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Abstract: In this paper, the decision methods that the equation type Il of a fuzzy matrix has the .
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matrix, and we had obtained the simple and clear decision theorems.
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1 The definitions
Definition 1 [1] Let B € L " is a non — zero fuzzy matrix. An equation in the form of
Boixn™ an tX;rx n
is called a fuzzy relational non — deterministic equation of type Il of B, or an equation type I of B.

The tis called its index. The X, x; such that this equation holds is called a solution of the equation when

the index is t.

Definition 2. Let B= (b;) € L"*" is a fuzzy matrix. The k — th column vector of B is called the -

maximum column vector of B, if
max{bu, b12) AN bln} = bllu kE { 1, 2, Tty l’ll’
max|bat, bazs  ban} = bk

And the h— th row vector of B is called the maximum row vector of B, if

max{byy, by, -, by | =bp, hE€ {1,2, -++, n}

max | by, bags s bon | = bpy.
In this paper the other definitions and symbols see [2].
2 The decision theorems that the equation type [[ of a fuzzy matrix has
the solutions when the index is one

Theorem 1 Let B is a symmetrical diagonally dominant fuzzy matrix. The equation type Il of B
has the solutions when the index is one, if and only if B has the unique linearl)f independent row vector,
and B has the unique linearly independent column vector. ‘

Proof. Necessity. Since the equation type [I of B has the solutions when the index is one, let B= .
(by) €L"*", and let
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bln bnn an an(cl’ "'7Cn)
If a, =max{ay, ***, a,}, then the row vectors of B are that

the 1-st row a;(cy, ", c,) =aja(cy, ", ),

the k—th row afc, ",

the n—th row ay(c, ", c.)=apa(cic,).

Because B is a non — zero matrix , thus ag(c;**'¢,) is a non — zero vector , therefore a,(c; "¢, ) is
the unique linearly independent row vector of B.

To prove analogously that B has the unigue linearly independent column vector.

Sufficiency. Suppose that (by;***by**"by,) (1<{i<{n) is the unique linearly independent row vector
of B, then there is k;, -+, k, € L, such that

(blh'”bhh'."bhn) = kh(bli"'bii"'bin)! (1<h<n)’

(D).
thus
TR ky (byi by bin)
B: . = Prrreereeee
bin 0 bg ky(byi e by~ biy)
ky kq k
= | [ by byb) = | [~ | by =+, | | by (2)
k, Lk, L
If b= max {by;, '~

y by, =+, byl , then the i — th row of B is b(by;, -, by, -+, bin) . and the i — th column

of Biis b(by;**by*--by)T. By the expression (2) we may see that the all column of B are that
bli(kl Ty kn)T= blib(kly DN kn)T

bii(kl.” > kn)T: biib(kl’ Y kn)T

~

(3)

bin(kl'”v kn)T= binb(kb Ty kn)’r

Therefore the every columns of B are a linear combination of the column b (ky,

-+, k)" of B. Be-

-, k,)T is a non — zero vector, too. Sob(kj, -, k,)T
is the unique column vector of the linear independence of B.

By the expressions both of (2) and (3) we obtain that

cause B is a non — zero matrix, thus b (kq,

[k, k; k, ky kb k;b
B= by s [ b | = | |t {Bbyy oy | b | = | [ by, o, by,
L Lk, k, k, k, k,b k.b

[ [by by; by;
= by ey by | = | (bn'”bin)ﬁCCT,

. \bin bin bin



where C = (by;, =, b;,)". So the equation type I of B has the solutions when the index is one.

Theorem 2 . Let B is a non — zero symmetrical diagonally dominant fuzzy matrix. The equation
type I of B has the solutions when the index is one , if and only if B is
equal to composition of the both of the unique linearly independent column vector of B and the unique
linearly independent row vector of B.

Theorem 3. (The first decision theorem that the equation type Il of a fuzzy matrix has the solu-
tions when the index is one) Let B is a symmetrical diagonally dominant fuzzy matrix. The equation
type [l of B has the solutions when the index is one, if and only if B is egual to a composition of the
both of the maximum column veceor of B and the maximum row veceor of B,

Theorem 4 (1) (The second decition theorem that the equation type [l of a fuzzy matrix has the
solutions when the index is one) Let B = (b;) € L"*" is a non-zero symmetrical diagonally dominant
fuzy matrix. The equation type Il of B has the solutions when the index is one, if and only if

(by; bz = by)T
is the unique solution of the equation.

Theorem 5 Let B is a non-zero symmetrical diagonally dominant fuzzy matrix. If the equation type
Il of B has the solutions when the index is one, then the maximum column (row) of B is composed of -
the main diagonal elements of B.

By Theorem 1 we have obtained direct Theorem 6, too.

Theorem 6. let B is a non-zero symmetrical diagonally dominant fuzzy matrix. The equation type
I of B has the solutions when the index is one

(1) if and only if p,(B) =1, and at the same time p.(B) = 1;

(2) if and only if p,(B) =1; '

(3) if and only if p(B)=1.
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Abstract. A definition of the equation type Il of a fuzzy matrix was given in this paper, and the .
both of the properties and a solution for the equation were discussed preliminaryly. And we have been
obtained a decision theorem that the equation type Il of a fuzzy matrix has the solutions.
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1.foundation
Definition 1 (1). Let A= (g;) €EL"*™.And AT = (i ) € L™"" is called a sub — transposed fuzzy
matrix of A, if
aﬁg=an_h+1,m_k+1;i, h=1,2,--,n. j,k=1,2, -, m.
Definition 2 (1). Let A= (a;) €L"*".And A is called a sub ~ symmetric fuzzy matrix, if A=
AST,
The both of the concepts and the signs, which aren’t particularly pointed out in this paper, will be

found in references(1~2].

2.The Concept of the equation type [l of a fuzzy matrix
Definition 3. Let BE L"™", An equation in the form of

B =X (X% ixn (2,1)
is called a fuzzy relation indefinite equation type Ill of the B or the equation type Il of B. (Where B is
known, and X is unknown) . The t is called its index, and the fuzzy matrix X,,, satified expression (2,
1) is called the solution matrix of the equation when the index is t. If the equation type Il of B has the
solutions when the index is some numbers, then we generally may speake that the equation type Il of B
has the solutions.

Theorem 1. If the equation type [l of BE L**™ has the solutions when the index is p, then the e-
quation type Il of B has the solutions when the index is p + 2k, where k is an arbitrary positive inte-
ger.

Proof . Because the equation type [l of B has the solutions when the index is p, then there is CE&
L"“? such that

B=CC.
We take A=(0O C 0), where OE L™ ¥ is a zero matrix, then
OST
AST= |CST |,
oOST



by reason of
OST
AAT=(0 C O)|CT|=0+CCT+0O=B.
OST
And notes that A€ L"*P*20) therefore A is a solution of the equation type [l of B when the index is
p+ 2k.

Theorem 2. If the equation type Il of B;€ L"*" has the solutions when the index is p;, where i =
1,2 , then the equation type Il of (B; + B,) has the solution when the index is 2p; + p,(or 2p; + p; ).
Proof.Because the equation type [l of B;(B,;) has the solutions when the index is p;{p;), then
there is C, € L**?1 and C, € L"* P2, respectively, such that
B,=C, C{T and B,=C, G5".
We take that : )
A=(C, C () and D=(C, ¢ (),

then
C?T C§T
AST = C§T and DT = C§T ,
C?T C§T
and so
A AST=RB, +B, and D DST=B, +B,.

And note that A€ LP* @) and  DEL™@R*P) therefore the equation type [l of (B; +B,)
has the solution when the index is 2p; + p; or 2p; + p; .

To prove analogously that .

Theorem 3. Let the equation type [l of B;&€ L"*" has the solutions when the index is p;, where i -
=1,2, ", k, then the equation type Il of (B, + B, + :- + By) has the solutions when the index is

min{2p; +2p; + *+- 4 2py + py, 2p1 +2ps + -0 + 2p + py,
e 2pyt e 2oy il

where k is an arbitrary pbsitive integer.

Theorem 4. If the equation type I of BE L"*" has the solutions when the index is p, then the e-
quation type [l of AB too has the solutions when the index is p, where A€ (0,1].

Proof. Let B=A AST and ~AEL"*P

since

(AA) (AA)ST=2(A AST) =1B,
and AAE L™*P, therefore the equationbtype I of AB has the solutions when the index is p.
- Proceed to the next step we have that

Theorem 5. If the equation type [ll of B; has the solutions, where i=1, -+, k, then the
equation type [l of (AB; + B, + +-+ +A,B;) has solutions, too.

Theorem 6. Let BE L"™".If the equation type [l of B has not any solutipn when the index is p (p
=22), then the equation type [l of B has not any solution when the index t<{p — 2k, where 'k is a posi-
tive integer and p — 2k==1.



In fact, suppose the equation type Il of B has the solutions when the index t=p — 2h( p—2h=1),
then by Theorem 1 knows that the equation type Il of B has the solutions when the index t= (p-2h) -
+2h=p, and this is a contradiction. Therefore this theorem is right.

Theorem 7. (The decision theorem that the equation type Il of a fuzzy matrix has the solutions)
A equation type [l of a fuzzy matrix has a solution if and only if B is a sub — symmetric fuzzy square
matrix.

Proof. Necessity. Because the equation type Il of B has a solution, we may assume without losing
generality that the equation type Il of B has the solutions when the index t=p, then there is AE Lree
such that

B=A AST,
and so
BST= (A AST)ST = (AST)ST AST— A.AST=R.

Therefore B is a sub ~ symmetric fuzzy square matrix.

Sufficiency. Suppose that B= (b;) €L"*" and B=BST. Assume that an element b;in B (i,j=
1,2, ,njand i+j¥n+ 1) is an element of a twin — element type of B. Presume that an element by of

B never varies, and other elements of B can be changed into zero. And we obtain a fuzzy matrix By:

M0 0 v 0 0]
b; 0
B — i’j=1’2, -'.,n
k and i+j7n+1
0 b;
L0 0 0 0)
If
0 - 0 bij 0 - 0 0 0 - 0~NF
= ) Gt iEns D)
0~ 0 0 0 = 0 by 0 -~ 0
then
0 - 0 0 0 - 0 b, 0 = 0
AgTz[ ' ],(i+1#n+1)
0 0 by 0 0 0 - 0
therefore

Aye AZT =By,
and so the equation type [l of B; has the solutions (where i,j=1,2,*,n; and i+j#n+1).
Suppose that an element by, in B (where k,h=1,2,+-,n; and k+ h=n+1) is an element of a
single — element type of B. Presume that an element by, of B never varies, and other elements of B can

be changed into zero. And we obtain a fuzzy matrix By,:

0 vee 0

k,h=1,2,-,n

B L= b
. . K and k+ h=n+1



If
Ap=(0 - 0 by 0 - 07,
then , )
A= - 0 by 0 - 0),
therefore
A ARy = By
And so the equation type Il of By, has the solutions, too. (where k, h=1,2, -, n;and k+ h=n+
1) .Because '
B=Bi+Bup+ - +Bi,t By + Byt +Byy-g+ -+ + B,y +Byop + By
Therefore the equation type [ of B has the solutions by Theorem 3.
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