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Abstract: IN this paper,we introduce the concepts of grey subring and give the important
properites of it.
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1 GREY SUBRING AND ITS OPERATIONS

Let R be any set and L a bounded lattice with 1 and O,then a grey set 4 in R is
characterized by two mapping: Ua : R—L, Ua :R—L where Ua2Ua .The set

Ay an={xlxeR, Ua(x) 2k, Ua 2A}
is called a [A,, A,]—level subset of grey subset 4.

Unless specially stated, R in this article only refers to the ring.

Definition 1.1 The  grey subset 4 of R is called a grey subring, if for all x,yeR, we have

(D Ua (x+y) 2min{ Ua (x), Ua 0)}, Ua(xty) 2min{Ua (x), Ua(»)};

() Ua(ey)2min{Ua (x), Un ()}, Ua (&) 2min{Ua (x), Ua(3)};

3) Un@)=Un (), Un@)=Un (=)

(@) Ua(0)=Ua (0)=1.

Theorem 1.2 Let 4 be a grey subset of R , then 4 is a grey subrmg of Riff V [A,, M]cL,
if A 197D, 4, ., is agrey subring of R.

Definition 1.3 Let R be aring, 4 and B be grey subsets of R, define grey sebset of R:
AN B, A+B, A'B,-A by:

e UAnB(x)—mm{ Ua ), Ua(x)} Uans (xX)=min{Ua (x),Us (x)};
2 UA+B(X)— sup {mm{UA(xl) UB(xz)}}

XI+Xx2=X

Un+s(x)= sup {min{Ua (x,),Us(x,)};

Xi+X2=X

(3) Un.s()=sup {min{Ua (x,),Us(x,)}},

Xlax2=X

Un+s(x)= sup {min{Ua (x,),Us(x))}};

(@) U-a(x)= Ua(x), U=a(x)=Ua (-x);
respectively.

Theorem 1.4 Let L be a complete lattice, then () A* is a grey subring of R, here

kel
{4%},, is a family of grey subrings of R. If 1is a finite set,then for all A AL, (:Q/ A
bl le (ﬂl.‘l),lzl .

The oreml 1.5  The grey subset 4 of ring R is a grey subring of R if
(1) sup {Ua (x)[xeR}=1, sup {Ua (x)|xeR}=1;

*Itisimbursed by Shan Dong Natural Science Fund



(2) A+AC A, thatis, Ua+acUa,Un+acUa;
(3) -Ac A, thatis, U=acUr,U—-acUa;
(4) A-Ac A4, thatis, EAOAQEA,(_]AoAgQA;
Proof: If 4 is a grey subring of R , then Ua (0=1, Ua(0)=1, thus sup
{EA (x)|xeR}=1, sup {Ua (x)|xeR}=1.
Furthermore, for any xeR,
Un + a(x)=sup{min{ Ua (x,), Ua (x,)}x=x,+x,}
< sup{ Un Gertxy)| X, +x; =x}= Ua (x),
50, Ua+acUa. Similartly Ua«acUa.
Thatis A+Ac A.
Similarly -Ac 4,4 -AcA.

On the contrary, conditions(1),(2),(3)and (4)hold,we prove 4 to be a grey subring of R,
because A+Ac A,-Ac A, A'Ac A, so we have:

Ua (x+y) >Un+ A (x+y)
=sup{inf{ Ua (x,),Us )} x+y,= x+y}
_ >m1n{ Ua (), Ua 0},
Ua (xy) =Unea (x+y)
=sup{inf{ U (x,), Un )} xyy=xy}
_ emin(Ua@),0a 0}
Ua(x)2U —a(x)= U, (%)
for all x,yeR.
Similarly,we have

Ua (xty) 2min{Ua (x), Ua())};
Ua(xy) 2min{Ua (x), Ur(»)};
Un (x) 2Un (0)=U,, (x);
for all x,yeR. _ _ _ _
Since for all xeR, 0= x+(-x), consequently, Ua (0)=Ua (x+(=x)) 2min{U, (x),Ua (-x)}
>Ua (%), so Ua (0)=1. Similarly, Ua (0)=1. Hence, 4 is a grey subring.
Theorem1.6 Let L be a complete distributive lattice, 4, B and C be grey subsets of
R,then
(1) (A+B)+C=4+(B+C),
2) AB+C)y=A4B+A4C,
(3) -(A+B)=-A+(-B).
Theorem1.7 Let 4 and B be grey subrings of R, then A+B is a grey subring of R.
Theorem1.6 and Theoreml.7 can be easily drawn.

2 RELATION OF GREY HOMOMORPHISM RINGS

Let R and R’ be two rings, fis a homomorphic mapping from R to R’, Cs(R) stands
for the set composed of all the grey subrings of R.Cs(R") stands for the subrings of R'.Let
Ae Cs(R) ,then fl4) is defined by:



Do (2= {sup{ﬁA(x) xS0 %4,
0 if fx)=¢
n_ Jsup{Ua(x) | x € f T () = 8,
) { 0 i =4
forall x' € R'.Let 4'e€Cs(R'),then f'(A4')is defined by:
Ur™ @) (0)=Un(f (),
l_].f"(A')(x) =U,(f(x),
for all xeR.
Proposition2.1 LetA4, A1 ,42 € Cs(R), A", 41,A'2€ Cs(R'), then

(1) Urn (0)=U ;) (0')=1,

Q) f(f(L4)=4,

(3) If AicAxthen f(A)cf (A42),

4) If AicA2then (A4S (42),

(5) f(AN A)=f(A)N f(42),

6) If Un()=1, U,,(x)=1,Urns®)=1, U,,(x) =1, forall xeher f,

then f(Ai+A2)=f (A )t f(42),

() If A'=f(A)and Un(x)=U,(x)=I for all xeher f, then 4= £~ (4'),

(8) Let Ao={x|xe4, Ua @)=Ua (x)=1},then f (Ao)(f (Ao

(9) If Ua (x)=Ua (x)=1,for all xeher f,

then Uy (f G)=Ur(), U, (f @)=Us ().

Proof: (1) Because OcUra)(0') and for any xeR, Ua (0)=12Ua (x), then
Usn (0 )=sup{ Ua (dxe Usa) (0')}=Ua (0)=1.  Similarly we have U, (0')=1.Then
Urar (0)=U s, (0)=1.

(2)—(8) can be easily established by[2].

©) If f@x)=x, then Ura(x')= sup {Un ()| yef'(x')}, and we have
U ;) (' y=sup{ Ua G)ye £~ (x')}, for all ze 7' (x'), zxeher f and Usn ( z-x)=U ;5 ( 2z
x)=1, thus Ua (z-x)=1 and Ua(x)=Ua(z), Ur(x)=Ua (2).

Theorem 2.2 If AeCs(R),A € Cs(R"), then

(1) f'(4')is agrey subring of R ,and 5/"(A)(x)=(_/f-.w(x)=1, for all xeher f,

@ f - (4 [0,0])= f - (4 ){0,0],

(3) If A isconstantlonherf then f'(f(A)=4.

Proof: (1) Because A’ isa grey subring of R’',so Us™ (x-y)=5A' (f (x-1)
=Un (f ®)- £ 0) 2Un (f GDAUK (f O)=Ur " wr @ AUF 0 0, U iy &)
=Up (S E)=Up (f - F O 2UL (f AU L (f OD=Us" a2 (x) AU ar ).
Similarly, Ur ") (ey)=Un (f (c3))=Un (f ) f ON2U (f GDAUN (f O)=Ur ) ()
AUF @O U 1 62U (F GIN=Up (f @ F 0N 2 (f GDAU, (f 0)=Us" @)
AU (. Thus f™'(4')is a grey subring of R.In addition , for all xeher f, Us™ o (%)
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= Un (0)=1, Ur'arx)=U,.(0')=L1. ,

(2) Letxe ' (4 (0, then [ (x)e A' ) ,therefore Un (f @)=, U, (f (x)=1, that is,
xe(f™ (4 ))gg - Furthermore, for all xe(f™ (4 ))gq , We have Us'w)(@)=U 14 @)=L,
consequently xe [~ (4’ pgp- ‘

(3) If A is constant 1 on herf, then Ur'w(f®)=Urw (f®))=Ua(x),
U ey =U ;a0 (f () =Ua (1), thus  (3) holds.

Lemma 2.3 Let L be a complete lattice, R and R’ are tworings, f: R —R' isan
emimorphim, then if 4 is a grey subring of R, then f (4)is a grey subring of R',and furthermore,
A is constant 1 on her f ,then f (A1w0.01)=( f (4))og; -

Proof: Because A is a grey subring, then forall x',) e R,

Ura (x- ¥ )=AUs(2)z € £ (- Y B2v{Un ()l xe [ () ye [ (¥}

=(v{Un @I xe /7 (XNAV{Ur O)lye [ ()

= Efm (x"))A EI(A) ),
Similarly,we have

Qf(A)(x,-y' )ng(A)(x’)A(_J.f(A)(y, ),
Ura) (2 ¥ )2Uray (x)AUra ('),
Qf(A)(x"y,)ZQf(A)(x')AQf(A)(y’)s
forall x',y' eR'. ,
By Lemma 2.1, we have Uy (0')=U ;s (0')=1, consequently, f(4) is a grey subring
of R'.
If x"e f(A)pg.,then Usay (x")=U s (X')=1, since f isan einimorphism, so xeR and
f(x)= x'.According to Lemma 2.1 we get
U (£ Y=Usa (f ©)=Ua ®)=1,
Qf(A)(x’)=g.f(A)(f(x))=QA (=1,
thus x'e f(4pg) i e ,(f f( Ao f (Aon), therefore  f (Awo.0)=( f (Ao -

Theorem 2.4 Let R and R' be two rings, f: R >R’ is an emimorphism and L a
complete distributive lattice, then there is a one —to-one presperving order correspondence
between the grey subring of R and that of R’ which are constant 1 on ker f.

Proof: Let @(R) be the set of all grey subrings of R', @(R') be the set of all grey
subrings of R which is constant 1 on ker f . Let 8: ¢(R)—> ¢(R’) and &: ¢( R')—>¢(R) be defined

as 3(4)=f (4),and e(A4')=f"'(4).
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