzzy mapping.

Definition 3.12(Bai[2]). Let (L*,§) and (LY, ) be two L-ftses and f : (LX,8) —
(L¥, 1) an L-fuzzy mapping. f is called S-irresolute mapping if f~}(B) € SSO(L*)
for each B € SSO(LY).

Theorem 3.13. Let A be a countably strong Lowen’s compact set in (L%, §), and
[ (L%,8) — (LY, 7) an S-irresolute mapping. Then f(A) is countably strong
Lowen’s compact in (LY, 7).

Proof. It is similar to the proof of Theorem 2.2 in [3).



Corollary 3.14. Let (L*,4) be a countably strong Lowen’s compact space and
f:(L*,8) — (LY, 7) an onto S-irresolute mapping. Then (L¥,7) is a countably
strong Lowen’s compact space.

4 Strong Lowen’s Lindeldf sets

Definition 4.1. Let (L¥,6) be an L-ftsand A € L*X. A is called a strong Lowen’s
Lindelsf set, if for each r € 8*(a) and each r-SS-RF ¢ of A has a countable sub-
family ¢ of ¢ such that ¢ is an @-SS-RF of A(a € M(L)). Specifically, when
A = lx is strong Lowen’s Lindelsf, we call (L% ,0) a strong Lowen’s Lindeltf

space.

Theorem 4.2. Let (L*,4) be an L-fts and A € LX. Then A is a strong Lowen’s
Lindeldf set iff for each r € (8*(a))'( € M(L)) and every r-S-cover p of A, there
1s a countable finite subfamily v of u such that v is an o’-S-cover of A.

Theorem 4.3. Let A and B be two strong Lowen’s Lindeldf sets in an L-fts
(L*,8). Then AV B is also a strong Lowen’s Lindelof set.

Theorem 4.4. Let A be a strong Lowen’s Lindelsf set in L-fts (L%, §). Then for
each B € SSC(L*), AA B is a strong Lowen’s Lindelsf set.

Corollary 4.5. Let (L*,§) be a strong Lowen’s Lindeldf space and B € SSC(LX).
Then B is a strong Lowen’s Lindeldf set.

Theorem 4.6. Let A be a strong Lowen’s Lindeldf set in (LX,4), and f :
(L*,8) — (LY, 1) an S-irresolute mapping. Then f(A) is a strong Lowen’s Lin-
delof set in (LY, 7).

Corollary 4.7. Let (L*,6) be a strong Lowen’s Lindelof space and f : (LX,8) —
(LY, 7) an onto S-irresolute mapping. Then (LY,7) is a strong Lowen’s Lindeldf

space.

Theorem 4.8. Let (L*,4) be an L-fts and A € LX. Then A is a strong Lowen’s
compact set iff A is a countably strong Lowen’s compact and strong Lowen’s
Lindelof set.
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