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ABsTRACT. This is a contribution to fuzzy derivatives which have been studied in
[J1 ~ J3] and in [K1 - K5]. Results on fuzzy derivatives of functions having multi-
dimensionl domain [K4] and chain rule [K5] are applied to get fuzzy derivatives of
functions given parametrically and implicitely. These fuzzy derivatives differ from
those being studied by D. Dubois and H. Prade in [DP1 - 3).

Fuzzy derivatives of real-valued functions of one variable were introduced in [K1].
They are based on the notion of fuzzy nearness relation which (for one-dimesional
case) is defined as follows (see also [K1], [J1] and [D1, D2])

Let X : R x R — [0;1]. We say that X is a fuzzy nearness relation iff the
following holds:

(1) zXz=1z=2

(2) Xz = 22Xz

(3) for each z,2,t if x <t < z then zXt > zX 2.
-~ (4) foreachz € R lim zXt=0.

( ) t—too

5) for all & €]0;1] and all z € R there exist unique z, > z and z_, < z such
that z Xz, = zX2_, = .

The ‘a’-derivative of a function f at x is then the interval given by the values

[@-a) = 1) f(za) = f(z)

The notation is a‘{%(m) (see also [J2, J3] and [K1, K2]).

The multidimensional version of such fuzzy derivatives was introduced in [K4].
Let f : R? — R be a function continuous at a point (z;y). Fix some fuzzy nearness
relations X, Y, connected with the z and y variables, respectively. Denote

f—a,z/(-T; y) = f(ﬂ:—:;—:l/i : i(ﬁﬂ, y), fa,xl(x; y) = f(xa;j) : i_c(x, )

Moz (%5y) = max{f-as' (2;9); far (z;9)}
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fma,m (z;y) = mm{f—am (z;9); fam (z;9)}

and similarly for the variable y.
The partial a-derivative of f for z at (z;y) is the interval

%(w; Y) = [frmas' (& 9); oo’ (€39)].

The partial fuzzy derivative of f for z at (z;y) is denoted by —58;%(33; y) and
defined by

8f

jy) = |Uminf fm, o' (z;9); limsup fur, o' (3 9) | -

a—1_

Before formulating main results yet some more notation is needed. Let Z be a
fuzzy nearness relation. Then we denote

z €z, [a;b] © (2 € [a;b] or 2Za > o or 22b > «).

Let ¢ : R — R be a strictly monotone function. Then we denote ¢(X) the fuzzy
nearness relation defined by

to(X) t=97 () X o7 (1)

By the addition and multiplication of intervals (subsets of | — 0o; 00[) we mean

[a1; az] * [b1; b2] = [min{ay * b1; a1 * be;ag * byjas x ba};

max{ay * by;ay * by;ag * by; az * ba},

where x is either addition or multiplication.

Theorem 1. Let ¢ : R — R be a continuous, strictly monotone function and 9 :
R —> R and F : R2 = R be continuos functions. Fiz somet € R. Denote T, X, Y

some fuzzy nearness relations, connected with the variablest, x, y, respectively and
further denote

c=o(t), y=9@1), [()=7F(p®)v@)

Assume the fuzzy derivatives gf{: (z; ), dT(t), gg (z;9), #( ) to be finite (i.e. to

be subsets of | — oco;00[). Then if there exists a fuzzy nearness relation Z such that

Foay/ (pli-a)iy) €2, 35-@i1) & Fay/(6(ta)i)) €2, 53 (5i0)

then
df oF ) dy oFr dy
Eﬁ'(t) - ﬁ(m,y);h—_(t) + @( )ﬁ-(t)-



Theorem 2. Let F : R2 — R be a continuous function such that
F(u;v) =c

defines a function ¢ : R > R (¥(z) = y). Denote X and Y some fuzzy nearness

relations connected wz'th the variables x and y, respectively. Let the fuzzy derivatives

28 (z;y), afz (z;y), % (z) to be finite (i.e. to be subsets of | — oo;00[). Assume

that there is a fuzzy nearness relation Z such that

oF

Za aya(w y) & Fy, a,y (wa,y) €z

OF
, .
F—a,y (w_a,y) @ 8ya (117 y)

Then OF ”
—ﬁ(m; y) C @(x;y)zﬁ;(m)-

Corollary to Theorem 2. Assume all the conditions from Theorem 2 hold. De-
note 3% (z;y) = [a; b] and gy (z;y) = [c;d] Then
(a) if §%(x;9) C] — 00;0[ and §E(z;y) C]0; 00, then

ZHE
dX ¢ d

(b) i §%(z;y) CJ0; 00 and §5(x;y) C] — 00; 0], then

925

(c) if 2&(z;y) C]0; 00[ and g—g(:c;y) C]0; oo, then
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