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Abstract In this paper,the fuzzy linear space based on a fuzzy subfield is
defined by the nested sets,it's pointwise characterization and some properties of

the linear relations of fuzzy vectors are discussed.
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S. Nanda''ldefined the fuzzy fields and fuzzy linear space . R. Biswasshowed
the mistakes in [1Jand redefined the concepts of fuzzy fields and fuzzy linear
space. Gu wenxiang!®gave one example,not only showed some propositions are
fale in [1],but also maintained that the definitions in [2]does not remove errors
in [1], Therefore redefined the concepts. Li Kelin [4] supplemented one condi-
tion for the definition in[3]and gave some results. On this paper we discussed
fuzzy linear space on fuzzy subfield by nested sets,its pointwise characterization
and some properties of the linear relations of fuzzy vectors are discussed.

1. Introduction , ‘ 7

Definition 1.1 ) Let X be an universe and P(X) be power set of X,I'C(0,
1],1f the mapping H:I'—P(X)

p—~H(u)

Satisfies; A<pe=H@M)2H (W)

then H is called a nested set of X,and we denote Hr={H) |AET'}. _

Hr can be reduced or refined according the convention in[7]. If Hr satisfies
the condition: When As%p (A, p€T) ,HA)#H () (for all A,u€T),then H is
called irreducible nested set. '

Two nested sets in X have the relation R if and only if they have the same ir-

reducible nested set about the same index set I, then the relation R is an equiva-
lent relation.

Using relation R we can classify the all nested set in X and the class contain-
ing Hr is denoted Hr which is called a fuzzy subset in X,and denoted H. The set
of the all fuzzy subsets on X is denoted & (X). We charcterized fuzzy subfield

and fuzzy linear space by irreducible nested sets.
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Definition 1. 2 ! et E be 4 field and FE€ S (E),Frbe the irreducible nested
sets of E‘ Ifv AGF,FA is a subfield of E, then Fis called a fuzzy subfield of E.

About the fuzzy subfield we have following conclutions , 161

(DI E is a fuzzy subfield of E,then E(1)=E(O)>E(x),v XxEE;

(Z)If is a fuzzy subfield of E jff YV x,yEE, (a)Ij(x-l—y)?E(x) /\E(y), (b)f

(~x)>lj(x) , (c)Ij(xy)}Ij(x) A F(y), (d)f(x"‘}F(x) » (x#0);
Definition 1.3 Let A,BE Z (E),then the product A © B is defined as fol-

lows

V A(y) AB(z) for y,z€E,
A B(x)=1yz=x
0 otherwise

An x,is called a fuzzy point in E iff x2(y) =0 for y#x and xa(x) =A5%0,x, o
Yue=(xXy)ip,is a fuzzy point too. If AE?(E),A(X)=A,xA(,) is called a principal
element of A.

(3){’ is a fuzzy subfield iff V¥ x;,ypef,x;@)y,‘éf,~(xA)€Ij,xA ° y.€F,
XN (x#£0) € F.
2. Fuzzy Linear Space

Definition 2.1 Let E be a fuzzy subfield and V be a Linear space on E,(
#WE.F(V),Wr be the irreducible nested sets of W.If Y AET,Wiis a linear
space on F;,then Vy is called a fuzzy linear space on F. When E‘=E,VY is called

~

the fuzzy linear space on E.
Example 2.2 Let FE.57(C) (C is the complex field),Fris defined. by
r. 0 <0.1 <« 0.5 <<0.8
Fr: C >R  >Qt2) >Q,
then Fis a fuzzy subfield of C. As we knowen,C,[x]= {f(x) If(x)GC[x],deg (f
(x))<<n}U {0} is a linear space on C. Let WG?[Cn[x]],Wr is defined by
r. 0 <0.1 < 0.5 <0.8
Wr:Calx] 2R[x12QV 2 ),[x120u[x],
then W is a fuzzy linear space on the fuzzy subfield E of E.

Theorem 2.3 Let V be a linear space on a field E and E be a fuzzy subfield



of E,WeZ (V). Wis a fuzzy linear space on F iff

(DY ao,pe V,W(a——B)ZW(a) AW ;

(2)Y a€V,VY kEEJLV(ka)?YV(a) AF (k).
Proof: (only proving Sufficiency) Suppose WG?(V) Wris the irreducible nest-
ed sets of W VAETD,Y a,BEW,,V kEF,, then W(x)>)\ W(B)>7\ F(k)>)\
therefore W(a—B)>)\,u—B€- WA,W(kX)>}\ kx € Wy, W, is a linear space on F,,
thus W is a fuzzy linear space on F

Theorem 2.4 Let V be a linear space on a field E and F be a fuzzy subfield
of E. WE?(V) is a fuzzy linear space on Flff Y «,8€V,VY k,IEE.

Wika+I8) > (W) A W@ A (Fk) A F).

Suppose that ax,B,.EVNV,k‘,lsEIj,defining ke > ax=(ka)px,then We have fol-
lowing the pointwise characterization on fuzzy linear space.

Theorem 2.5 Let V be a linear space on a field E and F be a fuzzy subfield ‘
of E. WG F# (V) is a fuzzy linear space on Flff v ou,BFEW ke, 1, GF k ° m@l °
B,‘G F (where “@”,“ o ” are the operation introduced by the operation “+”,
“«”inE.)

Theorem 2. 6

(O \LV, ,YVZ are fuzzy linear spaces on a fuzzy subfield F,then V~V1 nvyz so
1S3

)i Vyl ,Wz are fuzzy linear spaces on a fuzzy subfield F,then VY&DYVz SO
15 .

(OIf W is fuzzy linear space on Ij,then Ya€ V,W(a)gYV(O)<F(O)=F
(1); |

(DI \y is fuzzy linear space on Ij’W‘l"m’: {aGVIW(a)=W(O)}?’-‘{O} ythen
W\f(m containes the minimal nonzero sub;pace of V.
3. Fuzzy vector and Fuzzy linear relation

We call the elements in fuzzy linear space V~V as the fuzzy vectors and the ele-
ments in fuzzy subfield F as the fuzzy numbers. Specially the fuzzy vector O, is

called a A—zero vector and the fuzzy number 0. is called a p—zero number.
Definition 3.1 Let W be a fuzzy linear space on F,a§” ,a{”, ™ EW. If



existing a group of fuzzy numbers a) »a.2, ++a™ which are not all zero in F,such

that
a:“l) (l)@ a(2) (2)@ (_Ba(m) _OA,

(where A= A (A, gi,j=1. 2,'"m}>0) then we call fuzzy vectors a{”,aiz’,

ai™ are A—linear dependent »conversely, we call they are A—linear indepen-
dent '

Note 1:0i”, 2, »ai™ are A—linear dependent means the degree of linear
dependent of vectors a,a'?, e+ ,a™ in V is A,

Note 2: Though fuzzy vectors «f! ya?, o™ are A—linear independent ,but
they may be u—linear dependent (p>0).

Example 3.2 Let V=R?®be the 3—dimension real linear space ,.E be a fuzzy
subfield of R and YV be a fuzzy linear space on E, Ij and W are defined as follow-
ing:

0.8,x€Q
F(x)=10. 5,x€Q( 2 )\Q

0.1,xER\Q(W 2)

0.9,a=(r;,0,0)
W(a)=40.4,a=(1,,r,,0) r; %0
i 0.1,0=(r1orpry)  1g0
Let a“)—-(l 0,0), gyfl(Z)—(I,l’O)o_.tva(S)—(1 2,0)0.45then ex1sts fuzzy

number \/EO,Ss(—Z ’\/;)o.s, (\/;)o,s,such that
\/—2_0,5 ° (1,0,0)0.P(—2 \/—E)o.s ° (1,1,0)0.4@\/-;0.5 ° (1,2,0)0.4
:‘—(\/—2‘,0,0)0‘5®(—2 \/-,‘*2 \/?,0)0.469(\/?,2 \/;,0)0_4

=(0,0,0)¢4

Thus a1, a{?’ ,a{® are 0. 4—linear dependent. But there exist no any group of

fuzzy numbers a,’,a?,a:® which are not all zero such that a;f”,a{” »ai¥ are 0. 5—

linear dependent.

Note 3 When A= W(O) swe call fuzzy vectors a(”, {22’ ,"-azf:" are linear de-

pendent. In this case,A;=A;=+-=A,=W(0),

Note 4 In a fuzzy linear space,We can define vector subtraction;a;@B,,=qu



@ (—B).. But, it is different from classical linear space that the operation “@”
doesn't satisfy additive eliminate law. Therefore ,(a@B.=r. doesn't imply a,=r,

OB,

Theorem 3.3 Let W is a fuzzy linear space on a fuzzy subfield F and af?,

2 .
ai? ,++-ai™ be fuzzy vectors in W A=min{A;,*,Am}. af,a af?, +af™are \—linear

dependent iff a'V,a®, e ,a™ are linear dependent in W,,
Proof : (Neccesary) Suppose that all,af?, *»a{™ are A —linear dependent ,

then exist a group of fuzzy numbers au’»a,? ,-ai™which are not all zero (==X, i
=1,2,*m) satlsfled :

a,(‘l) (1)@ a (Z)C_D @a(m) _OA,

Since )\=m1n{7\;,pj|i,j=1. 2.,---m} ,then a‘”,a“),---a(""EF;L,a(”,a‘z,’,'--a"“’
€ Wy,and in Wi we have a®Va® 4-a@a® 4 eve g™ (%)

Le,a'”,a® eeqg™ are linear dependent in W,.

(Sufficiency) If «V,a®, -, a™ are linear dependent in W,,the there exist a
group of numbers a”,a®,+.-a®™ € F,,such that ( * ) is truth,Since F(a®)>=a,
(i=1,2,+m) So we can choose a group of fuzzy numbers a", a?,ai™ EF,,
which are not all zero,such that

1) ai])@ 3;2) aiz)@...a{m) aim)zol-

Corollary 3.4 Let of’,af?, +af™ be fuzzy vecters in fuzzy linear space w.
If ai”,00”, +-ai™are A—linear dependent,then they must be p—linear dependent
(<N, '

Corollary 3.5 If ai’,0i?, 0™ are A—linear independent, then they must
be p—linear independent (u>>\).

Theorem 3. 6 (1)If there is u— zero vector in the group of fuzzy vectors
ail’y @, e ™, then ail, af?’, »ai™ must be are A—linear dependent , (A=min
{A}) and there is a part of fuzzy vectors are p—linear dependent.

(DT i, ai?, -+-a{™ are u—linear independent ,the It's any non—empty part
—group of fuzzy vectors are A—linear independent.

Definition 3.7 Let W be a fuzzy linear space on F,a§”,a{zz’ ---a{"",B;EW.
If there exist a;)’,a/2,+ai™ € F,such that B=ay’ t’D a? PP ‘Dag™ af

we call fuzzy vector Bi can be A—linear represented by af! ,a{f) ---ux"‘)(Thls

means the degree which B can be linear represented by a'’,a® e ja™ i5 A, )



Theorem 3.8  W,oV »ai?,++af™ , B, are above, then B can be A—linear rep-

~

resented by @, o, *ai™ iff B can be linear represeﬁted by a¥,a® e qm iy
W )

Definition 3. 9 W,a{}’,a{f’,---a{:‘) sBr are above,if f=ail &) a;ff’ P Peee
C—Da{:) ai:”, )

then we call fiis just A—linear represented by of? i, »a{™_ In this case,
is called a fuzzy linear combination of ), af?, eaf™,

Note 5 In classical linear space,We have a proposition ;

If ay,a;,+ay are linear independent and «q, 3025 ***0m, P are linear dependent,
then B must be linear represented by a;,a,,+qa,. In fuzzy linear space, this propo-
sition is not truth.

For example:Let V,W,F are above in example 3. 2,Let 017(\,“: a1 ,0,0)o.s,a§f)
= (l,l,O)o.s,a{f)=(1,1,1)0.4,Bx=(1,2,0)0,5€W;then o, af?,af® A—linear in-

dependent. (A€ [0,1]) and aﬂ’,a{f’,a{f’,ﬂ; are 0. 4—linear dependent,but B can
not be fuzzy linear represented by a0l o,

Definition 3.10 Let Whe a fuzzy linear space on Fraf, o, *afand B,

i’ B’ be two groups of fuzzy vectors in W.If V i (i=1,2,+m), o’ can be

fuzzy linear represented by B’ »BZ s ++B™ , then we call the fuzzy vectors group of

ay’ s, +=+a{™ can be fuzzy linear represented by the fuzzy vectors group of g,

2 (n)

i, g u, -

If two fuzzy vectors groups can be fuzzy linear represented for each other,
then we call these two fuzzy vector groups equivalent.

Theorem 3.11 The two fuzzy vector groups are above sthen they are equiv-
elent iff there exists t& [0,1],such that vector group of a'¥,a® .t a™ and vec-
tor group of BV, , .. g™ 416 equivalent in W,,

Theorem 3. 12 The two fuzzy vector groups are abo;re. These two vector
groups are equivalent iff (1)a®,«-a™3nd B, +++B™ are equivatent; )h=y;=t
for i=1.2+--m s]J=1. 2+n.

Definition 3. 13 Let W be a fuzzy linear space on E,ai'”,a{f’ , ---a{:’evy. If

(Do al?, - a¥ (k<<m) are A—linear independent,

(2)ad”(j=1,2+m) can be A—linear represented by of!’,of?, oo

Then {«”, o2, ¥ }is called a A —maximal linear independent group of
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{ad” s, ++af™} and k js called the A—rank of fuzzy vector groub of {af,ai?,ee
a™}. _

Theorem 3. 14 Let W be a fuzzy linear space on Foql,aff, craf™ € w.
Then {o{]’,+-®} is a A—maximal linear independent group of {02, e af™)
iff :

(Do ,a® e [ q®Y is maximal linear independent group of {ai]’,af?’, +seq™
in Wy; '

(2)7&;(j=k+1,'“m)=min{)\1,)\z,"'}\k}

4. Fuzzy Bases and Fuzzy dimensions

Definition 4.1 Let W be a fuzzy linear space on Fand of? ,a§5’,---a{:’ew.
If

(Da”,af?, +oi” are A—linear independent ; :

(2)V B.(u=n) € W,B. can be A—linear represented by o), a2, ey

then {afV sai?, eeeaf™} is called a A—{fuzzy base of Wand (m,}) is called the
A—dimension of W. Denote dim(W()\))=(m,l).
Example 4.2 Let W, F be above in example 3. 2,then afl’ = (1,0,0)0 450
=(0,1,0)¢.4is a 0. 4—base of W.V B.=(a,b,0),(u>0. 4Hew,
then ayail“@b,,a{f’@lo_4ﬁp=00.4
dim(W(O. 4))=(2,0.4)

By this example, We know that fuzzy linear space is not simple simalator of
classical linear space,it contains richer connotation.

Theorem 4.3 Let W,a!,af?, af™ be above,then a;f;”,a{f’, rai™ is a A—
base of Wiff a'V,a®,«es ;a*™ is a base of Wi,

Theorem 4.4 Let W be a fuzzy linear space on F,and a{l“,aif),---a{:’ be a A
—base of Withen oi’, 02, +-af™ can be extended as a p—base of W), e,
dim(W(A))<dim(W(y))(when p<A)

Theorem 4.5 Let W be a fuzzy linear space on Foai,af?, e af™ be a A—
base of W.If B be just linear represented by a{l”,aif’, *a\™, then the represent

way is unique. .
Proof:Suppose that A=all’ V@ a® 6D Daf™ o™,
NI NI} @) @M., (m) _(m)
and Bx—bxl ﬂxl @ bxz a)‘z @ (—Db)‘:‘ a T



then (a1} Ob{!)af@-+® (e Obir ol 0,
since ai’,af?’, --af™ are A—linear independent,so a®,a®, .. ,a™ 4re linear
independent in W,,thus,In W, we have a® —phP =g (i=1,2,m),i.e. a®=
b®,al’=b{’,(i=1,2+m), _
Definition 4.6 Let W be a fuzzy linear space on Fand & ,a{?, ++of™ be a A

—base of W.If B be just linear represented by ai'”,aif’,"-a{:”,i. e.
B=al' @ af® 6D Day™ o™,
then (ai’,a\?’, ++af™)is called the A—coordinate of B about ol ,af?, seeay™,
Theoremd4. 7 Let a{“),aﬁf’,---a;f:" be a A—base of W,and A=min{j, li=1,2
@) (m)

em} If ai” a1, «-af™ is the A—coordinate of frabout af,af?,++-af™ ,then

(DY p<chs (a™,a®, 4« ,a™)is the coordinate of Bin W,;
(Z)E(ai)‘—“W(am) (i=1,2+m).
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