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Abstract

In this paper we define the distances between intuitionistic fuzzy sets, interval-valued
fuzzy sets and interval-valued intuitionistic fuzzy sets. Four basic distances - Ham-
ming distance, normalized Hamming distance, Euclidean distance and normalised
Euclidean distance between these sets are introduced. Also, we present some rela-

tions between the distances among different sets.
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1 Introduction

In 1986 [1], Atanassov introduced the intuitionistic fuzzy set (IFS) for first time. After three
years Atanassov and Gargov [2] introduced the interval-valued intuitionistic fuzzy sets (IVIFS).
The distances -~ Hamming distance, normalised Hamming distance, Euclidean distance, nor-
malised Fuclidean distance on intuitionistic fuzzy sets are defined in [4]. Here we propose some
new definitions of distances between interval-valued fuzzy sets (IVFS) and IVIFS. In this paper
we present some relations between Hamming distance and Euclidean distance among IFS, IVFS,
IVIFS.

Let X = {1, 22,...,%,} be an universal set with cardinality n. Let D[0,1] be the set of all
closed subintervals of the interval [0,1] and elements of this set are denoted by uppercase letters.
If M € D[0,1] then it can be represented as M = [Mr, My], where My, and My are the lower
and the upper limits of M. For M € D[0,1], M = 1— M represents the interval [1 - Mf,1— My]
and Wy = My — My, is the width of M.

*Corresponding author, e-mail:palmadhumangal@rediff.com,



A fuzzy set A in X = {z} is given by
A= {<z,pa(z) > [z € X}

where 4 : X — [0,1] is the membership function of the fuzzy set A; pa(z) € [0,1] is the
membership of z € X in A.

An intuitionistic fuzzy set A in X = {z} is an expression given by
A= {<z,pa(z),va(z) > [z € X}

where pg : X — [0,1],v4: X — [0,1].

With the condition 0 < pa(z) + va(z) < 1 for all z € X. The numbers pa(z), va(z) € [0,1]
denote respectively the degree of membership and degree of nonmembership of the element z
to the set A. The number m4(z) = 1 — pa(z) — va(z) is called the intuitionistic index of the
element z in the set A.

An interval-valued fuzzy set A in X is given by
A={<z,Ma(z) > [z € X}

where M4 : X — D[0,1], Ms(z) denote the degree of membership of the element z to the set
A.

An interval-valued intuitionistic fuzzy set A in X, is given by
A= {< :E,MA(Z),NA((II) > /w € X}

where M4 : X — D[0,1], N4 : X — D[0, 1].

The intervals M4(z) and N4(z) denote the degree of membership and the degree of non-
membership of the element z to the set A, where Ma(z) = [Mar(z), Mau(z)] and Ny(z) =
[Nar(z), Nau(z)] with the condition 0 < May(z)+ Nau(z) < 1forallz € X.

2 Distance in IFS, IVFS, IVIFS

In this section we define the four basic distances between IFS, IVFS, IVIFS — the Hamming dis-
tance, the normalised Hamming distance, the Euclidean distance and the normalised Euclidean

distance. After defining these distances we give some examples.

2.1 Distances on IFS

Let X = {z1,%2,...,%n} be the universal set. The Hamming distance between two IFSs A and
BeXis
- i) — z; )| + (valz;) — vl
drps(A, B) = 3 1ealzi) = B ()l £ lvalz) - vo (=)
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and the normalised Hamming distance is

durrs(A, B)

dyrs(A, B) = m

It is clear that dgrrs(A, B) < n and d}”FS(A,B) < 1. The Euclidean distance between IFSs
A, Bin X is

2

i=1

dpirs(A, B) = \jzn: (pa(z:) — pp(2i))* + (va(z;) — vp(z;))? .

The normalised Euclidean distance is

' derrs(A, B
dprrs(A, B) = _—\/(T——)

Obviously, dgrrs(A, B) < v/n and dgps(4, B) < 1.

2.2 Distances on IVFS
Let A and B be two IVFSs, then the Hamming distance between A and B is given by

durves(A, B) = i |Mar(z;) — MBr(z:)| -; |M v (z;) — Mpu(z:)| .

=1

The normalised Hamming distance between A and B is

, duivrs(A, B
dyrvrs(A,B) = ——i(——)

The Euclidean distance between two IVFSs A and B in X is
dgrvrs(A, B) = \/E?:l (MAL(I-‘)—MBL(r.‘))242'(MAU(T;')—MBU($£))2_

The normalised Euclidean distance is

deivrs(A, B)
Jn

Again, dgrvrs(A, B) < n, dy v ps(4, B) < 1 and dervrs(4, B) < v/, dgryps(A,B) < 1.

/ dgvrs(A,B) =

2.3 Distances on IVIFS

Let A and B be two IVIFSs in X, X = {z1,%3,...,2,} then we define the Hamming distance
between A and B as follows:
durvirs(A, B) = Yy 3{IMar(zi) = Mpr(z:)| + |Mav(z:) — Mpu(z:)|
+|Nar(z:) — Npr(z:)| + |INav(zi) — Npu(zi)l}-
The normalised Hamming distance is

durvirs(A, B)

dyrvirs(A, B) = -



The Euclidean distance between two IVIFSs A and B in X is given by
devirs(A, B) = \/E?:l (MAL(-’”i)_MBL(‘”i))2+(MAU(xi)—MBU(3-'))2:'(NAL(-”-'€)“NBL(Ii))z"l'(NAU(x")—NBU(-”—'i))z.

The normalised Euclidean distance is

, deivirs(A, B
dgivirs(A, B) = “—Fj%—)

Also, on IVIFS, dgvirs(A, B) < n, dIHIVIFS(A’ B)<1land dgrvirs(A, B) < V7, dIEIVIFS(Aa B) <
1.

Example 1 Let us consider two IFSs A and B in X = {a,b, ¢,d} as follows:
A={<a,0.7,03>,<b,04,05>,<¢,02,0.6 >,< d,0.9,0.0 >}
B ={<4,0.3,04>,<b,05,05>,<¢,0.1,05>,<d,0.7,0.2 >}.

The Hamming distance between A and B is

dirrs(A,B) = %{IO.? — 0.3+ ]0.3 — 0.4| + 0.4 — 0.5| + [0.5 — 0.5 + ]0.2 — 0.1] + |0.6 — 0.9 +
0.9 0.7+ |0-0.2]} = % =0.7
While the normalised Hamming distance is dgpg(A4, B) = 0.7/4 = 0.175
The Euclidean distance between A and B is
derrs(A, B) = [{(0.7— 0.3)2 + (0.3 - 0.4)2 +(04 - 0.5)2
+(0.5 — 0.5)2 + (0.2 — 0.1)2 + (0.6 — 0.9)2 + (0.9 — 0.7)% 4 (0 — 0.2)2} /2]/?
=0.424
The normalised Euclidean distance is

Example 2 Let two IVFSs A and B in X = {a,b,c,d} as follows:

A ={<a,[0.1,0.6] >, < b,[0,0.5] >, < ¢,[0.3,0.6] >, < d,[0.2,0.4] >}

B = {< @,[0.2,0.7] >, < b,[0.4,0.6] >, < ¢,[0,0.3] >,< d,[0.1,0.7] >}.

The Hamming distance between two IVFSs A and B is dgrvrs(A, B) = %{IO.l - 0.2|+ 0.6 —
0.7) 4+ 10 — 0.4/ + 10.5 = 0.6/ 4+ |0.3 — 0] + [0.6 — 0.3| + 0.2 — 0.1| + 0.4 — 0.7|} =3(1.7) = 0.85
The normalised Hamming distance is given by dyrg(4, B) = 288 = 0.2125

The Euclidean distance between A and B is

dervrs(A, B) = 1{(0.1-0.2)24(0.6 —0.7)% +(0—0.4)> + (0.5 - 0.6)? + (0.3 - 0)2+ (0.6 — 0.3)* +
(0.2 = 0.1)% + (0.4 - 0.72}/2 = \/1(0.01+ 0.01 + 0.16 + 0.01 + 0.09 + 0.09 + 0.01 + 0.09) =

v0.235 = 0.4847
The normalised Euclidean distance is dg;ypg(4, B) = 24847 = 0.121175

Example 3 Let two IVIFSs A and B in X = {a,b,¢,d} as follows:

A = {< a,[0.2,0.5],]0,0.3] >, < b,[0.3,0.6],[0.2,0.3] >, < c,[0.1,0.4],[0.2,0.3] >,
< d,[0,0.6],[0.1,0.9] >}



B = {< 4,{0.1,0.6],[0.3,0.4] >, < b, [0.2,0.5],[0.3,0.4] >, < ¢, [0.5,0.6],[0.1,0.3] >

< d,[0.1,0.5],[0.2,0.5] >}.

Now we calculate the Hamming distance between two IVIFSs A and B as follows:

dgrvirs(A, B) = 1{|0.2- 0.1] +10.5 - 0.6| + {0 - 0.3|

+/0.3 - 0.4] + (0.3 - 0;2| +10.6 — 0.5/ +10.2 —0.3] + 0.3 — 0.4] + 0.1 - 0.5| +10.4 — 0.6| +10.2 -
0.1/ +]0.3 — 0.3] + |0 — 0.1] + 0.6 — 0.5{ + |0.1 — 0.2] +|0.9 — 0.5]} = 2(24)=06

The normalised Hamming distance is dyrs(4, B) = ﬂ’—’w‘;ﬂi& =28 =0.15

Let us calculate the Euclidean distance between A and B

dgrvirs(A, B) = (3{(0.2 = 0.1)? + (0.5 — 0.6)*+ (0 — 0.3)* + (0.3 — 0.4)2 4+ (0.3 -0.2)2+ (0.6 —
0.5)2 + (0.2 — 0.3)% + (0.3 — 0.4)2 + (0.1 - 0.5)?

+(0.4— 0.6)? + (0.2 — 0.1)2 +(0.3 — 0.3)% + (0 — 0.1)* + (0.6 — 0.5)* + (0.1 - 0.2)?

+(0.9 - 0.5)2})% = 0.374

The normalised Euclidean distance is diyps(4, B) = 2572 = 0.0935

3 Some Operations Defined Over the IFS, IVFS and IVIFS

Some operations are defined over the IFS by Atanassov [3]. For every two IFSs A and B in X,
X = {«1,22,...,%,} several operations are defined. In this section we introducing only those

essential operations which are related to our work.

3.1 OnIFS

A+ B = {< z,pa(z) + pB(z) - pa(2)us(z),va(z)vp(z) > [z € X}
A.B = {< z,pa(z)-up(z),va(z) + vo(z) — va(z)vp(z) > [T € X}
0A = {< z,pa(2),1 - pa(z) > [z € X}
CA={<z,1-va(z),va(z)> [z € X}

AU B = {< z,maz(pa(z), pB(z)), min(va(z),ve(z)) > [z € X}

AN B = {< &, min(pa(z), ps(z)), maz(va(c),vp(z)) > [z € X}
AQB = {< =, ua(x)-lz-ua(-’”), VA(“")";VB(I) > jz e X}

Let o, € [0,1] be two fixed numbers, where o + 3 < 1. Then the following operations are
defined.

Do(A) = {< z,pa(z) + a.ra(z),va(z) + (1 — a).7a(z) > [z € X}
Fyp5(A) = {< z,pa(z) + a.ma(z),va(z) + B.ralz) > [z € X}
Jap(A) = {< z,pa(z) + a.ma(z),Bva(z) > [z € X}

Gop(4) = {< z,e.p4(2), Bva(z) > [z € X}

Hop(A) = {< 2, apa(e), va(e) + Boa() > /2 € X}

H2 5(A) = {< 2, 0.84(2),va(2) + B.(1 = aua(z) ~ v4(2)) > /3 € X}
T2 (A) = {< 2, pa(2) + (1 — pa(@) = Bva(2)), Bva(z) > [z € X}




3.2 OnIVFS

Let A and B be two IVFSs of X, X = {z1,%2,...,2n} then several operations defined over
A and B. Here we introducing some of these operations. Let a,f be two fixed number with
a,fef0,1]and a4+ < 1.

A+B = {< 1:,[MAL(X)-I-MBL(J))-—MAL(.'I:).MBL(II:),MAu(:I:)-}-MBu(z‘)—MAu(:l?).MBU(.’L‘)] >
Jz e X}

A.B = {< (II,[MAL(:I:).MBL(IB),MAu(.'B).MBu(:L')] > /.’E c X}

A@B = {< w’[MAL(’:)‘;MBL@Zl’ MAU(JJ)';MBU(”C)] > /e e X}

AU B = {< z,[maz(Mar(z), MaL(z)), maz(Mav(z), Mpu(z))] > /z € X}

AN B = {< z,[min(Mar(z), Mp(2)), min(Mau(z), Mpu(z))] > /z € X}

Da(A) = {< z, [MAL(:L‘) + a.WA(CD),MAU(z‘) + a.WA(:L‘)] > /:1: € X}

3.3 On IVIFS

Similarly we shall introduce some new operations on IVIFS [5], taking into account both the
degree of membership and the degree of nonmembership of the element z € X to the set A.
Let A and B be two IVIFSs of X, X = {z1,z2,...,2,} then some operations are defined.
Here we shall introduce these operations, considering @, € [0,1] be two fixed numbers and
a+p<1.
We define m4(z) = 1 — May(z) — Navu(z), called interval-valued intuitionistic index of the set
A. A+B = {< a:,[MAL(QJ)-i-MBL(:I:)—MAL(:IJ).MBL(:I:),MAu(:I))-i-Mgu(a:)—MAu(:E)MBU(.’D)],
[Nar(z)NpL(z), Nav(z)Npu(z)] > /z € X}
A.B = {< x,[MAL(:I:)MBL(iL‘),MAu(x)MBu(:I:)],
[Nar(z) + Npr(z) = Nar(z)Npr(z), Nav(z) + Npu(z) — Nav(z)Npu(z)] > [z € X}
0A = {< z,[Mar(2), Mav(2)],[1 = Mar(z),1 - Mav(z)] > [z € X}
OA={<z,[1 - Nar(e),1 - Nav(2)],[Nar(z), Nav(z)] > [z € X}
AU B = {< z,[maz(Mar(z), Mpr(z)), maz(Mav(z), Mpu(z))],
[min(Nar(z), Nr(z)), min(Nav(z), Npu(z))] > [z € X}
AN B = {< z,[min{Mar(z), MBL(z)), min(Mau(z), MBu(z)))],
[maz(N ar(z), NpL(z)), maz(Nau(z), Npu(z))] > /z € X}
D, (A) = {< z,[MarL(z) + a.r4(z), Mau(z) + a.ma(z)], [Nar(z) + (1 = a)ma(z),
Nav(z)+ (1 — a)ra(z)] > /z € X}
Fop(A) = {< z,[MarL(z) + a.ma(z), Mau(z) + a.WA(z)],LqAL(z) + B.ra(x),
Nau(z) + B.ra(z)] > /z € X} \
Joug(A) = {< z,[MaL(z) + a.ma(z), Mau(z) + .7 a(2)],[B.Nar(z),8.Nav(z)] > /z € X}
Gap(A) = {< =, [a.Mar(z), a.Mau(2)], [8.Nar(z), B.Nav(z)] > [z € X}
H,5(A) = {< z,[@.Map(z), 0. May(2)], [Nar(z) + B.74(z), Nav(z) + B.7a(z))] > [z € X}



;”@(A) = {< w,[a.MAL(a:),a.MAU(w)],
[Nar(z) +6(1- a.Nap(z)— Nap(=)), Nav(z) +6(1- a.Nau(z) - Nay(z)] > [z € X}
J;yﬁ(A) = {< z, [MAL(:E) + a.(l — MAL(:I:) — B-NAL(%)),

Mav(e) + (1l — Mau(z) — B-Nav(z))], [8-Nar(z), B.-Nav(2)] > [z € X}
A@B = {< z, [MAL(r);MBQﬂ, MAU(Z)-;MBU(E)],[NAL(’U)-;NBL(’?)’ NAU(E)-;NBULQ] >z € X}

4 Some Relations Between Distances

In this section we introduced some relations between Hamming distance and Euclidean distance
on IFS, IVFS, IVIFS.

Theorem 1 For any two IFSs A and B,

(1) darrs(A, OA) = dHIFs(A,QA)

(i) dgrrs(A, A.B) = dgirs(B, A+ B)

(i) dgrrs(A, A™) = dgrrs(A,nA)

(iv) da1rs(DA, OA) = 2durrs(A, 0A) = 2durrs(A, OA)
(’U) deps(A + B, A@B) = dHIFs(A.B,A@B)

(vi) di1Fs(Ga,p(A)s Fa,s(A)) = duirs(Hos(A), Ja,s(4))
(vii) dgr1Fs(Fap(A), Ha(A)) = du1rs(Go,s(A); Jop(4))

Proof: (i) We have durrs(A4,04) = 1y waz:) =1+ pa(zi)| = Ly 1= pale:)—va(z:)|
and

dirs(A, OA) = L0 (Ina(e:) — 1+ va(@)| +va(z:) —va(ei)l = § Tiea 11— palei) —va@)l
Therefore, dyrs(A,0A) = duirs(A,OA).

(ii) drrrs(A, A.B) = T8, (lna(z:) —va(ei)ve(e)| +|va(z:) —va(z:) —ve(ei) +va(z:)ve(2:))
= 15 (Ipa(z:) — pa(e)us(e)| + lva(z:) — va(zive(e:)l)

durrs(B, A+B) = 1 50 (|ps(ei)—pa(e:) —up(:)+pa(e)ps(e)|+ve(z)-va(eive(zi)]) =
150 (la(e:) — palz)us(e)! + vp(e:) — va(zi)ve(zi))).

Therefore, dHIF,g(A, A.B) = dylps(B, A+ B).

(iii) When A =B we have from (ii),

durrs(A, A.A) = durrs(A, A+ A)

or, dylps(A,Az) = dgrrs(A,24)

In general, for any positive integer =, dirrs(A, A™) = durrs(A,nA)

(iv) Now, durrs(04, OA) = $ T8, (lpa(e:) — 1+ va(ed)l + 11 = pa(e:) —va(ei)l)

=3y (1= pa(z:) — valzi)

From relation (i), dgrrs(A,04) = durrs(4, OA)

Therefore, dyrs(0A4,0A) = 2dgrrs(A,0A) = 2dHIF5(A,<>A)

(v) diirs(A + B, A@B) = L Y0 (|na(z:) + up(2:) — pa(e:)pp(z:) — Lalzlien))
+ |va(zi)ve(@:) — uﬁ%ﬂll)



—Lyn (|ealeddunE) _ y, (o)pp(e)| + |LAEEEED — ), (2)up(2))
duirs(A.B, AGB) = 1 "0 (|na(e:)un(s:) — Lallieal)
Hva(z:) + va(a:) - va(z:ve(s:) - AEHeE)
= 1w (|raleddund _ (2 up(as)| + [AERE) — yy (2)vp(24))
Therefore, drrs(A + B, AQB) = dg1rs(A.B, A@B).
(vi) di1rs(Gap(A), Fap(A)) = 3Tk (lopa(e:) — pa(zi) = ama(@)l + |Bvale:) - va(zi) —
Bra(zil)
= 15 (lo(pa(z:) — ma(2:) — pa(@)l + |B(valz:) — ma(2i) — va(e:)))
dp1rs(Hag(A), Jap(A)) = 3 Ty (lopa(zi) — pa(zi) —ama(i) +|va(e:) + Bra(zi) - Bra(zi)l)
=157 (lapa(zi) — ma(®) — pa@)l + 1B(va(z:) — 7a(z) - va(=i)l)
Hence, dir1rs(Go,8(A), Fa,5(4)) = duirs(Ha,s(A), Jo,6(A))
(vii) d1rs(Fas(A), Hag(A)) = 3 Tica(lna(e:) + oma(zi) — apa(@i)l + va(@:) + Bra(e:) -
va(zi) = Bra(zi)l)
= 170 lo(ua(e:) - ma(@i) - palz:)]
A 1rs(Gop(A), Jap(A) = AT (lapa(e:) — pa(e:)ama(zi)| + |Bva(z:i) — Bra(e:))
= 1V (la(pa(e:) - 7a(2)) — palz:)l-
Therefore, dgrrs(Fap(A), Hap(4)) = drrs(Gap(A), Jos(A)).

Theorem 2 For any two IFSs A and B,

(i) dpirs(A,0A) = dgrrs(A,OA)

(1) deirs(A4, A.B) = dgrrs(B, A+ B)

(143) dgirs(A, A™) = dgrrs(A,nA)

(iv) dgrrs(0A,OA) = V2dg1rs(A, DA) = V2dgrrs(A, OA)
(’U) dEIFS(A + B,A@B) = dElps(A.B,A@B)

(vi) dp1rs(Ga,8(A), Fa,6(A)) = derrs(Ha,p(A), Jo,(A))
(vii) dp1rs(Fa,p(A), Ha,p(4)) = dB1rs(Ga,8(A); Ja,6(4))

Proof: Same as Theorem 1.

Theorem 3 For any two IVFSs A and B,

(i) durvrs(A, A.B) = duivrs(B, A + B)

(i3) darvrs(A, A™) = dgrvrs(A,nA) for any integer n.
(m) dHIVFS(A + B,A@B) = dHIVFs(A.B,A@B)

Proof: Same as Theorem 1.

Theorem 4 For any two IVFSs A and B,

(i) dgrvrs(A, A.B) = dgrvrs(B, A+ B)

(i1) dervrs(4, A™) = dgivrs(A,nA)

(iii) dgrvrs(A + B, A@B) = dgrvrs(A.B, AGB)

8



Proof: Same as Theorem 1.

Theorem 5 For any two IVIFSs A and B,
(i) darvirs(A, OA) = duivirs(A, ©A)
(ii) darvirs(A, A.B) = dgivirs(B, A + B)
(1ii) dyrvirs(4, A™) = dHIVIFS(A,nA) for any integer n.
(iv) dgrvirs(DA, ©A) = 2durvirs(A,04,) = 2dgvirs(A, CA)
(U) dHIVIFS(A + B,A@B) = dHIVIp‘s(A.B,A@B)
(vi) di1v1Fs(Gop(A), Fap(A)) = durvirs(He,p(A), Ja,(4)
(vii) dp1virs(Fas(A), Hap(A)) = du1viFs(Gop(4), Ja,s(A))
Proof: (ii) dHIVIFS(A,A-B)
= S M Mar(wi) — Map(2:)-Mpr(z:)| + |Mav(z:) — Mav(e:)-Mpu(:)|
+|Nap(zi) — Nar(e:) — Npo(e:) + Nap(zi)-Npo(e:)| + |Nav(z:) = Nav(zi) — Nu(@i)
+Nav(2:)-Npu(z:)|}
= Y0, Y{IMar(zi) — Mar(z:)-MBr(z:)| + | M av(z;) — Mau(z:)-Mpu(@i)|
+|Nsp(z:) — Nar(z:)-Npr(e:) + |Npu(z:) - Nau(zi).Npu(z:)l}
durvirs(B, A+ B)
=31 %{IMBL(M)—MAL(SIH)-MBL(wi)+MAL(wi)-MBL(wi)l+|MBU(IB;)—MAU(wi)—MBU(iviH
Mau(z:)-Mpu(z:)| + | NpL(z:i) — Nar(wi).Npr(z:)l + |Nsy(e;) — Nav(z:)-Npu(z:)l}
= 0 M| Map(e:) — Mar(z:)-Mpr(e:)| + | Mav(z:) - Mav(e:)-Mpu(2:)|
+|NBr(z:) — Nar(ei).Npr(e:) + |Npu(z:) - Nau(zi).Npu(z:)l}
Therefore, dgvirs(A4, A.B)= duavirs(B, A+ B).
(V) dHIVIFS(A + B, A@B)
= S M| Mag(2:)+ Mpr(e:) — Map(e:)-Mpy(a;) — MaLEHMoLED | 4 | My (2:) + Mpu(2:) —
MAU(m,').MBu(IE,‘)—MAU(Ii)-;MBU(zQ|+|NAL(-’131')-NBL($£)—Mﬂ;ﬂﬂl'HNAU(wi)-NBU(wi)— '
NAU(zi)";NBU(ﬂiH)
= o (L At Mane) 0 (7). Mpr(a)| + | MactelgHented — Mo (e)- Mau(z:)
+| Nar@ddNpL () _ N4y (a;).Npr(e:)|
+|NAU($-‘)42"NBU($.) _ NAU(mi)-NBU(xi)l}
davirs(A.B, AQB)
=, %{|MAL($1')-MBL($£) _ MAL(Z-‘)-Iz-MBL(w-‘)l + |Mav(z:).Mpu(z:) — MAU(wi)-;MBU(x.’)l
+|Nap(zi) + Npr(z:) — Nar(:)-Npr(zi) - M)%Mﬂl
N av(:) + Nou () — Nav(e:)-No(e:) - Havtzdileolsily
=Yg MAL(I‘);MBL@ — Map(z:).-Mpr(z:)| + IMA”(I‘);MBU(Z‘) — May(z:).-MBu(z:)]
+| NaLz+Ner (@) _ N yp(2;). Npr(e:)l + | Nap(ei)+Noo(ei) _ N \;(2;) Neu(e:)|}
Therefore, dgrvirs(A+ B, AQ@B) = dgivirs(A.B, AQB)

Theorem 6 For any two IVIFSs Aand B,
(i) dgrvirs(A,0A) = dgrviFs(A,CA)



(i) dervirs(A, A.B) = dgrvirs(B, A+ B)

(iti) dgrvirs(A, A™) = dgrvirs(A, nA) for any integer n.

(iv) dgrvirs(0A, OA) = V2dgvirs(A,0A) = V2dpvirs(4, O A)
(v) dgivir(A+ B, AQB) = dgivirs(A.B, AQB)

(vi) dervirs(Ga,p(A); Fa,6(4)) = dp1virs(Ha,p(A), Jo,5(A))

(vii) dprvirs(Fa,0(A), Ha,p(A)) = dE1vIFs(Ga,p(A), Ja,(4))

Proof: (vi) dgrvirs(Ga,8(A), Fo,8(A))

= 150 {(e-Mar(zi) — Mar(z:) — ama(2:))? + (. Mav(z:) = Mav(2i) — e.ma(z:)
H(B.Nar(2i) — Nap(e:) — Bra(z))? + (B.Nua(z:) — Nav(z) — Bra(z:))?}

= 1570 He(Mar(zi) — ma(2i)) — Mar(2:)}? + {a(Mav(z:) - ma(ei)) — Mav(zi)}?
H{B(Nar(i) — wa(@:)) — Nap(z:)}? + {B(Nav(e:) = ma(e:)) — Nav(e:)}2)5.
derviFrs(Ha,p(A), Jo,6(A))

= 1 Tr{(0-Mar(zi)— Mar(zi) —ama(:) 2 +(a. Mav(2:)— Mav (i) —c.m (@) +(Nar(ei) +
B.ra(e:) — B.NaL(e:))? + (Nav(z:) + B.wa(z:) — B-Nav(:)?}s

= %Z?:l[{a(MAL(xi) —ma(z;)) — MAL(.’I),’)}2 + {a(Mau(z;) — Ta(zi)) — MAU(mi)}2
HB(Nar(zi) — ma(®:)) — Nar(2:)}? + {B(Nav(:) - na(e:) = Nav(z:)}?]2
Therefore, dgivirs(Ga,8(A), Fa,8(A)) = dprvirs(Ha,p(A), Ja,5(A))

Other proofs are similar.
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