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Abstract In this paper, on the basis of the intuitionistic fuzzy sets introduced by K. Atanassov. We
define the intuitionistic fuzzy normal subgroups and the cut — sets of the intuitionistic fuzzy sets, dis-
cuss some properties of the intuitionistic fuzzy normal subgroups. Finally, a few equivalent proposi-
tions of the fuzzy subgroup constituting an intuitionistic fuzzy normal subgroup are given.
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1 Preliminaries

Definition 1.11)  Let X be a nonempty classical set. The triad formed as A = {{z,
1a(x), v4(x)) | z € X} onis called an intuitionistic fuzzy set on X . Where the func-
tions u, : X = (0,1) and v, : X — (0,1] denote the degree of membership (namely
¢a(x) ) and the degree of nonmembership (namely v, (x) ) of each element z € X to
the set A , respectively, and 0 <C p,(z) + va(x) <1foreachz € X .

All of the intuitionistic fuzzy sets on X are written as IFS[ X for short.

Definition 1.2{") Let X be a nonempty classical set, A,B € IFS[X), and A = {<
Typua(z), 04(x) >1 2 € X}, B=1{< z,ug(x),vg(z) >1 z € X} . Then the or-
ders and their operations are defined as follows.

(1) ASBiff y(x) < pg(z) andv,(x) = vg(x) foral z € X

(2) A = Biff yy(x) = pg(x) and v,(z) = vg(z) forallz € X

(3) ANB={< z,minfu,(z),pp(x)} max{v,(z),v5(x)} >1 z € X} ;

(4) AUB={< z,max{g,(z),ps(x)},minfv,(z),v5(z)} > z € X} ;

(5) A ={< z,04(x),ps(z) > z € X} ;

(6) DA = {< z,u,(z),1 - p4(z) >z € X} ;

(7) OA = {< z,1 —vs(x),v4(z) > z € X} .

Defintion 1.3)  Let X be an arbitrary nonempty classical set, {A; | j € J} C IFS[X)
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LA =< x,/.zAj(.z),uAj(x) >z € X}|. We definejQ]Aj = {< x,li.lél?tAj(:c),
SIGI?JA.(x) >z € X}.

Definition 1.4>) Let G be a classical group, the intuitionistic fuzzy subset A = {< z,
#a(z),va(x) >1 z € G} is called an intuitionistic fuzzy group on G , if the following
conditions are satisfied.

(1) pazy) Zmintp, (2), 14 (D), va(zy) <maxivg(z), vy(y)}, for all
Z,y e G ’

(2) #A($_1)>#A(I), UA(1—1)<UA(1) ’ for all €X.
2 The intuitionistic fuzzy normal subgroup and its properties

Defintion 2.1 Let G be a classical group, A = {< z,p,(z), v4(z) >1 z € G} be
an intuitionistic fuzzy set on G , then A is called an intuitionistic fuzzy normal subgroup
on G, if

palzyx™) 2=y (3), va (™) Swa(y) , forallz,y € G

All of the intuitionistic fuzzy normal subgroups on G are denoted as IFNS(G) for
short.

Theorem 2.1 Let G be a classical group. If A,B € IFNS(G), then A N B €
IENS(G]) .

Proof LetA = {< z,p,(z),v,(z) > z € G},
B = {< z,up(x),v5(z) > z € G} .
Then AN B = {< z,min{u,(z), ug(x)}, max{v,(z),v5(z)} >z € G}

Let  wynp(z) = min{p,(x),uz(x)}
Sana(x) = max{v,(z),vp(x)}

On the hand, for arbitrary z,y € G, A,B € IFNS(G) , by Definition 2.1, we have
wanp(za™) = min{p, (23 ™), ug(zyz 1)}
>min{;zA(y),#B(y)f

= wanp(y)
On the other hand, we get

Sanp({zx™) = maxiv, (zyz™),vg(zyx 1)}
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< max{ UA(,‘)’) ,UB(y)}

= 3An3(y)
Therefore, A (} B € IFNS(G) .

Corollary 2.2 Let {A; 1 j € J} C IFNS(G) . Then (1A; € IFNS(G) .
Theorem 2.3 Let G be a classical group. If A € IFNS(G). Then (JA € IFNS(G]) .

Proof LetA = |< z,p,(x),0a(z) >1 z € G} . Then
A = {< z,p4(x),1 = pp(z) >1 2z € G}
Let 8,(x) =1- pa(z),z € G
As A € IFNS(G) . From Definition 2.1, for arbitrary z,y € G , we have
pa(zyr™) = pa (), valme™) Sva(y)
Consequently, Salayx™) = 1 - palzyz™)
<1- #A(y) = 3,4(3’)
Thus, A € IFNS(G] .

Theorem 2.4 Let G be a classical group. If A € IFNS(G) , thenOA € IFNS(G) .

Proof Let A=1{< x,;zA(x),uA(x)>|:c€G} . Then
OA = {< z,1 —v(x),v(x) >z € Gl
Let @u(x) =1-uvu(x), 2€G.
For arbitrary z,y € G, A € IFNS(G) , we have v (zyx™') Luu(y)
Thus qu(xyr—l) =1- vA(xyx'l) =1- vA(y) = ¢A(y) .
Hence OA € IFNS(G) .
Note By A,B € IENS(G), we can’t derive from A € IFNS(G),A U B €
IFNS(G]) .

3 Main results

Definition 3.1 LetA € IFS(X), andA = {< z,p4(x),04(z) >1 z € X} forar-
bitrary A € (0,1, wecall A; & {z € X | vy (z) <A< pa(z)t and Ay & re X
| va(x) <A< pa(z)} astrong A —cut set and a A — cut set of the intuitionistic fuzzy
set A , respectively. Particularly, whenever A = 0,1,A, = Q.

Obviously, A, and A, are all classical sets, and A, & A, -
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Theorem 3.1 Let G be a classical group. Then the intuitionistic fuzzy subgroup A is an
intuitionistic fuzzy normal subgroup on G iff A, is a classical normal subgroup on G for all
A€ (0,1).

Proof Necessity. If A is an intuitionistic fuzzy subgroup on G . Then for arbitrary z, y
€ A,(# @) , by Definition 3.1, we have v, (2) <A< p4(2), vy (3) <A< p, ()

Thus, combining with Definition 1.4, we can obtain that
palzy) Zmin(py(x), 2, () =2
va(zy) <max(uy(z),0,(y)) <2
Az ) Z () =2, () <uu(z) <2
e vy(zy) <A< pu(y), vz ) <<A<< p(27Y) forall z,y € A,

Consequently, we derive from zy € A,, 7' € A, .

Therefore, A, is a subgroup on G .
For arbitrary z € G, a € A, = G, by A € IFNS(G) , we can get
palzaz™) = pp(a) 22, vy(zaz™?) <uvala) <A,
e, vp(zax™) <A< py(aaz™) .

Thus, we have zax ' € A, .

And so A, is a normal subgroup on G .
Sufficiency. If A, #* @ for each A € (0,1) , and A, is a normal subgroup on G .
Then we have

palzyr™) = pa (), val(mz™) <wy(y) , forallz,y € G.
Otherwise, if there exists z, or vy € G such that

#A(xoyoxt;l) < #A(yo) or UA(xoyox(;l) > UA(yO)

Take 4, = %[#A(yo) + pa(zoyozg )) or Ag = %[UA(yO) + ua(ZoypTo "))
Evidently, 0 << A, << 1, and we can infer that
valy) < Ao < #a(), #A(l‘oyox(;l) <2< UA(xoon(;l)
Consequently, we have ¥ € Ay, S Ay and 23y, = A, -
This contradicts that A"o is a normal subgroup on G .
Hence, we get palzyx™) = pa (), valpr™) <v,(y) forallz,y € G .
i.e., A € IFNS(G).

Theorem 3.2 et A be a fuzzy subgroup on G . Then the following conditions are equiv-
alent;
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(1) A € IFNS(G);
2) Alzyx™) = A(y) foradl x,y € G ;
(3) A(xy) = A(yx) foral z,y € G.

Proof (1)=>(2). Let A = {< z,pu4(x),v,(x) >1 z € G}.
As A € IFNS[G) . Then in the light of Definition 2.1, for arbitrary z,y € G,
we have
palzx™) 2= pa(3), va(myz™) Swa(y)
Thus, taking advantage of the arbitrary property of = , we get
palzlyx) = pua(z79(z™)™) = pa(y)
Therefore, ps(y) = pa(z W ay(z™)z) = pp(zyx™) = g, (v)
i.e. #A(:cyx_l) = ua(y)
Similarly, we can prove that va(zyz™!) = vy(y)
Hence, forall z,y € G, A(xyz™!) = A(y) is proved.
(2)=(3). Substituting y for yx in (2), we can get (3) easily.
(3)=(1). According to A(yz) = A(xy) , we obtain
A(zyr™) = A(yzz™) = A(y) = A(y)
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