Decompositions of Intuitionistic Fuzzy Sets

Liu Huawen :
College of Mathematics, Shandong University of Technology,
Jinan 250061, Shandong, China

Abstract :

Based on the forms of upper cut set and lower cut set of intuitiorﬁistic fuzzy set, the
decomposition problems of the intuitionistic fuzzy set are discussed in this paper. And
two types of the decompositions are given.
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1. Preparation
Let us take the following set:
D={(x,y)e[01]x[0]}|x+y<1}
First we introduce operations on D as follows:
Definition 1.1 For every (a,,b,)e D,t e T, we define:
via,b)=(va,nb);
t@' at’bt)z(té}at’t\elrbt);
(a,b,) =(b,,a,)
Defimition 1.2 For each (a,,b,) € D, i =1,2. We define:
(a,b)=(a,,d,) iff a =a,&b =b,;
(@,b)<(a,,b,) iff a <a,&b 2b,;

(@,b)<(a,b,) iff (a.b)<(a,,b,)&(a,.b)*(a,,b,),
(a,b)<(a,,b,) iff a <a,&b >b,.

It is easy to prove the following results.
Theorem 1.1 Let a,a, € D,teT,then

~y

O an(ya)=y@ra)

@ aev(nra)=nleva,)
Theorem 1.2 The system (D,<A,Vv) is a complete lattice with the order-reversing

involution“ ' ”. And it has maximal element 1 = (1,0) and minimal element 0=(0,1).
Let a set X be fixed. An intuitionistic fuzzy set (IFS) 4 in X is an object of the



following form (see [1]):
A={< x,,uA(x),vA(x) >|xe E}

where the functions s, :E—>[01] and v,:E—[0]] define the degree of

membership and the degree of non-membership of the element erT, respectively, and
for every xeE,

0<u,(x)+v,(x)<1

For ordinary fuzzy set 4, its formis 4 = {<x, u,(x)1- ,(x) > x € X}.

For IFSs A4, B and A4, (te 1), the following definitions are valid:
AcB iff (VxeE)p,(x)s py(x)& v, (x) 2v5(x));
A2B iff Bc A4

A=B iff (VxeE)u,(x)=ps(x)&v, (x)=v;3(x));
A={<xv,(x),u,(x)>xeX};

tﬂrA, ={<x,té\1p&(x),t\e/Tv4(x) > xe X};

teUTA, ={<x’,;’T”A,(x)’,QVA,(x) >lxe X};

Qup(D={<x,anp,(x),pvv,(¥)>xe X}, ((@p)eD)
Definition 1.3 Let A be anIFS in X, (4,,4,) € D, we call the following sets

Ay oy ={xeX p, ()24 &v, (x)<4,},
Ay =xe Xy, (x)> 4 &v,(x)<4,},
Ay =xeX p,()>4 &v,(x)<4,},
Agay=txeX p,(x)24 &v,(x)<4,}

(4,,4,)-upper cut set, (4,,4,)-strong upper cut set, (4,-,4,)-upper cut set and

(4,,4,-)-upper cut set, respectively.
Obviously,

4 A(;1 »4p)

(4:4,)- < A(,z,l N c A(,q,h;,z) > A(O,l) = X> Aﬂ,o). = ¢
)

Definition 1,4 Let Abean IFS in X, (4,,4,) € D, we call the following sets

A“"‘A’) ={xE X:yA(x)Sll & VA(x)Z;iQ}a
A(AJQ)' ={XEX:,UA(x)<'%1 &VA(x)>/12},



A% ={xe X p,(x)<4 &VA(x)?-;"z}’
A%%) ={xe X p,(x)< A, &V, (x)>4,}

(4,,4,)-lower cut set, (4,,4,)-strong lower cut set, (4-,4,)-lower cut set and
(4,,4,-)-lower cut set, respectively.

Ada)
oy - A o A%

Obviously, A(“ 9

2. Decompositions of IFS
Let B be a classical subset of X, (4,,4,) € D, we define an IFS in X as follows:

B)= {<x,A4,4, >|xe X}, xeB
AT U<x,05]xe X}, x¢B

It is easy to prove the following proposition.
Propesition 2.1 Let A, B be two IFSs in X, E, F be two classical subsets of X,

(4,,4,), (4,,4,) € D, we have

O If (&, 4,) < (R, 4), then O, () S O, 1, (A, R, 1, (B) S R, ,, (E);
@) If ACBECF,thenQ, , (<0, ;,(B) R, ,,(E)C R, ., (F).

Theorem 2.1 let A be an IFS in X, then

(1) (upper decompositionI) A= B)GDQAA(A(MM)

(2) (upper decomposition II) A= “ EquDQ;,,h (A )
(3) (upper decomposition III) A= " E;DQM (A, 1))
(4) (upper decompositionIV) A= (A,E)ED Q. 2, (A1)

Proof. We only prove (1), and others are similar.
= < A A, Sxe X
(A’g)eDQ;, 2, (A, 1)) = (Ag {<x,hAap,,  (04vv,, ()>xeX}

= U {<x,A,A,>xeX}={<x, Vv /11 A 12>|xEX}
ROIENE =N A=A

={<x, 1, (x),v,(¥)>xe X}=A4.

From reference (4), we can easily get
Theorem 2.2 (upper decomposition V) Let A be an IFS in X, then

A= 3 CunAu)

where D, ={(4,4,): 4 +4, <14,,4, € 0},Q denotes the set of all rational



numbers in interval (0,1).
Lemma21LletAbeanIFSinX, (4,,4,)eDteT, then

A(vﬂn Ada) T nA(luﬂm

teT tel teT

The proof of above lemma is straightforward.
Theorem 2.3 (upper decomposition V) Let A be an IFS in X, and\ the mapping

H :D — P(X) (P(X) denotes the set of all subsets of X),(All, A H(ALA,)

satisfies 4, ,, € H(A4,4,) < 4, 4, Jor all (4,,A,)e D. Then
MA= U 0, ., H,4))
(44,4,)eD

@) If (4,4,) (A3, 4,), then H(A, 4,) 2 H(4,, 4,);
3 A(a,,a,) = n H(4,4,), (@,a,)#@O)D),

(A, 22 )(ay.22)

W dpoy2 N HL), (@,.2,)%(10).

(31 ,'21 )>(a1-az)

Proof. (1) From A4 ,, c H(A,4,)C 4, , proposition (2), and upper

decomposition /, 11, we can easily get (1).
@) (4,4,)<(43,4) 2> H(A4,2,) 24, 4. 2 46,0 2 H(4;,4,).

B (4,4)<(a,a,))=>H(4,4,)2 A(A,,A,)- =2 A(a,,a,)

= N H(A,A)D 4
(A A X(ay.a2) (21 2)

On the other hand, from lemma 2.1, we have
HA,A)C A ,=> N H@ALAL)S ) Ag = Ay

(4. 4)<(ey.@3) (4,42 )5 .@2)
@ (A, 4)5 (@,8,) 2 Aoy 2 Ay 2HG,A)
= A(al,az)- Q U H(A'I,A'Z) .

(A, 4 )@y .@a)
It is similar to above discussion, we can get anther type of decompositions of IFS.
Theorem 2.4 Let A be an IFS in X, then

(1) (lower decomposition I) A = (A’Q)ED R, . ( ARy,

(e, az) >

(2) (Jower decompositionII) A= (\ R, , ( A%AY,
(i)D"
(3) (lower decomposition IIT) A = . Q R, . A%y,
GhieD
(4) (lower decompositionIV) A= () R‘11 N ( A4CaA) )
(h2)eD
(5) (lawer decompositionV)A= | R, , (4%*),
(ni)eDp ¥
Theorem 2.5 (lower decomposition VI) Let A be an IFS in X, the mapping
H :D > P(X)(P(X) denotes the set of all subsets of X),(/jn,/lz)l—)H(,l,,ﬂ.z)

4



satisfies A4 < H(A,,A,)c A** for all (4,,4,)€ D. Then

4= (&,Q)GDR),,AQ (H(4,,4,));

QI (}1"12) < (’1'3,'1'4): then H(ﬂ'v’lz) o H('aa’jm);

(3) 4@ 5 N hQ(a . H(A,4,), (a,,a,)=0)),

(@4« = U H@,4,), (a,a)=0))
(Rt ie.a)
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