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1. Fuzzy field and fuzzy algebra

In this paper, L always stands for a complete dig/tributive lattice with the smallest
element 0 and the largest element 1. By a fuzzy subset of a nonempty set we mean a mapping
from the nonempty set to L. Unless specially statement, X denotes a field and Y denotes an
algebra over X.

The concept of fuzzy algebra over a fuzzy field was defined first by S.Nandal'!and was
redefined by Gu and Lu? | Now we give the following definitions in order to define

reasonably fuzzy quotient algebra.

Definitionl.1 Let F be a fuzzy subset of a field X. If forall 4,,4, e X,
() F(4, -A)2FA4)nF(4,),

(i) F(4LA;')2 F(4)AF(A4,),A, %0,

then F is called a fuzzy field of X.
Clearly, If F is called a fuzzy field of X , then for all A0 ,we have

F(0)= FQ)= F(A).

Definition1.2 Lei F be a fuzzy field of X and Y be an algebra over X and A be a fuzzy




subset of Y. If forall y,,y,eYand e X,
D A —y) 2 A A Ay,
(i) A(Ay) 2 F(A) A A(),
(i) A(y1y,) 2 A A A(y,)

then A is called a fuzzy algebra of Y over fuzzy field F. In brief, we call A a fuzzy F) —
algebra.

Itis clear that A(0) 2 A(y)forall yeY ifAisafuzzyF, —algebra.
Definition 1.3 Let A be a fuzzy F, —algebra. If forall y,,y, €Y and A€ X,
W) Ay,) 2 A)v AG,) .,
() A(y) 2 F(A)v Ay),

Then A is called a fuzzy F, —ideal.

Itis clear that A(0) 2 F(0) if A is a fuzzy F, —ideal.

2. Fuzzy quotient algebra

In the following statement, Y always stands for an algebra over a field X and F stands for

a fuzzy field of X.
Definition 2.1 Let A be a fuzzy F} —ideal, then for all y e ¥ we define the fuzzy subset
y+A asfollows: (y+4)»,)=4(, ~-y),Vy, €Y.
Proposition 2.2 Let A be a fuzzy F, —ideal, then forall y,,y, € Y, we have
WtA=y,+ A Ay, —y,) = A(0).
Proof. Necessity: y, +A=y,+A4 = A(y, - y,) =y, + A) =, + A(,) = 4(0).
Sufficiency: VyeY,wehave (y, + A)(») =AWy -»)=A-y,)-, - ,))

2AY -y ) ANAY, = y,) =AY —y,) = (¥, + A(y)




Thatis, y,+42y,+4.

Similarly, Y2 *42Z» +4.50, y+A4=y, +4.

Proposition 2.3 Let A be a fuzzy F, f —ideal, then for all y,,y,,x,x,€Y,Ae X, we

have
) x,+4A=y,+4,x,+A4A=y,+4 = +x,)+A=(,+y,)+4, x;x,+A=yy, +4,
() x,+A=y,+A> Ix,+ A=Ay, + 4.

Proof.(i) A((x, +x,)— (3, +3,)) 2 A(x, = y,) A A(x, — ;) = A0),

A(x, X, = 319,) = Ay = 1%, + 71(x; = 3,)) 2 A(x, = ) A A(x, = y,) = 4(0),

So A((x, +x,) = (0 +¥,)) = A(x,x, — y,¥,) = A(0).
From Proposition 2.2 we have (x, + x,)+ A=(y, +y,)+Aand x,x, + A=y, y, + A.

(i) A(Ax, = A,)) = A(A(x, —»,)) 2 A(x, — y,) = A(0) ,i.e. A(Ax, —Ay,) = A(0).
Hence, Ax, + A=Ay, +4.

Proposition 2.4 Let A be a fuzzy F, —ideal, then % is an algebra over X and
V=V, whee U =(y+dlyel}, 4 =(yey|Ap)=40),

D+ A+, + )= (y, +,)+ 4,
W+ A, +A) =y, + 4, Vy,y,€Y,Vie X.
Ay, +A) =y, + 4,

Proof. From Proposition 2.3 we know that % is an algebra over X and

f: % - %0 defined by f(y+ A)=y+ A4, is anisomorphism.

Y/ ~ Y
Hence, /4 = /40 .
Definition 2.5 Let A be a fuzzy F, —ideal, then % is called fuzzy quotient algebra of

Y concern with A.

Proposition 2.6 Let A be a fuzzy F,} — ideal, then the fuzzy subset 4 g of ¥ g isa
0 0



fuzzy algebra over the fuzzy field F, where , A (y+4,)=A4(y),VyeY.

Proof. It is clear that A;l is well defined. Let y,,y, € Y,A1 € X, then we have
I 0

%10 (7 +4) =y, +4) = j}ﬁo (1 =22+ 45) = A = y,) 2 A ) A AD,)
= it A 3+ 4),
Similarly 47, (O + 402 + 4D 2 4y h+ A A4y (2 + 4),
Ay, QO+ AN =4, (W + ) = AB) 2 FA) A A = FA A 4 (0 + 4y).

Hence AA is a fuzzy algebra of Y/ over the fuzzy field F.
£ ‘o / Ao
Proposition 2.7 Let A be a fuzzy F} — ideal, then the fuzzy subset 4’ of ¥, "/ A is a fuzzy

algebra over the fuzzy field F, where 4" (y+ A) = A(y), Vy e Y.

Proof. The proof is similar to that of Proposition 2.6 and hence omitted.
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