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Abstract
In [2], K. Asano have prove that a ring R can be extended to a fraction ring if and only if R is
an Ore ring. In this paper, we give the fuzzy Ore conditions and obtain the fuzzy fractional
ring of a fuzzy Ore ring and the fuzzy subfield of the commutative domain.
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In classical algebra ring theory, the fractional ring of an Ore ring can be applied to many
studies of mathematical structures. Recently, many results about fuzzy subrings and fuzzy
subfields have been achieved. In this paper, the fuzzy subrings satisfying the fuzzy Ore
conditions of an Ore ring R can be extended to a fuzzy fractional ring of the fractional ring of
R. So that we can study the fuzzy subfields of the commutative domain.

Definition 1 Let O be an extension ring of ring R. Q is called the fractional ring of R if O
satisfies the following conditions:

1) Each regular element w of R (w is called a regular element if wx=0 and yw=0, for any
x#0, y20, x, ye R) has an inverse in R;

2) For any xeR, there exist a, beR such that x=a’'b.
Definition 2 Let R be a ring and M be the set of all regular elements of R. M2J. R is called an
Ore ring if for any ae M, beR, there exist ce M and de R such that da=cb.
Theorem 1 ([2]) Let R be a ring. R has a fractional ring if and only if R is an Ore ring.

If ring R has fractional ring O, O can be built as following:

We give an equivalence relation ~ in RxM (M is the regular set of R) (a,b)~(c,d) if and
only if for x, ye M if xb=yd then xa=yd. Let O=RxM/~. For all (a,b),(c,d)eQ, let x,ye M such
that xb=yd and we M, ze R such that wa=zd. We define

(a.b)y+(c,dy=(xatyc,yd), (a,b)c,dy=(zc,wb).
By [2], {3], we know that Q is a fractional ring of R.
Definition 3 Let R be a ring and 4 is a fuzzy set of R. 4 is called a fuzzy subring of R if for
any x, yeR

1) A(x-y)2min{A(x),4()},

2) A(xy)zmin{A(x),4A(»)}.

Definition 4 Let R be a Ore ring and M be the regular set of R. A fuzzy subring 4 of R is
called a fuzzy Ore subring if 4 satisfies the following condition.

1) For any me M, for any re R, A(r)zmin{A(mr),A(m)}, A(r)>min{A(mr),A(m)}.

2) For any meM, reR, there exist weM, ce R such that cm=wr and A(w)=A(m).
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Definition 5 Let R be a ring which has fractional ring Q and 4 is a fuzzy set of R. We define
A/A a fuzzy set of Q as following: for any (a,w)eQ,
A/A((a!w))=sup(a,w)~(c,d) min {A(C),A(d)} .
In the following we always suppose that ring R is a ring with unit 1 and for any fuzzy

Ore subring 4, A(1) 2A(x), for any xeR. The following theorem means that the fuzzy set 4/4
is an extended fuzzy set of fuzzy subring A4.

Theorem 2 Let R be a Ore ring and Q is the fractional ring of R. 4 is a fuzzy Ore subring of R
and M is the regular set of R. Then for any reR and any me M
AlA(mr,m)=A(r).
Proof For any x, yeM, if xm=y1, then xmr=yr. By the definition of the equivalence relation ~,
we know that (mr,m)~(r,1). For any (mr,m)~(c,d), we have (c,d)~(r,1). Since 14=01, hence
le=dr=c and (c,d)=(dr,d).
ALA(GE )Y =SUD (g myc N {A(C), A}
>min{A(1r),4(1)}=A(r).
ALA((mr 1) =SUP gy oI {A(C), A(D)}
=SUP r, my-tatr N {A(dr), A(d) }
Since 4 is a fuzzy Ore subring of R, hence
A(r)zmin{A4(dr),A(d)}
and
A(r)2SUPnr my-ar yMin{A(dr),A(d) }=A/A((mr,m)).0
Theorem 3 Let R be an Ore ring and Q is its fractional ring. 4 is a fuzzy Ore subring of R.
Then 4/A is a fuzzy subring of Q.
Proof Let M be the regular set of R. For all (a,b),(c,d)eQ, suppose (a,b)c,d)y=(xc,yb),
(a,by~(a',b"), (c,d)~(c',d") and (da',b")(c",d')=(zc’,wb'). Since '€ M and the definition of fuzzy
Ore subring, hence there exists we M, ze R such that wa'=zd'and
AWw)22A(d). ¢))
A(z)2min{A(zd"),A(d')}=min{4(wa"),A(d")}2min{4(w),A(a"),A(d)}. (2
AlA((a,b)(c,d)) =A/A(xc.yb)
=SUP e yby(z.tryN {A(zC"),A(Wb")
2SUP 4 by(a5').(c.dy<c. YN {A(2),4(c"),A(w),A(d")}.
By (2) we have

ALA((@bY(e )25 )iy TN {AGW)AC)AW) A AB}.
By (1) we have
ALA((@,B)CD)ZSUP(apy(o b iy I {A(CHAW@ A AB)
=SUP(G 1o, caric M {MIN{A(C),A(@)}, Min{A@)AB)} ). (3)
For any integer n>0, there exist (,/),(g,/)€ O such that (a,b)~(k,]),(c,d)~(g,/) and
min{A(k),A(1)}25Up(, 5y syMin{A@).AB)}-1/n,
min{A(£),A()} 2Sup(cp-ic.ymin {A(c)A)}-1/n.
SUP(e e e MIN{ MIN{A(C"), (@)} min { A(d),A(B)} @)
2min{min{4(k),4())}, min{A(g),A(/)}} .
2min{sup, 4z pyMin{4(a’),A(b')}-1/n, sup 4 (o symin{A(c"),A(d)}-1/n\} }.



When n—0, we have
AIA((@5)(e.d)2min{Sup sy sy {A@)AB}, Uy e min {ACIAEN).  (5)
=min{4/4((a,b)),A/A((c,d))}.

For any (a,b),(c,d)eQ, suppose (a,by~(d’,b"), (c,d)~(c'.d'). Since A is a fuzzy Ore
subring, hence for deM and b'eMcCR, there exist xeM, yeR such that yd'=xb' and
A(x)2A(d),

AW)zmin{d(yd'),A(d')}=min{A(xb"),A(d")}2min{A4(x),4(d"),A(d\}.
By [2] we know that ye M. (a',b')-(c’,d' }=(xa'-xc' ,yd").
AlA((a,d)-(c,d)) =SUP(a pyia by et yin{A(xa’xc"),A(yd') }
2SUP g (e ) ey { A (xa), A(xc"), A(),A(d')}
25UP(a,bHa',b'),(c,dHc',zf)min{A(xa'),A(xc'),A(x),A(bl)A(dv )}
2SUP (g ). b) e, yMIN{ A(x),4(a'),A(c"),A(D"),A(d')}.
Since A(x) 2A(d"), hence
SUP(a,b)~(a’,b'),(c,d)~(c',d)min{A(x),A(a'),A(C'),A(b')rA(d' )}
=SUP (g by 4. (c.dp(c' )N {A(a"),A(c"),A(b"),A(d")}
=SUP (g by(a b e nin{min{A(a"),4(b")},min{A(c"),A(d")} }
2min{sup (, py(z.pyMin{A(a’),A(b")},sup . ymin{A(c'),A(d")} (refer to (4),(5))
=min{A4/A(d’,b"),AIA(c'd")}. O
Theorem 4 Let F be the fractional field of the commutative domain R. 4 is a fuzzy Ore
subring of R. Then 4/4 is a fuzzy subfield of F.
Proof For any (a,b)eF, a is no zero, (b,a) is the inverse of (a,b). It is obvious that if
(a,b)~(d,c), then (b,a)~(c,d).
AIA((@,b)) =SUPgpy-umin{A(c),A()}
=SUP (s, gy ayMin{A(c),4(d) }
=A/A((b,a)).
Therefore the fuzzy subring 4/4 is a fuzzy subfield. O
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