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Abstract: In {6] Bhattacharya and Mukherjee introduced the concept of fuzzy Abelian subgroups.
In this paper, the investigation of fuzzy Abelian subgroups is continued.
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1. Preliminaries

We first recall some basic definitions for the sake of completeness.

Definition 1.1 Let G be a group. A fuzzy subset z of G is called a fuzzy subgroup of G if

(1) ¢ (xy) 2 min{u (x), £}, V x, yeG;

Qu@xhH>pukx),VxeG.

The identity element of any group will always be denoted by e. If u is a fuzzy subgroup of a
group G, it follows that

H(e)z ux), VxeG,

pxH=pu),VxeG,
and ;, is called a level subgroup of 4, where 4; is a level subset of x4, defined by

={xeGlux)z 4, A0, 1]}.
Definition 1.2 [2] Let G be a group. A fuzzy subgroup u of G is called to be normal if
px )2 p@), Vv x, yel.

Theorem 1.1 [2] Let u be a fuzzy subgroup of a group G. Then u is a normal fuzzy subgroup
of if and only if any one of the following conditions is satisfied

(D pCyx™y=pu@),VxyeG;

@) u )= p(Ox), V x, yeG.

Theorem 1.2 [2, 3] Let G be a group and y a fuzzy subset of G. Then u is a (normal) fuzzy
subgroup of G is and only if the level subsets 4, , for A€[0, 1], are (normal) subgroup of G.

Definition 1.3 [2] Let G be a group and u a fuzzy subgroup of G. Let

N(u) = {aeG | u(aya™) = u (x), V xeG}.

Then N(u) is called the fuzzy normalizer of u.

Theorem 1.3 [2, 5] Let u be a fuzzy subgroup of a group G. Then

(1) N(p) is a subgroup of G;

(2) pis fuzzy normal < N(w) = G;

(3) p is a fuzzy normal subgroup of the group N(x).

Definition 1.4 [7] Let u be a fuzzy subgroup of a group G. Let

Cw)=1{aeG| u(la,x]) = u(e), V xeG}.

Then C(y) is called the fuzzy centralizer of 4. Where [x, y] is the commutator of two element x, y in



G, that is, [x, y] = x "'y 'xy.

Theorem 1.4 [7] Let u be a fuzzy subgroup of a group G. Then

(1) C(4) is a subgroup of G;

(2) C(p) is normal subgroup of N(x).

Definition 1.5 [8] For each i = 1, 2, ..., n, let 4 be a fuzzy subgroup of the group G, . The
product of y; (i = 1, 2, ..., n) is the function

XX, X, GixGyx.. . xG, —»[0, 1]
defined by
XX X (x) = min{g(x), 15(%);..., (XD},

where x = (x}, X3, ..., X,). 5,€G,i=1,2, ...,n.

Theorem 1.5 [8] For each i = 1, 2, ..., n, let x4, be a fuzzy subgroup of the group G, The
X% X, is a fuzzy subgroup of the group G,xG,x...xG,.

Definition 1.6 [6] Let u be a fuzzy subgroups of a group G. Let H = {xeG | u (x) = u (e)}.
Then u is fuzzy Abelian if H is an Abelian subgroup of G.

2. Main results

From here on we make H= {xeG | u(x)= u(e)}.
Proposition 2.1 Let u be a normal fuzzy subgroup of a group G. Then HCC(uw).
Proof. Since V xe H we have u (x) = u(e), V yeG,
p ([x, D) = p(x Yy 'xy) 2 min{u (x), 4 (')}
= min{u (x), 4 (x)} (Theorem 1.1)
: =p(x)=u(e).
This implies that xe C(u), that is, HcC(u).
Proposition 2.2 Let 4 be a fuzzy subgroup of a group G and » a natural number. Then
#(p)) = p (y7), Y x, yeC(u).
Proof. From Theorem 1.3(3) and Theorem 1.4(2), u is a normal fuzzy subgroup of the group
C(u). Consequently, for V x, ye C(1), we have
H(Op)) = 1 (.. xyxyxy) = p (.. xyxy’xfx, y])
2 min{u (xy....xyxy™x), p([x, y1)}
= p(xy..0xy*x) = p (... xx7%)
= p(y..'xx, y]) 2 p (Fy...xp°)
> 2 u ™
= (x™'y"x[x, y™'])
2 p(x™y™)=px"y"
and
pxmy™y=p(x™y"x) = pu(x"yxy™ Iy, x])
2 (x™yxy ™)
2.2 p(xy..xxyix)
= p(xy.. xyxyxylx, y]) 2 p ((x)").
This is, u ((xp)") = p &"y").
Theorem 2.1 Foreachi=1, 2, ..., n, let », be a fuzzy Abelian group of the group G; and u(e,)
= 1 (), Vi, je{l, 2, ..., n}. Then pyxppx... %t is a fuzzy Abelian subgroup of G xGyx...xG,.



Where ¢, is the identity element of G..
Proof. From Theorem 1.5, p,x15,x... x4, is fuzzy subgroup of G xG,x...xG,. For each i = 1,
2, ..., n let
H;= {xeG;| pfx) = ple;)}-
Then H, is a Abelian subgroup of G, and H,xH,x...xH, is a subgroup of G,xG,x...xG,. Let
H = {x€GxGix...xGy | txpyX... X h{X) = XX ... Xphn (€)},
e =(ey, ey, ..., e,) is the identity element of G;xG,x...xG,. Then H is a subgroup of G\xG,x...xG,.
Now V xe H,xHyx...xH,, x = (X, X3, ..., Xp), X;€ H,, we have
XX o X () S XX Xy (X4 Xy ooy X)
= min{s(x,), t(x2), -- -5 Xn)}
= min{g(ey), tf€2)s ---» Hal€n)}
= XX X, (8, €, ..y €))
= XX Xy ().
Consequently, xe H. Conversely, V xe H, x = (x;, X,, ..., X,), X;€ H;, we have
min{z(x,), 1(%2)s - l(Xn)} = HX X .. Xy (X)

= UyX X, . X, (€)
= min{g(ey), 4(€2), .--» tlen)}
= ufe;).

It follows that x,e H; (i = 1, 2, ..., n), that is, xe H)xH,x...xH,. Thus H = H\xHx...xH, .

Also, H, is Abelian for each i = 1, 2, ..., n, so we have that H = H\xH,x...xH, is Abelian
implying that g,xgx...x4, is a fuzzy Abelian subgroup of G,xG,x...xG, is a fuzzy Abelian
subgroup of Definition 1.6.

Theorem 2.2 Let y,, for Vael, be fuzzy Abelian subgroup of a group G and u,(e) = u; (e)

for Va, fel” Then n M, is also fuzzy Abelian subgroup of G.

ael

Proof. Let
H,= (xeG | 1fx) = e}, ael,
H={xeG | ([ )@ = ([ 4, XD}

ael ael’

Then V xe H, we have

He @) 2 A 1, (1) = ([0 )00 = ([ 0 X@)

aell | ael

=inf y1, (€)= pr(e), Va'el:

That is, xe H,; Conservely, V xe H,, we have

Hdx) = ple)}, Vael
implying that

(#a 0= inf 1, ()= inf g, (&)= ([ 2o o).

ael ael

That is, xe H. It follows that H= H,,.
Since H,, for Vaelr, is Abelian by Definition 1.6, we have that H is Abelian implying that

[\ 2, is fuzzy Abelian.

ael’
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