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Abstract: A BZMV® - alegbra is a system endowed with a commutative and associative binary
operator @ and two unusualorthocomplementation: a kleen orthocomplementation—and a

Brouwerian one ~ , and every BZMVY. algebra is both an MV- algebra and a distributive de-
Morgan BZ-lattice. Our main results is that the following properties hold, for any BZMV¥ .

algebra (4,8,—, ~,0,Vx,ye 4,(D~~ x = xiff ~x® x =x iff xD x= x,(2) x Ay=0 iff

<y, )~ x®Py) =~ @~y D ~x=1.
Keywords:BZMV -algebra;Kleen orthocomplementation; Brouwerian orthocomplementation.

In 1997,G.cattaneo, R. giuntini and R. Pilla presented the concept of BZMV¥ . algebras m,
The main properties of this system is studied, from [1], any BZMV % . algebras are the same as

4l Qs

ihe Stonian MV- algebras and a first representation theorem is proved. i
The aim of this paper is to make further investigation of the features of BZMV % - algrbras.

1. Preliminaries

Definition 1.1"1 A BZMV® - algebra is a system <4,®,—,~,0> where A is a non-

empty set of elements, 0 is a constant element of A4 ,— and ~ are unary operationson A4, @D isa
binary operation on A, obeying the following axioms:

MB) (x@y)®z=0D2®x,

(MB,) x®0=x,

MB;) —(—x)=x,

MB,) —(x®y)®y=-(x®-y)®x,
(MB;) ~ XD ~~ x =~~ X,

(MB,) x® ~~ x =~ x,

MB,) ~—[-(x@)D]l==(~xP1~~p)®-~y.



From [1], making use of BZMV ™ algebra structure, we can define some new operations:

1:==0, @
X®yi=—(—xD-y), )
xvy=(x®—p)®y=—(—x®y)Dy, 3)
XANY=(xDp)®y=—[-(xD-y)D—y]. @

Theorem1.2" If 4 isaBzMV™- algebra, then the following results are true:
6) x®y=y®ux,

© (Dy)®z=x8(y®2),

@) x®D1=1,
® x®—x=1,

() —(x® ~~ x)® ~ x =1,

10) —x®~x=1,
(1) xA~x=x,

(12)  ~(xAy)=~xv~y,
(13) ~(xvy)=~xA~y,(ie,x<y=>~y<~x,)

(14) xAn~x=0,

(15) ~—X =~ X,
(16) ~x® ~x=~1x,
an =0 =~ 0.

2. Some Results

Theorem 2.1 Let A be a BZMV ¥ -algebra, then we have
(18) Vx,ye 4,x A y=0iff y<~x

(19)forx,and x @ x=x,then Vye 4, x A y=0iff x<— y

Proof. (18) Assume x A y=0,then y A~X=(y A~X)VO=(y A~X)V (Y A~Y)
=(H{xAYN=y A~0=y.
Conversely, suppose y <~Xx, then trivially
XAY=XAYA~X)=Yy A(XA~X)y =y A0=0.



(19) Suppose x=x @ x, and, by (1) of proposition 2.2 of [1], x® y=x A y,

hence, x <= y iff x A y=0.

Theorem 2.2 Let A be a BZMV® -algebra, then Vx, y € A,we have
(XD yyr~xQ@~y
Proof. By theorem 1.2,we have (x @ y )A~(x @D y)=0,and (x ® y)<~x ®~y.
By x@® y=~—x ®~y, hence ~(~~x ®~~y)=~(x ® y). Thatis
A~X B~y (~x O~y (a~x D =~y )=~xQ~y.

Theorem 2.3 Let A be aBZMV Y -algebra, then Vx € A4, we have

xD~x=1
Proof. Since (x ®~x)=~x @ ~x= = (a~x B a~~X)==(a~X D — —~x).
By (8) of theorem 1.2,we have —(—~~x @ — —~~x)=—1=0.S0,x ® ~x=1.

Definition 2.4 Let 4 be a BZMV® -algebra, then Vx, y € A, we introduce the
following new operation “— ”:

X—>y=-x®Dy

Theorem 2.5 Let 4 be a BZMV ¥ -algebra, then VXx,y,z € A, the following holds:

(20) x > (y 2 z)y >(x —> 2),
@) x> y=ay—>-x,

@) (x> y)=> y=(y >x)>7x,
23) x > x=1.

Proof. (20) x >(y 2>zl x®(y 2>zl xB(—y®z)(~xDP-y)D z

Hay®-x)Pz=my B (- xBz)=myD(x > 2)
=y =>(x —> z).

CH x> y==xBy=y @ ax==(2py)Pax=2y > x
22 (x=2Y)2y=2(x2>2)Y)B y==("xDY)B y=-(x® - y)D x

==y X)P xS~y B x)>x=(y > x)>x.
23) x > x==x® x=1

In any BZMV M . algebra the elements which are idempotent with respect to the operation @ ,



the condition leads to the following:

Theorem 2.6 Let A be a BZMV® -algebra, then Vx, ¥,z € A, the following holds:

29 x>y D z)y=(x > y)D(x > 2),

(25) = x> x=x.

Proof. (24) Since (x = ) (x 5 2)=(= x D y)D (= x D z)

=(—-1x€B—.x)$(y®z)=—|x69(y69‘z)=x—)(y€Bz).

25) ax>o>x=xDx=x® x=x.
Let us introduce the following order relation “ <”:

x<yiff x> y=1iff = x® y=1

Theorem 2.7 Let A be aBZMV ™ -algebra, then Vx, y,z € A ,the following holds:
(@)if x<y,then y >z<x >z,
Gi)if x<ythen - y®z<—-xD z.
Proof. (i) Since (¥ —= 2)—>(x > 2)=x > (¥ > 2)> z2)=x >(z > y)> ¥)
=Hz=>y)>(x->Y)I(z>Y)D>1==(z2 > y)D ~0=-0=1,
50,y >z<x—>2Zz. |

(i) Since (~ y D z)>»(~x@ z)=(y o> z)>(x > z)=x >(y = 2)>> z)=1,

hence -y D z<-~x® z.
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