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Abstract: Based on [I] strong fuzzy paracompactness, this paper introduces definition of L -fuzzy
countable paracompactness and illustrates its basic characters. Moreover it is proved that L -fuzzy

countable paracompactness is L — good extension . Characters of L -fuzzy countable are studied

extensively.
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Introduction
It is necessary to extend countable paracompactness to L -fuzzy topology because countable
paracompactness is of importance in general topology. In the recent years there are many kinds of
paracompactness in L -fuzzy topology.“'sl .Among these paracompactness, III strong fuzzy
paracomapactness is very poptllar[6].This paper introduces countable paracompactness in L -fuzzy
topological spaces by virtue of III strong fuzzy paracompactness. It is proved that countable

paracompactness is L — good extension . Furthermore, this paper gives a series of characters. In addition

three properties are studied. First, the multiplication of a strong fuzzy compact set and a countable
paracompact set is a countable paracompact set; Second, completely normal spaces are countable
paracompacat; Last, countable paracompactness is genetic for closed sets.

I Preliminary

The detonation of L stands for fuzzy lattice!”’ in this paper and L — fts is short for L —fuzzy

~ topological spaces. For 4 € L*aeM(L)andA o C L*

z-n(A)i{x e X|A(x)2a},l(4) ={xe X | A(x)£a'}

r(st)={r, ()| desd }, I (d)={ (A Aes }.
Other signs are introduced in the paperm.

Definition 1.1 Let ®beaset familyin L — fts. A€ LY ,ae M(L).®Discalled @ — family
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of A, if for every molecule of x, of A whose height is & ,there exists Q € ® such thatx, £Q . D is called
a” —covering of A ,if for every molecule x, of 4 whose height is & ,there exists Q € @ such that x, < Q.

Definition 1.2 Let (L*,0)beal — fis,Ae L and o= {A, |te T} c LY disa —locally
finite in A4 ,if for every molecule of x, of 4 whose height is & ,there exists P € 77 ( X,) and finite set

I, T suchthat VieT -T,,4, < P.dis a—discretein A ,if Tjis a unit set.

Lemma 1.3 Let f :(L",5,) > (L",J,)be continuous L ~ value Zadeh function. and
aeM(L).If @ L™ is a—locally finiteinD. f™ (@) ={f"(B)| Be@ }isa—locally
finite in £ ' (D).
In the following part for 4 & LY,aeM(L),o eL*
A% =vlx, e M (L") | x, €4}, & “={4% |ded }.
Lemma 1.4 Let(L*,0)be L - fis.De L ,ae M(L),and s c L* . DAt 9.,

- isa —locally finite in D if and only if 7, (D) (7, ( #))" is locally finite in the subspace 7, (D) of general

topological space (X, .(J)).
I1 Definitions and characters

Definition 2.1 Let (LY,5)be L — fis.De L*,ae M(L).Disa - III countablly

paracompact (& — countablly paracompact ),if for every & — countable remote domain family ® of D
there exists & — remote domain family ¥ of D satisfying the following conditions:

(i) ¥ is corefine of @ ,namely VB e W¥,34 € CDsqch that A< B.

(i) D AW is locally finite in D where W% = {B"" :Be \P}
D is @ — countablly paracompact if D is & — countablly paracompact for Ya € M (L) .If D equalsto
l,, (LX ,0)is @ — countablly paracompact or countally paracompact.

Theory 2.2 ¢ — ]I paracompact setin L — fts is & — countablly paracompact set.

Theory 2.3 Countable strong paracompact setin L — fts is countable paracompact set.

Theory 2.4 Let (L*,8)be L— fis.De L and ae M(L).Dis a — countablly
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paracompact if and only if 7, (D) is countablly paracompact in (X,/,.(9))
Proof LetDbe o — countablly paracompactin (L*,5)and % countable open covering in the

subspace of 7, (D) of (X,l,(5)) Then there exists countable subfamily ¥ < & such that 7, (D)[)

L.(w)= 7,(D)N(z,(w)) =%, Also¥ isa — countable remote family of D . From & — countable

paracompactn- ess of D there exists & — remote domain family @ of D such that @ is corefine of

Wand D A®%is a—locally finitein D .Itis easy to know that 7, (D)() [ (®')is refine of % and
open covering of subspace 7,(D)of (X,/,(J)).ByLemma 1.4 it is locally finite in 7, (D).
Therefore 7, (D) is countable paracompact in (X,/,.(J)).
On the contrary let 7,(D) be countable paracompact in(X,/, (J)) .Because @ isa — countable
rmote family of Din (L*,8),7,(D)N I, (D")is countable open covering of subspace
7,(D) of(X,I,(0)) . Then there exists ¥ c & , such that [, (W") N 7, (D) is locally finite open
covering of subspace 7,(D) of (X,I,())and corefine of 7,(D)( [, (D').So ¥is a - remote
family of Din (L*,5) ByLemma weknow that D A% is @ —locally finite in D .For arbitrary
element B of ‘P there exists A4, € @ such that
r,(DYN 1, (B) c7,(D)N 1, (4,) LetQ={Bv 4, | Be¥}.Then
7, (D)N 1, (Q)={r,(D)NL.(Bv 4,)) | Be ¥ }={r,(D)NL (BNl (4,)|Be¥ }=
{r. (DN, (B) | Be¥ }=7,(D)N 1, (¥).
It is easy to prove that Qis @ —remote family of Din (L*,5)and corefine of ® . For arbitrary P € Q
there exists B € ¥ suchthat P = BV A, .Therefore P% < B Then D AQ% is a — locally finite if
D.So Dis a — countable paracompactin (L*,5).
If (L*,0)is a weakly induced space!, /(&) = [J] for arbitrary a € M(L).
Corollary 2.5 Let (LX ,0) be weakly induced - L — tfs . The following conditions are equivalent:

(i) (L', 8) is countable paracompact.
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(if) there exists a € M (L)suchthat (L¥,5)is a — countable paracompact.

(iii) (X,[0]) is countable paracompact.

Corollary 2.6 Countable paracompactness is L — good extension .

In the following part we introduce a new operator. By this new operator we can show countable
paracompactness in a novel way.

Definition 2.7 Let (L*,5)bel — fis.a € M(L).A new operator is defined by
a1 56 NAel*,a'(A)=r{ G:GeS and GvA2al.
Proposition 2.8 Let (L',0)beL — fis.ae M(L), A,B e L" there are following remarks:
() a"(4)e s ;
(@) Ava*(A)2a;
(iii) ASB=>a’(B)<a’'(A);
(V)If 4ed AvB2aoa'(B)<A;
(v) If 4 andBeé",AvBZa@a'(B)SA@a'(A)SB.
It is easy to know that operator a ' is extension of the operator pf the paper[sl.

Theory 2.9 Let (L*,0)bel ~ fis.ae M(L).(L*, o) isa — countable paracompact if and

/
only if for every « — countable remote domain family Qof 1, there exists & — remote domain family

Y of 1, suchthat ¥ is corefine of dQand a*(¥)= {a'(A) = ‘-F}is a — locally finite in 1, .

Proof From theory 2.4 it is enough to prove that conditions of theory 2.9 are equivalent to countable

paracomapctness of (X, L, (J)).

Let (X,[,.(J))be countable paracompact and Q2be @ — countable remote domain family of 1, .
Then [/, (Q') = {lny (O):Qe Q}is countable open covering of (X,/,.(J)) .Therefore there exists open
refinement /. (A)(A < 8)of [, () is locally finite in (X,[ . (0)) .For arbitrary Bof A there exists
Q, € Qsuchthat [ (B)cl . (Q,) Let ¥ ={B'vQ,:BeA}Then ¥ is corefine of .In addition,

A’is a — remote domain family of 1, .So for Vx € X there exists B € A such that x, % B’ ,namely
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x €l (B) Therefore x el (Q}) namely x,FQ, This shoWs that Wis & — remote domain family of
1 .In the following part we only prove that a’ (V') is@ — locally finite in1, .
For Vx € X there exists open domain /(W )of xand finite subfamily A, of A such that

LBYNL.W)y=1,(BAW)=0. for VBe A—A, ltis easy to know that for W'e 7(x,)and
VBe A-A,,BAW <a'and B'vW'2 a Furthermore, B'v Q, v W'2 a By proposition 2.8
a'(B'v Qp) < W' Therefore a’(¥)isa — locally finite in1, .

On the contrary, let /,(Q' }(Q ed ’)be countable open covering of (X,/,.(8)).So a"(¥) is
« — countable remote family ofl, .Therefore there exists & — remote family V' of 1, such that V' is
corefine of Qand a"(W)isa —locally finite inl, .It is easy to know that [ ,(W¥")is open refinement of
[,(Q")For Vx e X there exists Pe 7 (x,)and finite subfamily ¥, of W such that a°(B) < P for
VBe¥Y~-¥;S0o BvP>aand [ ,(B'AP)=1,(B)YNI,(P")=9® From [,.(P")is open domain of

x we know that [, (‘¥’) is locally finite In (X,/,.(J)) .Therefore (X,/,.(5))is countable paracompact.

End of proof.
In the following part we show ¢ — countable paracompactness via & — family consisting of & —
closed sets.

Definition 2.10 Let (LY,0)bel — fis.ae M(L)and. A€ L* Aisa — closed if
Vx,e M (L"),x,e A~ = x, € A.

Theory 2.11 Let (L*,0)bel - fis.ae M(L).(L*,0)is @ — countable paracompact if and
only if for every @ — closed & — countable family €2of 1, there exists a — closeda — family ‘¥ of1,
such that ‘¥ is corefine of Qand a°(W¥)is a — locally finite inl, .

Proof Let (L*,J)be a— countable paracompact and {2be @ — closed @ — countable family
of 1, . From definition of & — closed set we know that Q™ = {Q_ Qe Q}is @ — countable remote
domain family of 1, .Therefore there exists & — remote domain family ¥ of 1, such that ¥ is

corefine of Q" and a’(¥)isa —locally finite inl, .Because closed set is & —closed set , ¥ above



75

mentioned satisfied requirement of theory.

On the contrary, let Qbe  ~ remote domain family of 1 x-S0 Qis a - closed and @ — countable
family. Therefore there exists & — closed and & — family ‘¥ such that ‘¥ is corefine of Qand a’(¥)is
a — locally finite inl, .Consider '™, is corefine of Q.Bye — closeness of W it is easy to know that
V" isa — remote domain family of 1, .from proposition 2.8 (ifi) a*(¥~) ise— locally finite inl,, .
Therefore (L*,0)is @ — countable paracompact.

Theory 2.12 Let (L*,5)beL— fis.a e M(L).So(L", J)is @ — countable paracompact if
and only if for every & — remote domain family of 1, @ = {A,. ieN }there exists ¢ — remote domain
family of 1, ¥ = {B,. ‘e N} suchthat 4, < B;and a’(¥) isa —locally finite inl, for Vie N.

Proof Let(L*,5)be a — countable paracompact and @ = {A,. ieN }be «a — countable remote
domain family of 1, .There exists corefine @ of @ — remote domain familyQ.a" () is & — locally

finitein 1, .For VB € Q there exists i(B) € N such that A5 <B.

LetB, = \y B.Then 4, <B,. Let ¥= {Bi iieN } .Then ‘¥ is & — countable remote domain
i(B)=i

family of 1 and corefine of @ .In the following part it is enough to prove that a° (W) is  — locally finite
inl, Because a”(Q) isa —locally finite in1, for Vx, € M (L") there exists P e 77(x, ) and finite
subfamily €2,0f Qsuchthat a*(B) < Pfor VB e Q-Q, By proposition 2.8 Pv B > a .Then

Pv B; 2 a namely a"(B,)< P Because Q,is finite ,The number of B; whose elements belong to Q

must be finite. Therefore a”(‘¥') isa — locally finite in1 .

It is easy to prove sufficienc.

End of proof.
Definition 2.13 Let {F‘ }ieN c LY andae M(L). {F, }ieN is & — decreasing

!

ifr, (F))or,(F,)D.........

Theory 2.14 Let (L*,5)bel ~ fis.a e M(L).Then (L*,5)is countable paracompact if and

only if for every @ — decreasing & — remote domain family {F . }ie y there exists {W, }i e N C O such that

i
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W, en,(F)ieNand (I, (w)=9
i=1
Proof It is easy to be proved by theory 2.4 and results of general topology.

III  Properties of countable paracompactness

The following theories show that (a—) is closely genetic

Theory 3.1 Let (L*,8)beL— fis.ae M(L). A L and Be S .
(1)If Aisa — countable paracompact, 4 A Bis & — countable paracompact,too.
(i) If A iscountable paracompact, 4 A B is countable paracompact,too.

Proof It is enough to prove that (i)is right.Let @ be @ — countable remote family of
AAB .Then @ U {B }be & — countable remote family of A . Because 4 is @ — countable paracompact,
there exists & — countable remote family W of 4 such that W is corefine of @ U {B } and
AAY%"isa —locally finitein 4 .LetQ) = {P cey|BEP },then Q is a -countable remote domain
family of AAB and corefine of @ It is easy to know that A A Q%is @ — locally finitein 4 A B .So
AAB AQ%is a— locally finitein 4 A B .Therefore A A B isc — countable paracompact.

Theory 3.2 Let (L*,5)and (L', z)be L — Jis and A be a countable paracompact set of
(L*,6).AndBisa strong F paracompact set of (L', zz). Then A X Bis a countable paracompact set
of (L™ ,6x u).

Proof By theory 2.4 7,(A)is a countable paracompact set of (X,1)for Yae M(L) ltis
easy to know that B strong F' compact in(L", 1) if and only if 7, (B)is compactin (Y,/ . (4)) for
Va € M(L). From some results of general topology 7,(Ax B)=r,(A)x r,(B)is countable
paracompactin X x ¥,/ (&% 4)) .From theory 2.4 this theory is right.

Definition 3.3 Let (LY, 5)bel - Sts.ae M(L).(L",0)isa a— completely normal space if

(X ,0)isa — normal.and for VF € & there exist G, € 8,i =1,2, ....such that T, (F)= ﬂla. (G).1f

ieN
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for ae M(L) (LY,0)isa ~ completely normal, (L*,5)is completely no—rmal.

Itis to know that (L*,&)isex — completely normal if and only if (L, &) is& — normal and for
Ged thereexist F,ed ,i=12,. suchthat (G) = Usa(FY).

Theory 3.4 Let (L*,5)bel - Sis.ae M(L).(L",8)isa - completely normal if and only
if (X,/, (6)) is completely normal.

Theory 3.5 Let (L",5)bel — Sis.ae M(L).If (L*,0)isa ~ completely normal (L*, &)

is @ — countable paracompact.

Proof Itis proved by theory 3.4 and some results of general topology.

Theory 3.6 Let(L*,5) and (L, #) L - fis which are induced. If (L*, J) is a countable

paracompact level normal space!® and (L', pw)isa strong ' compact /T countable space, (L, 5% ) is

level normal .
Proof  From theory2.4 (X ,[0])is a countable paracompact normal space.By [7]. Y, [u4])isa
compact I] countable space. So from some results of general topology([8]theory 5.2.7) X x Y is normal.

By [7] (LY,&x H) is generated by X x Y .Therefore (L™, 8% 1) is a level normal space.

Theory 3.7 Let(L",5)and(L’, #) L — fts weakly which are induced
weakly. f : (L*,8) - (L', ) is continuously closed and full L -value Zadeh function. If (L*,0)isa
countable paracompact level normal space, (L', /) is a countable paracompact level normal space.

Proof Because (L*,d)isa weakly induced space, from theory 2.5 (X ,[8])is a countable
paracompact space. By[6] (X, [& 1) is a level normal space. Because (L, 6) -, M) is continuously
closed and full L -value Zadeh function, general mapping f : (X,[J]) = (Y,[ x]) is continuous closed
full mapping. From some results of general topology (Y, [ £]) is countable paracompact level normal space.

Itis provedby theory2.5 (L", z)is a countable paracompact level normal space.
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