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1. PRELIMINARIES
Throughout this paper we denote by N the set of all positive integers.
DEFINITION1. 1. [ Let X be a metric space with d. Then a function p;X X X
—> [0,00] is called a w — distance on X if the following are satisfied ;

(Dp(x,z) < p(x,y) + p(y,z) for any x,y,z € X;

(2)for any x € X,p(x, *):X — [0,00) is lower semicontinuous;

(3)for any € > 0, there exists 8 > 0 such that p(z,x) << & and p(z,y) < 8 imply
d(x,y) e

LEMMAL1. 2(1J Let X be metric space with d and let p be a w — distance on X. Let
{x,} and {y,} be sequences in X, Let {a,}and {f,} be sequences in [0,o0) converging to o,
and let x,y,z € X.

Then the following hold ;

W p(x,,y) < o, and p(x,,z) < B, for any n € N, the y = z. In particular, if
p(x,y) = 0 and p(x,z) = 0, then y = z;

(DI p(x,,y,) < o, and p(x,,z) <, for any n € N, then {y.} converges to z;

(i) If p(x,,Xz) < a5, for any n,m € N with m > n, then {x,}is a cauchy sequence;

(iv) If p(y,x,) < a, for any n € N, then {x,} is a cauchy sequence.



2. MAIN RESULTS

Theorem?2.1. Let (X,d) and (Y,p) be complete metric space. Let p, be a w —
distance on X, p; be a w — distance on Y. If T is a continuous mapping of X into Y and S
is a mapping of Y into X Satisfying the inequalities
p, (STx,STx') < C max{p,(x,x'),p,(x,5Tx),p,(x',STx'),p,(Tx,Tx')}
p:(TSy,TSy") < C max{p,(y,y'),P:(y,TSy),p,(y', TSy'),p, (Sy,Sy")} a.n
for all x,x’' in X and y,y' in Y, where 0 <C < 1, then ST has a unique fixed Point z in X
and TS has a unique fixed point w in Y. Further, Tz = w and Sw = z,

PROOF. Let x be an arbitrary in X. Define sequences {x,} and {y,} in X and Y
respectively by

(ST)x = x,, T(ST)*'x =1y,
for n = 1,2,+. Then
P1 (XasXat1) = Py (STx,—y,STx,) < C max{p; (Xa—1 1Xa) 1Py (Xa11Xa) sP1 (Xn 1 Xng1) 1Pz (Y ¥ars) }
= C max{p, (Xo—1+%a) P2 (Yas¥nt1)} 1.2

and similarly
P2(Yas¥o+1) < C max{p; (Yo-11¥a) 1Pr (KauysXa) } | 1.3
It now follows easily by induction that
Pi (XarXo4y) < C'max{p, (x,%,),p;(y;,¥2)} 1. 4)
P2 (YasYos1) < C'max{p, (x,%,),P:(y1,¥2)}
forn = 1,2,+.If n < m,then by (1. 2)
P1(XarXm) K P1(XnsXat1) T P1(Xat1rXatz) + +*oo Py (Xaey 1 Xu)
K (C* + C**H o weeeer + C*max {p; (x,X;) P2 (Y1) }

= r(i:—cmax(Pl(x'xl)mz(YnYz)} - 0(n — o0)

Since 0 < C < 1, from lemma 1.2 {x,} is Cauchy sequence, with a limit z in X.
Similarly, {y.} is cauchy sequence with a limit w in Y.

We now have on using the continuity of T

.I.E.Toy“ = .I.E.T‘.Tx‘“ =Tz=w

Further, appling inequality (1.1) we get

p(8Tz,x,) = p,(8Tz,5Tx,_,)
< C max{p,(z,%Xa-1) »P1(z,5T2) ,p; (Xoeys%a) s P2(TZ,¥0) ¥
and on letting n tend to infinity we have
p,:(8Tz,z) < C mxa{p,(z,z),p,(z,5Tz),p,(z,2),p,(Tz,w)} T Q.5
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Letting n tend to infinity in inequality (1.2) and (1. 3), it follows that
p,(z,2) < C max{p,(z,2) ,p;(w,w)}
P2 (w,w) < C max{p,(w,w),p,(z,2)}
from which it follows that
P1(z,2) = 0, py(w,w) = 0.

From inequality (1.5), we have and so either p,(z,ST2) = p,(STz,z) = 0
or p,(8Tz,2z) < Cp,(z,STz).
Similarly, appling inequality (1.1) we get

p,(z,STz) < Cp,(8Tz,2)
from which it follows that
p,:(z,STz) = p,(8Tz,z) = 0.

Since p,(z,z) = 0, from lemma 1. 2, STz = z. Hence we have STz = Sw = z.
Now suppose that ST has a second fixed point z'. Then By inequalities (1.1), We have
p,(z,2') = p,(STz,ST7') < C max{p,(z,2'),p,(z,2) ,p, (2’ ,2'),p: (T2, T2 )}
and so either p,(z,2') = 0
or p:(z,2') < C max{p,(z',z'),p,(Tz,Tz')}. (1.6)

By inequalities (1.1), We have

p, (T2, T2') = p,(TSTZ ,TSTz') < C max{p,(T#,Tz'),p,(T2', T2') ,p,(Tz'—.Ti’) P (@ ,2')}
and so either p:(Tz' , Tz') =0 or p,(T2,Tz') <Cp,(Z,2'). Qa.7)

Applying inequality (1.1) we have
p,(Z',2') = p,(STZ' ,STZ') < C max{p,(z',2'),p, (7 y2'),p (2 ,2'),p, (T2, TZ' )}
and so either p(2,2') =0 or p,(z,2)<Cp,(T2,TZ'). (1.8)

By (1.7) and (1. 8), it follows that

pi(Z,7') <Cp, (2 ,2'), ps(T2,TZ) < Cp,y(T2,TZ').

Which implies that p,(z’,2') = 0, p,(TZ',T2') = 0.

By inequality (1.1), we have
p,(Tz,Tz') = p,(TSTz,TSTzZ')

< C max{p,(Tz,Tz'),p;(Tz,Tz),p, (T ,T2'),p,(STz,ST2")}
= C max{p;(Tz,T2'),p,(w,w),p,(Tz ,T2'),p,(z,2')}

and so either p,(Tz,Tz') = 0 or p,(Tz,T2') < C p,(z,2").

If p,(Tz,TZ') = 0, then p,(z,2') = 0. If p,(Tz,TZ') <C p,(z,2'), since p,(2’,2') =
0, from inequality (1. 6), we have p,(z,z') <<C?p,(z,2'),which implies that p,(z,z') = 0.

Since p,(z,z) = 0,from lemma (1.2), We have z = 2/,
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Similarly, w is the unique fixed point of TS. This complete the poof of the theorem.
THEOREM?2. 2. Let (X,d) and (Y,p) be complete metric spaces. Let p,be a w
— distance on X, p, be a w — distance on Y. If T be a mapping of X into Y and S is a
mapping of Y into X satisfying the inequalities
p,(Sy, Sy’ )p, (STx,STx') < C max{p,(Sy,Sy’ )p,(Tx,Tx'),[p,(Sy,x") ]},

Pl(x9x’ )P;(SY,SY') Py (SYySTX)Pl Sy’ ,STX’)} (1.9)
p;(Tx,Tx')p;(TSy,TSy') < C max{p,(Sy,Sy’ )p,(Tx,Tx'),[p.(Tx,y) I,
p:(y,y")p:(Tx,Tx'),p,(Tx,TSy)p,(Tx',TSy’)} (1.10)

for all x,x' in X and y,y’' in Y, where 0 < C < 1. Then

(1)For each x € X, {(ST)*x = x,} is a cauchy sequence with a limit z in X and
{T(ST)*x = y,} is a cauchy sequence with a limit w in Y.

(2)p1(z,2) = 0 and py(w,w) =0

(3)H either T or S is continuous then ST has a unique fixed point z in X and TS has a
unique fixed point w in Y. Further, Tz = w and Sw = z.

PROOF. Let x be an arbitrary point in X. We define the sequences {x,} in X and {y,}
in Y by

STrx =x, TST)'x =1y,

forn = 1,2,

We will assume tha x, 5 x,,, and y, 5 ¥.,, for all n, otherwise, if x, = x,,,and y, =
Yaus1 for some n, We could put x, =z and y, = w.

Applying inequality (1. 9) we get
P1(Xam1 5 Xa) Py (XnsXap1) = P1(SYa—1,Sya)P) (STx.—,5Tx,) < C max{p, (x,—;,%.) P2(Ya»

Ya+1) s [P1(Xam19%a) Iy P1(XKacy 1Xa) Py (Xay 9Xa) Py (Kam s 5 X0 )Py (Xa 1 X 41) }
Since 0 << C << 1 and x, 7 X.4; ¥a 7 Yat1» from which it follows that
P1(XasXat1) < C max{p;(Yar¥aot+1) 1P1(XamyrXa) }

Applying inequality (1.10) we get
P2 (Yam13¥a)P: (Fas¥ar1) = Po(TXaeg» TXo)P2(TSy.—;, TSy.)
< C max{p; (Xa—19Xa)P2 (Fa15¥a) » [P (Fam10¥2) I+ [P2(Yam11¥2) I 1 P2 (Fa1 172 ) P2 (Fas Vatr) }
Since 0 << C <1 and x, 7% X, 41y Yo 7 Yus1» from which it follws that

P2 (¥as¥a+1) < C max{p) (Xomy»%,) P2 (Va1 ¥a) }

It now follows easily by induction that

P1(XasXo4) < C°max{p, (x,%,),p;(¥,,¥:)}
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P: (Yo r¥ut1) < C'max{p, (x,%;),P;(y1,¥:)}
forn=1,2,-.1f n <m, then
P1(Xa1Xa) K P1(XarXot1) + P (Xat1rXay2) + oo + P1(Xn-19Xa))
(C* 4 Co+! 4 eee 4 C=Vmax{p, (X,X,) P (¥1»¥2)}

(_:ncmax(Pl(Jhxl) va(yl 9Yz)} - 0(n — o0)

N

1
P2 (Yar¥os1) + P2(Yot1sYns2) + o + P2 (Yue15¥n)
C 1+ C + o+ Cm—')mQX{Pl(xvxl)1P2(Y19Yz)}

P2 (Yo r¥um)

n NN

< 1— max(Px(xrxl)9Pz(Y1 »¥2)} = 0(n — o0)

Since 0<<C <1, from lemma 1. 2, {x,} and {y.} are Cauchy sequences with limis z in
X with win Y,

(2)Applying inequality (1. 9) we get

Py (%o »%,)Py (%45 %,) = Py (SyasSya )Py (STxe—y,STx,—y)

< C max{p; (X, %X,)P2 (Vus¥a) » [P1(XasXamy I 0Pt (Xacg 9 Xam1 IP1 (X0 X0 ) o Py (%00 X )Py (X3 0 X))

Letting n tend to infinity, we have

[p:(z,2) ] < C max{ p,(z,2)p,(w,w),[p,(z,2)*]?}
and so either p,(z,2z) = 0 or
P1(z,2) < C py(w,w) (1.11)
Applying inequality (1.10) we get
P:(¥as¥a)P2(¥ar¥a) = P2(Txay s Txo 1) (TSY,-y» TSYa—y)

< C max{p; (Xa-1»Xa-1)P2 (Yar¥a)  [P2(¥ar¥a-1) I 1P2 (Yac1 1 ¥a-1)P2 (Vs ¥a) s [P2 (Var¥a) I}

Letting n tend to infinity, we have

[p:(w,w) ] < C max{p, (z,2)py(w,w), [p;(w,w)]*}
and so either p,(w,w) = 0 or

p:(w,w) < C p,(z,2) (1.12)
From inequality (1.11) and (1.12), we get
p1(z,2) < Cp,(2,2), py(w,w) < C?py(w,w)

from with it follows that p,(z,z) = 0, p;(w,w) = 0.

(3)Applying inequality (1. 9) we get

P1 (X, SW)P, (Xo41,ST2) = p,(Sy,.,Sw)p,(8Tx,,STz)
< C max{p, (%asSW)Ps (Yut1,T2) s [Py (X2:2) Iy (%2 »2)P; (X2, SW) 1Py (Xa » X 41Dy (S, ST2) }

Letting n tend to infinity, we have

P1(z,Sw)p, (2,5Tz) < C p, (z,5w)p,(w, Tz)
— 5 —_—



and so either p,(z,Sw) =0 (1.13)
or p,(2,STz2) < C py(w,T2) (1.14)
Applying inequality (1.10) we have
P2 (Va1 T2)P2 (Va1 s TSW) = po(Tx,, T2)p, (Tsy,, TSw)
< C max{p, (X2 s SWIP: (Yot 19T2)» [P2(Fat1sW) T 1P2(Yas WIPs (Var19 T2) 1P2 (Yt 11041)P2 (T2, Tsw) )
Letting n tend to infinity, we have
p2(w,Tz)p, (W, Tsw) < C p, (z,Sw)p,(w, Tz)

and so either p.(w,Tz) =0 (1.15)
or po(w,TSw) < C p, (z,Sw) (1.16)

() T is continuous, then

w= }ﬂynﬂ = nl_iﬂTx" = Tx.

(a)If equation (1.13) holds ,since p,(z,2) = 0, by lemma 1. 2 we have Sw = z. We then have TSw
=Te=wand STz=Sw=z

(ii)If inequality (1.14) holds, since p;(w,Tz) = py(w,w) = 0. hence p,(z,5Tz) = 0, Also since
P (z,2) = 0, from lemma 1.2 we have STz =zand Sw =z, TSw =Tz = w.

(2)X S is continuous, then

z = limx, = limSy, = Sw.

n-»o0 n-sco

(a)1f equation (1.15) holds, since p,(w,w) = 0, by lemma 1. 2 we have w = Tz. We then have Sw
=STz=zand TSw =Tz = w.

(b)If inequality (1.16) holds, since p,(z,Sw) = p,(z,2) = 0, hence p,(w,TSw) = 0. Also since
po(w,w) = 0, from lemma 1.2 We have w = TSw = Tz and STz = Sw = z.

To prove uniqueness, suppose that ST has a second fixed point z’ and TS has a second fixed point w'.
Then applying inequality (1. 9) we have

(p,(z,2')]t = p,(STz,ST% )p, (STz,STz')
< C max{p, z,2)p,(Tz,T2'),[p, (2,2 ) 1P, (2,2 )P, (2,2') 1y (2,2)P, (7' 12}
= C max{p, (z,2')p,(Tz,Tz'),[p, (z,2')]*}
and so either p,(z,2') = 0 .17
or p.(z,2') < C py (T2, T2') (1.18) -

Further applying inequality (1.10) we have

[p,(Tz,TZ')]? = p,(Tz,Tz' )p,(TSTz, TSTZ')

< C max{p, (z,2')p,(Tz,Tz"),[p,;(Tz,Tz') I, [p, (T2, T2’ ) J*,p, (T2, Tz)p, (Tz' , TZ') }

and so either : p,(Tz,TzZ') =0 1.19
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p:(Tz,Tz') <C p,(z,2') (1.20)
If equation (1.17) holds, since P1(z,z) = 0, from lemma 1.2, we have z = z'.
If inequality (1.18) holds, then
(a)If equality (1.19) hold, then p(z,z') = 0. We then have z = 7.
(b)If inequality (1.20) hold, then P1(2,2") < C py(T2, T2 ) < Clp, (z,2')
and so p,(z,z') = 0 Since 0 <<C < 1. Since P1(z,2) =0, from lemma 1. 2, we have z =7/,
proving the uniqueness of the fixed point z of ST,
Now TSw' = w’ implies STSw' = Sw’ and so Sw’ =z, Thus
w=TSw="Tz=TSw =w
proving that w is the unique fixed point of TS, This completes the proof of the theorem.
COROLLARY2.3. Let (X,d) be a complete metric space and p be a w —
distance on X. If T be a mapping of X into X Satisfying the inequality
P(Ty,Ty")p(T*x, T?x') < Cmax{p(Ty, Ty )p(Tx,Tx'),[p(Ty,x')J*,p(x,x )p(Ty,
Ty"),p(Ty, T*x)p(Ty', T*x')}
for all x, x', y, y' in X. Where 0 <C <1, Then T has a unique fixed point z in X.
PROOF. It follows from theorem with (X,d) = (Y,p) and S=T, p, = p, that T has

a unique fixed point z. Then T?(Tz) = T(T?z) = Tz and so we see that Tz is also a fixed

point of T?. Since the fixed point is unique, we nust have Tz = z,
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