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MACHINE TIME SCHEDULING WITH FUZZY
SET OF SCHEDULES!

KAREL ZIMMERMANN?

ABSTRACT. We consider machine time scheduling problems with
crisp release times, processing times and deadlines. The set of fea-
sible schedules is a fuzzy set of schedules which are “acceptable”
with respect to a given crisp processing order of jobs. Unlike
to (1], [2], [3] the elements of this fuzzy set allow that at most
two jobs may be processed simultaneously, no preemption is al-
lowed and schedules with a longer overlapping of processing times
have lower membership value. Several membership functions are
described and methods for finding a schedule with the maximal
membership value are suggested.

1. Introduction, Problem Formulation

Let n operations 1,...,n be given, let p; > 0 be the processing time
of operation j for j = 1,...,n and s; the starting time of operation
j for j = 1,...,n. Let us suppose that no preemption is allowed, so

that if operation j starts at time s;, it is finished (completed) at time
s; + p;. Let P = {1,...,n} be a given order, in which the operations
1,...,n must be carried out, so that it must be s; > s;_1 + p;—; for all
J= 2 ,n. Let us suppose that each operation j must be started and
Completed within a given interval [h],HJ], ie. [s;,8; +pj] C [hJ,H ]
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or equivalently s; € [h;, H;], where H; = H; — p; for all j. Then the

set M of feasible starting-time vectors s = (s1,...,8,) is described as
follows:

Sj 2 Sj-1+ Pj-1 J=2,...,n (1)

hj < s < Hj j=1...,n . (2)

M = {s|s satisfies (1), (2)}.

It may happen that M = @. The necessary and sufficient condi-
tions under which M # 0 are given in [5]. The properties of the set
M depend on the “input parameters”, which are A, H, p, 'P so that
M=M (h H,p, ’P) = @), and a problem can arise how the igput param-
eters h, H, p, P can be changed in such a way that the set of feasible
staring times becomes nonempty and the changed parameters are in some
sense “close” or “similar” to the original ones. In this context various
types of “inverse” problems can be discussed, e.g. if it is allowed to
change p, so that it can be p € P = {PIP_ <p< 'p’}, we can accept as

an appropriate “approximation” of the empty set M (h, H, ;3,75) the set
M (h, H,p°Pt, 75), where p°®* is the solution of the problem

lp - 5ll = max Ip; - #5] — min
5.t peP&M(hHpP)#0

Similarly we could proceed with parameters h, H. Such inverse problems
where discussed in [4], [5].

In this contribution, we would like to discuss the possibilities of solv-
ing problems, in which M (h Hp, ) = ), but , H, p cannot be changed

and P i is “recommended” order, which should not be “violated too much”.
There are of course several approaches how to describe such a “fuzzy”
requirement and we shall choose one of them here as a basis for further
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discussion. The problem consists in choosing appropriate “close” order-
ing of precessing intervals with respect to P. The idea of the approach
described here is that the two neighbouring operations j, j—1 are allowed
to be processed simultaneously (i.e. the time intervals [s;_1, ;-1 + pj-1)
and [sj,s; + p;] may have a nonempty intersection) so that additional
machines may be necessary to carry out the operations. If we posed no
restrictions to these overlapping of the time intervals, it might happen
that in some extreme cases n machines are needed at the same time and
the resulting operating order has very little in common with P. To avoid
this, we allow here only such shifts that

sj-1 < 85 forall 7=2,...,n

and

Sj—2 + pj—2 £ 5; forall y=3,...,n

This will mean that the starting times are still in the order P = {1,...,n},
le. 8q 2> 81 > ... > s; and only two neighbouring operation time in-
tervals [s;, s; +p;], [$j-1, Sj—1+pj-1] can overlap in the sense that it holds
for all 5

Sj-1 < 8j Vi=2,...,n (3)
Sj—2 + Pj—2 < S; Vi=3,...,n (4)
min(s; + pj, Sj-1 + Pj-1) —s; >0 Vi=2,...,n (5)

Example 1.1.

(a)

| | | ] ] |

l 1 | | | t
Sj-2 Sj—2 +Ppj-2 Si-1  Sj-1+pj-1 Si Sj + pj

(no overlapping)
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| ] | | |

Sj-2 Sj~3 + pj—2  Si-1 Sj Sj-1 + Pj-1 S; TP

min(s; + pj, Sj-1 + Pj-1) = 8 = 8j-1 + Pj-1 — 85 > 0

[ { 1 | | |
Sj-2 Sj—2 +pj—2 Si-1 Sj 8+ Pp; Sj-1+Pj-1

min(s; + pj, Sj-1 4+ Pj-1) —$; = 8j +pj —$; =p; >0

| ! ] | ]

I i | ] |

Sj~2 Sj-1 3j Sj+P; Sj-1+DPj-1  Sj-2 T Pj-2
such overlapping is not allowed, since
8; < 8j—2 + Pj-2
) —
| : ——f— |
Sj-2 Sj-1 8j-2 + pj-25; Sj+ pj 8j-1 + Pj-1

Such overlapping is allowed since

Sj—2 < 851 < S5

8j-2 t Pj-2 < 8j

and it is
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min(s;j—1 + pj-1, j-2 + Pj-2) = Sj-1 = Sj-2 + Pj-2 — $j=1 >0

(overlapping of processing operations j — 1, j — 2)

min(s; + pj, $j-1 + Pj-1) —S; =8; +pj —s;=p; >0

(overlapping of processing operations j, j — 1).
In both cases only two operations are carried out at the same time.

We shall define the set M (’P) of feasible vectors of starting times

s = (81,...,8,) With respect to order P as follows:

M (P) = {s|s satisfies (2), (3),(4)}

Using the same procedure as in [5], [6] we can find out whether the set

A

M (’P) is empty or not. If M (’P) # 0, we shall choose in some sense “the

best element” of M (’P) We can choose as the criterion some measure
of overlapping of processing intervals, which will then be minimized on
M (P).

he following three functions can be suggested as measures overlap-
ping of intervals:

(s .
(/) — 0 (85-1,8;) .
p(s) = max =————, i=12,3 (6)
where for j = 2,...,n we define

©M(sj_1,8;) = max (0, min(sj_1 + pj-1,5; +P;) — S;) (7)
©D(s;-1,8;) = max(0,sj-1 + pi-1 — ;) (8)

@) N = ) pi ifsji4pici—s;>0
P (s5-1,85) = { 0 otherwise )
a = max p; (10)

155<n
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It is then ) : M (’P) — [0,1] for z = 1,2,3 and each of the three
measures can be justified by its own “philosophy”:

©!) expresses the measure of simultaneous operating time of two ma-
chines;

¢ expresses the measure of violation of inequality (1);

expresses the measure of operating time for which second engaged
machine must work in case of overlapping.

Remark 1 Let us remark that we could suggest also other possibilities
how to measure the overlapping of time intervals or allow the simulta-
neous work of more than two machines. It would lead to alternative
problems.

The functions ¢V, ¢ = 1,2, 3 can be interpreted as membership func-
tions of alternative fuzzy sets of “schedules s, which are inappropriate
with respect to the given order P” so that 1—¢b(s),i=1,2,3, are mem-
bership functions of three alternative fuzzy sets of “schedules s, which
are appropriate with respect to P”. The universe of these sets is the
set M (755) In this context we can formulate various problems as for
instance:

(a) Find a schedule with maximal membership to the set defined by
1 — o¥(s) (i.e. minimal value of ¢(!)(s));

(b) Find a schedule 3 for which 1 — ()(3) > 8 (or ¢(3) < 1-P) for
a given 3 € (0,1);
(c) Find a schedule with maximal membership to all the three fuzzy

sets (i.e. minimize max (cp(l)(s), ©@(s), 90(3)(3))

Remark 2 [t is obvious that there are many other problems, which can
be formulated in this contezt. Some of them can be solvable easily, but
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some of them may be even NP-hard. In this contribution, we shall confine
only to investigation of the properties of the universal set M (’P) and to a

method of solving one problem with the membership function 0@, Other
problems may be the subject of further research.

Remark 3 Let us remark that even in case that we allow simultaneous
work of two machines it may happen that M (’P) = () and the correspond-
ing fuzzified problems are unsolvable. In this case we can try an approach,
which allows simultaneous work of k machines for a given k > 2.

Remark 4 An alternative approach would be to leave the order of com-
pletion times unchanged, i.e. sj_1 + pj—1 < S; +p; for all j, and to relaz
the order of the starting times s;.

Remark 5 The situation considered in this article may occur if parallel
processing of operations is allowed, but it is connected with additional
ezpenses arising for instance from the necesity of additional machines or
workers. If there is no feasible schedule satisfying the given requirements
without parallel processing, the feasiblity without parallel processing can
be achieved only if we change some of the input parameters hj, H; or
p;. It may happen that the shortening of processing times p; is 1mpossi-
ble because of technological reasons and we cannot also change the time
intervals [hj, H;] (e.g. in case that the operations produce unstable or
perisable items that must be available in prescribed time periods). In
such situations, we can proceed in such a way that we allow parallel
processing of operations, but because of economic reasons we try to min-
imize the time duration of the parallel processing. In the sequel; only two
operations are allowed to be processed at the same time.
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2. Properties of the Feasible set M (’P)

Let M (’P) be defined as in the preceding section. We shall derive a

procedure, which enables us to find out whether M (’75) # 0 and if it is
nonempty, to find its greatest element 3 in the sense that

seM(P) and s<3 VseM(P).
Let us set at the beginning s= H. f H e M (75), then M (75) # 0
and 3 = H is its greatest element. f 5=H ¢ M (’ﬁ), we shall proceed

as follows: Since any element of M (73) must satisfy the inequalities
81 < 89 <...< sp, the time 3, = H, is the latest possible starting time
for operation n and it holds at the same time that

Sp-1 S Sn S Hn

and

Sn—2 + Pn—-2 < Sn

so that it must be s, = max(hn-1,hn-2 + Pn-2,hn) < 3n = Hp. I this
inequality is not fulfilled, then M (’P) = (). Otherwise we accept 3, = H,

as the latest possible starting time for operation n and proceed further
to Sp—1. It must hold:

hn—l S Sn-1 S min(Hn—lygn)
Sp-2 S Spn-1
Sn-3 + Pn-3 S Sn-1

so that

Sp-1 = ma'x(hn—ly hn_2, Rp-3 + pn—3) <sp1 < min(Hn—l,-s-n)
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If max(hn—1, hn-2, An-3+pn-3) < min(Hn_1,3,) we accept 3p_1 = min(Hp,—1,35)
as the latest possible starting time for operation n—1; otherwise M (’P)
0. Let us consider still s,_g, it must be

hn—2 S Sn-2 S H -2
Sn-3 S Sn-2
hp—a+Prn-a < Sp-2 < Sn-1

so that

Sp—2 = ma'x(hn—27 hn—37 hn—4 + pn—-4) S Sn—-2 .<_. min(Hn—Z,gn—l)

If max(hn—3, An—3, hnes+Pu—s) > min(Hn3,5a-1), then M (P) = 0, oth-
erwise we accept S,_; = min(3,-1, Ha—2) as the latest possible starting
time for operation n — 2 and proceed further. We obtain in general

Sn—k = max(hn ks hn—k—l, hn—k—2 + pn—k—2) S Sn—k S Sn—k =
= 0r<nl£1 Hy ki for k=0,...,mn—3 (11)
sy, = max(hy, hy) <52 £52 = 2r5nji_<l_1n H; (12)
= < G, = 1 .
$1=h <1 <5 = 1r5nj1£n H; (13)

Therefore if M ( ) # (), there exist always 5,5 € M ('P) satisfying (11)-

(13) and for any s € M (’P) it is s < s < 3. It can be easily verified
that this procedure either interrupts on a step k£, 0 < k <n—1 with
rna,x(h.,,h_k,h,,_.,c 1) hn—k2 + Prn-k—2 > min(Hn_k,Sn-k-1 and the answer
that M ( ) = {), it gives us in the step k = n — 1 the greatest and the

smallest element of M (’f?) and since s, S € M (’P), itis M ( ) # 0.
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3. Optimization Problems

We shall assume in this section that M (75) # { so that according
to the results of the previous section there exist elements s, 5 € M ('ﬁ)

with the property s < s < 3 for any s € M (P) Let us consider now
the following optimization problem:
(2

p(s) = 2%1?5)51 @; ' (8j-1,8;) — min } (14)

A

st. seEM (’P)

where (,9.5'2)(3]'_1,3]') is defined as in (8).
It is evident that for any a > 0 we have
pD(s) S a & @(sja,8) Sa V)

and for any j € {2,...,n}

0 P(sj1,85) Sa & s +pi -8 S @

i.e.

Sj-1+Pi-1 — X 8 (15)

We can replace now condition (2) with condition, which takes into ac-
count both (2) and (15), i.e.

max(sj-1 + pj-1 — a,s5-1) < 8j (16)
Let us set

M (P, ) = {s|s satisfies (16),(3), (4)}

Using the same procedure as in the previous section, we can find out
whether M ('P,a) # 0. This can be used to employ a binary search
procedure for finding an approximate e-optimal solution of (14), i.e. a
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schedule s € M (75,01(5)), where ¢((s()) < a?)) and p®(s)) -
@B (s°Pt) < ¢, where € > 0 is a given accuracy and s°P* is the optimal
solution of (15).

Remark 6 There ezist also finite procedures for obtaining o°P* = @®)(s°Pt).
One possibility is to empty a subgradient feasible direction procedure
starting with s'©) = 3 and decreasing on each step only “active” go( )(3(0))
which are equal to @ (s0). Another possibility is to reformulate the
problem a linear programming problem and employ a special solution
method adjusted to the corresponding linear programming problem with

a special structure.

Remark 7 The optimal solution of (14) gives us a schedule from the set
M (’P) with mazimal membership value to the fuzzy set of schedules “ap-

propriate with respect to P 7 the fuzzy set is described by the membership
function o),
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