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Abstract: 1. First we point out the following questions in [2,3]: (1) The fundamental
theorem (Theorem 2 of [2]) of homomorphism of fuzzy groups is wrong, (2) The
fundamental theorem of homomorphism in [3] is not the generalization of the general
group's. (3) The definition of the M-fuzzy subgroup in [3](definetin3.1 of [3]) is
unreasonable. We proceed to indicate it is necessary to begin the study of the
fundamental concepts and results of the pointwise fuzzy groups anew. 2. In this paper
the reasonable parts in [2,3] such as the definitions of the pointwise fuzzy group, fuzzy
normal subgroup are kept, we also redefine some unreasonable concepts in [2,3] such
as the fuzzy quotient and the M-fuzzy subgroup. Based on these we have proved the
fundamental theorem of homomorphism of the pointwise fuzzy groups, which is the
generalization of the relevant theorem in general group theory.
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1.Introduction

The study of fuzzy group was started with the pioneering paper of Rosenfeld [1], and
Qi1 (2] gave a pomtwise definition of fuzzy group by fuzzy point. To distinguish with
Rosenfeld’s definition, we call it pointwise fuzzy group. Paper [2], which plays an
important part in the researching of pointwise fuzzy groups and which [3-7] were based
on, also gave some fundamental qualities of the pointwise fuzzy groups. But what is
most regret 1s the important theorem-Theorem? (Fundamental theorem) has a wrong

proof. This is because when proving A= A the author used ¢ (aH), > #a,)
A(aH), = A'/ A SupA(x), A(e) = A, H(e) = A', x & Supp(aH). So when
(all), € A, it’s obvious that a, € A isn’talways true. If @, € A,¢(a,,)has no

meaning. Hence @, isn’t the mapping of A A , and further a isomorphism.
Although the following theorem had a strict proof in [3] : Let ¢ is a homorphism from
Ato A, H = Ker@, then the mapping v(a ) =(aH ), is a homomorphism of
L
i
A—> A/ H , and the mapping E((aH)”) =¢(a,) is a homomorphism of A—> A
But it is regret that when H (e) = A'# 4 = A(e), we have
(v)a,)=¢((aH) . Y=da, )#@(a,)forany a, in A and gv # @ This
o u
shows the above theorem in [3] isn’t the generalization of the general fundamental
theorem of homomorphisms.
In addition, according to Definition 2.1 in [3}, if 4 is an M-fuzzy pointwise group,
then A is a closed group. But it is obviously that the subgroup of a closed group isn’t
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always a closed. So Definition 3.1 in [3] was unreasonable.

The above questions tell us it is necessary to begin the researching of the based
concepts and results of the pointwise fuzzy group anew.

In this paper the reasonable parts in [2,3] such as the pointwise fuzzy group, fuzzy
normal subgroups are kept. And the unreasonable parts such as fuzzy quotient,
homomorphism, M-fuzzy subgroup have been redefined. Based on these
improvements, we get the strict proof of the fundamental theorem of homomorphisms

of the pointwise fuzzy group which is the generalization of the relevant theorem in
general group theory.

2.Pointwise fuzzy groups

Let X beanonempty set. X, is called a fuzzy pomt on X if the following condition

kd

x,ve X,andA € (0,1}

X is called a supporting point of x .

Assume A is a fuzzy setof X . If 0 < A < A(x), we call fuzzy point x; belong to
A and canbe written as x; € 4. It’'seasytosee X, =y, iff x=y and A = u;
x,Cy,iff x=yand A< . A is the union of all fuzzy points X, s in A.1If
A(a) = A ,wecall g, amainpointof 4 which canbe writtenas d=a, .

Let A be a fuzzy set of X . If there is a rule that, for any a,,b, € 4, there exist only
one ¢, corresponding to them, denoted ¢, = a Wb V= A A gt , and for any

a, c al,by. c bwag‘b,,' ca;b, istrue, we call 4 apointwise fuzzy groupoid. If
an element €, in the fuzzy groupoid A fits e,a,=a, forany a, e A,then e, 15
called a left identity of A . Similarly we can define a right identify f 4 Of A If A not
only has a left identify e, , but also has a right identity f,, it musthave ¢, = f,,, here
we call e, the identity of the fuzzy groupoid 4, and the identify is unique, if it is
exists. Assume there is a left identify ¢, in A, a,, € A, if there exits @, € 4 where
a'ﬂra L =€, e, a'ﬂ, is called a left inverse element of a,, . Similarly we can define
right inverse element of a, If for arbitrary elements a; , b, ,c, of pointwise fuzzy
groupoid A, (a;b,)c, =a,;(b,c,) istrue, then A4 is called a pomtwise fuzzy
semigroup.

Let A be a pointwise fuzzy semigroup. If A has a left identity e, where any

a, € A has aleft inverse a'y. , it’s easy to prove e, is a right identity of 4 where

a.ﬂ» 1s aright inverse of @, . Now a, is called a inverse element of @, and denoted it



by a, . 1t’s obviously that for any @, is an inverse of a, if it satisfying

_ - L] . . .
a yl C a#.l Ca . a, always has different nverses, and among all the inverses of

-1. ' . . . . .
a,,a, iscalled a «S same value inverse element which 1s sole if exists.

Definition 2.1 Let 4 be a pointwise fuzzy semigroup of X . 4 is called a pointwise
fuzzy group of X if
(1) There is at least one left identity element e . in A4

(2) Forany a 4 € A, there is at least one lefi inverses element.

Example 2.2 Let X bea general group and A4 be the characteristic function of X .
For any a,,b, € 4, we provide ab = (ab)M# , then A is a pointwise fuzzy group
on X .

The above example shows the pointwise fuzzy group is the generalization of the
general group.

Definition 2.3 Let 4 be a fuzzy groupon X', A iscalleda fuzzy closed group which
can be shortly called a closed group if for any nonempty subset ¥ — X , there exits
Y €Y satisfying A(y)= SupA(x), xeY .

Let 4, B be respectively fuzzy sets on nonempty sets X' . Y. A rule ¢ is called a
mapping from fuzzy set 4 to fuzzy set B if not only there exists b,eB
corresponding to arbitrary @ 1 € A, but also is true where bﬂ. € b, isonly one
correspondingto a, g, b, =¢(a,) is called the mage of @, under ¢ where
a, g™ (b ) is called a preimage of b , under @, @ issaidtobea epimorphism if
forany b, € B, bﬂv cb, (u # £¢) has at least one preimage under ¢, B = #(A)
i1s called a image of 4 under @. @ iscalleda monomorphism if for arbitrary a 1
a:{. €d,a, # a;. . 0(a,)# ¢(a;. ). If @ is both an epimorphism and a
monomorphism, @ is called a bijective mapping. It is naturally to induce a general
mapping from supp 4 to supp B if ¢ is a mapping from A to B , we provide
Hx)=y if for arbitrary x € supp A4, there exists X, € A and ¢(x,) =y,. In

addition when ¢ is an epimorphism, B is identical to #(A) which is obtained by the
general extension theorem.

Definition2.4 Let 4, B be respectively pointwise fuzzy groupoids on Y ,Y ¢ bea
mapping from A to B Ifforany a, ,a;l. €4,b, =¢4(a, ),b;‘. = ¢(a;l._),the
following conditions are satisfied:

(1) ¢(axa;; )= ¢(a,x)¢(al );

QA =N iffu=y,
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then @ is called a homomorphism from Ato B.
¢ is a homomorphism from 4 to B if ¢ is a epimorphism that can be written as
A ~B where ¢ isa isomorphism from 4 to B if @ is a bijective mappmg that can
be writtenas 4 = B
In general, although @isa epimorphism from fuzzy group A onto fuzzy group A’
it isn't always true that for arbitrary &/, € A’ there exists a, €A that §(a,) = a, .
But, we can easily prove that ¢ is a epimorphism iff for any a;_. € A there exists
a;, €A that ¢(a,) = a;l} where ¢ is a homomorphism from the closed group 4 to
tuzzy groupoid A, and 4 isa fuzzy (semi) group iff A’ isa fuzzy (semi)group
where @ is a homomorphism from the fuzzy groupoid A onto A'. The homomorph
of an inverse of a, is the mverse of the homomorph of a, where the homomorph of a
identity is a identity.
Biis called a fuzzy subgroup of the fuzzy group 4 if B is a nonempty fuzzy subset of
A and forms a fuzzy group with the operation of A4 .

Propositon 2.5 Let B be a subset of the fuzzy group A, then the following statements
are equivalence:

(1) Bis a fuzzy subgroup of 4 ;
(2) Bis closed under the operation of 4 and B includes the inverse elements of all
elementsin B ;

(3) For arbitrary a,,b, e B,a,,'bl;1 € B is true.

3. Pointwise fuzzy normal subgroup and pointwise fuzzy quotients

Definition3.1 Let Hbe a pointwise fuzzy subgroup of the pointwise fuzzy group 4,
a, €A Thena,H= {'zllhplh“ € H} is called a left subcoset of H with respect of

a, . aH is called a left coset of H with respectto a . Where aH is the union of all
the left subcosets whose intersection with @, His nonempty. Similarly, the right
subcoset and right coset can be easily defined.

Ifa, ca,,then a,H ca,H, and for two left cosets are equivalence otherwise

their intersection is empty.

propesition 3.2 Let H be a pointwise fuzzy subgroup of the pointwise fuzzy group A,
then the following statements are equivalence:

(H)aH =bH ;

(2)b e supp(aH ),

(3) There exists v € (0,1] anda, =bh , h, eH,istrue.

Proof (2)= (1) Since b € supp(aH ), there exists A > 0 such that b, caH.
Assume v = min(A, H(e)), then we have b, cb, €eaH and b, €b H, by these
weknow b, eaHNbH # ¢, hence aH = bH _




(1) =(2) Is clear.
(1) >(3) For b, c b, b,H c bH = gH is obviously, and by the definition of aH,
we know there must exist 11 > 0 where a,H N\b,H # ¢ Hence there has v > 0
and ¢, e a, HNb, H, by this we can get h';,h; € H where aﬂh;, =c, = blh;.

It is clear that v = min(u, A, &, &), hence ah, = b.h., so
a,=bhh=hh'cH.
(3) = (1) Is clear.
Definition3.3 Let Hbe a pomtwise fuzzy subgroup of the pointwise fuzzy group A .
If for arbitrary a, A,a,H = Ha, is always true, then H is called a pointwise fuzzy
normal subgroup of 4 .

It's clear that aH = Ha for any a € A if H is a pointwise fuzzy normal subgroup of
4 .

By Definition 3.3 It is €asy to prove the following proposition.
Proposition3 4 Let H bea pointwise fuzzy subgroup of the pointwise fuzzy group
A, then the following statements are equivalence:
(1) H is a pointwise fuzzy normal subgroup of 4 ;
(2) For arbitrary a, e Ah, e H,a,h a;' eH is always true;
(3) For arbitrary a,,b, €A, if a,b, € H, then b,a, eH.

Assume H is a pointwise fuzzy normal subgroup of the pointwise fuzzy group 4, K
isa general set which is formed by all the left cosets of H . We define a fuzzy set

AonK: A(aH) = SUpA(x),x esupp(aH )
We can prove the following proposition similarly to proposition4.3 in [21

Proposition 3.5 A be a pointwise fuzzy group with the product:
(aH), (bH), = (cH)., here & = min(A, M), ¢ is the supporting point of

éb, (aH), and (bH), are arbitrary elements in A

Definition3.6 The above A is called a fuzzy quotient with respect to H , Written as

A=A/H.
Definition3.7 Assume H isa pointwise fuzzy normal subgroup of a closed group A |

for pe (O,A(aH)], let D, (aH) = {x : x € supp(aH), A(x) > p} and we call it a
M —degree set of aH .

It is clear b, c b is always true forany b e D, (aH).

Propesition3 8 If (aH), e 1_\, then D (aH) # ¢.



Proof: Since(aH),, € 4, then 1 < A(aH) = sup A(x), xe supp(aH). And
suppaf! # ¢ xesuppaH For 4 1s a closed group, there exists

Y € supp(aH),A(y)=SupA(x) x Supp(aH),so A(y) > # . Hence y e D, (aH) and
D, (aH)+ ¢ .

Proposition3.9[f(aH)l,(bH)# € ;I,ae D,(aH),be D, (bH) and a,b =d,
then (aH), (bH), = (dH), .

Propesition3.10 Let (a/ ). is an arbitrary element in 4 , then there must exist
be D, (aH) satistying b, < b and (aH), = (bH),.
Proof. Since (aH),, € A, then D, (aH) % ¢ Assume b e D, (aH) < supp(aH ),
then b, b and (aH), = (bH),.

For any (aH)p c4 , 1t 1S clear that a,c a isn’t always true, that is to say
aeD (aH) isn’t always true. But by Proposition3. 10, for any (aff), € A we can
assume a, C a(a € D, (aH)), without losing the generalization.

Theorem3.11 If A is a closed groupon X and H is a pointwise fuzzy normal

subgroup of A4 , then the fuzzy quotient A= A/ H isaclosed group.
Proof. For any nonempty subset B of K, we shall prove that there must have a

aH € B satisfying .;I(aH) = sup ;I(bH) ,bH € B Incaseof A isa closed group
there exists y € supp(al/ ) satisfying

A(y) =sup A(x),x e supp(bH ).

Hence ;1(bH ) =sup A(x) = A(y) (*)
Let Y is the set of all Y satistying (*) when &4 runs over B
Itisclearthat ¥ isa nonempty subset of X and

{ Sup( A(bH)),.bH € B} = {Sup( A(y) hyet}
But A4 is closed, hence there isa @ € ¥ satisfying A(a) = sup A(y), yevt So

Aa) =sup( A(bH)), bH ¢ B.

Now let’sprove aH € B

Since a €Y | there exists bH e B satisfying @ € supp(hH ) and
A(a)=sup A(x), xe supp(bH ).

By propsition3.2 we know aH = b} < B.



Now we can get

;4(aH ) =sup A(x) > A(a) =sup Z(bH )2 :4(GH )
X € suppal! bH e B

in case of @ € suppaH . Hence Z(aH) = sup;l(bH) ,bHe B,

We have proved ;1 = A/ H is closed.
Propesition3.12 Let @ bea homomorphism from the fuzzy group A4 onto the fuzzy

group A, then H ={xﬁ € A:¢(x#)=e;‘. Cé} i1s a fuzzy normal subgroup of

A, where e 1s the it of 4. From now we call H the kemel of @ and write it as
H =kerg.

Theorem 3.13 Let ¢ be a homomorphism from the closed group A4 onto the fuzzy
group A, H =kerg, then

(1) The mapping via,)= (aH)#,ay € 4, is a homomorphism from A to

;1 =A/H ,wecall v the naturz;\l homomorphism from now;
(2) There exists a 1somorphism q_f from ;1 to 4
3) p=pv.
Proof. (1) v is clearly a one-velued mapping from A to /—1 For any a,,b,e4d,
V(a/l)=(aH)i,v'(bﬂ)=(bH)pandae D,(aH),b e D, (bH)
Let aibu =¢,,,-then V(aabﬂ) = V(C,,_,w) =(cH)
v(a,v(b,) = (aH)l(bH)# = (CH)M” :
Hence v(a b)) =v(a, w(b,)
And it’s clear that 1 = 4 iff the value of v(a,) and v(b,) isequal, hence v is the

Anp

homomorphism from A to 1:1 :
For arbitrary (aH), ;1 assume (aH)ﬂ, c (aH)ﬂ,,u' # /U, then let
AlaH) = sup A(x)= £, x e supp(aH ),

In case of 4 being closed, there exists Y €supp(aH) satisfying
A(y) = sup A(x) = &, xesuppaH .

So v(v;)=(yH), = (aH), = (a H),
and so 4 < y< &,



Hence there must exist Y, €Y, €y, satisfying v( yﬂv) =(yH )ﬂ. =(aH )#. )

Hence v is a epimorphism from 4 to 4 and A is the homomorph of A
(2) Forany (al), € A, let #(aH),) = #6,) .beD,(aH).

Firstly we prove that ¢  is a one-valued mapping. If there is another ¢ € [ (aH ) ,
then
bH=aH=cH,bﬂ =c h h,eH.

u'tys
And ¢(b,) = p(c,h,)= #(c, )p(h,)= #(c,), hence ;; is a one-valued
mapping.
If ¢_5 isn’t a monomorphism, then there exists (aH),, (bH), A such that
(aH), = (bH), (a e D (aH),be D, (bH)),

but §((aH),) = ((BH), ) hence f(a) = (b,)
Since
#a,b]')=(a,)B(b]') = #(b, (b7 ) = #(b,b ) =ple,)=¢. = e,
Soab,'=heH, azb, = h,, & =min(p,v,1),
Hence aff =bH | and (aH), # (bH),
Then u#v;
But by (1°) we have that the values of #(a,) and §(b,) is equal and according

to Definition 2.4 41 = v is true, there has a contradiction. Hence @ isa
monomorphism.
Since @ isa homomorphism from A onto A’, then for arbitrary

a;l. ed ,a;t,. C a;(, JH # 4 there always exists a . € A satisfying
#a,)= a;; .

But ;1(aH) =supA(x) 2 A(a), x € supp(aH ).

So we know there is a (al), c(aH)e 4 fitting

é((aH ) ) =da,)= aﬂ hence ¢ isa epimorphism.

The other conditions proving ¢ is an 1somorphism are easy to get.
(3) For arbitrary a, € A, wehave

($v)a,) = §(v(a,)) = p((al), ) = Ka,).



hence (;V=¢.
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