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Abstract: The probability of fuzzy events is redefined. Basic Properties for the
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defined by expectation method.
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1 Introduction

For the probability of fuzzy events!"!, two different definitions have been
presented. One is so-called expecfation method, and other is so-called expansion
method™. The latter is narrated to be for fuzzy event A, its fuzzy probability P(A) is
defined to be

P(A)=A€?(/)'”(/1 AP(A4,)) (1)

The definition has two characteristics, one is considering the stratified structure
of fuzzy event, using probability of crisp event A , to approximate that of fuzzy event
A and, other is comprehensively considering with a conservative point of view that
membership level A of fuzzy event A and corresponding probability value P( 4,).

However, the definition has a clear shortcoming, shown, as example 1.1, that is, the

measure for possibility which fuzzy event will happén is too rough.
Example 1.1  Let ¢ be arandom variable ,and it takes values 1,2,3,4,5, and

its distribution series is

I -2 3 4 5
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Put Q={1,2,3,4,5}. Two fuzzy events A and B on Q are definition as

follows:
A=1/1+0.3/2+0.7/3+0.8/4+0.4/5,
B=1/1+0.7/2+0.7/3+0.7/4+0.7/5,
We get, by formula (1), the probabilities of A and B: P(A)=P(B)=0.7.
Clearly, A and B are different very much, and yet their probabilities are same. It

is irrational. We think that is caused by A AP(4,)in formula (1). The operator “/\”
Has imperceptibly lost some information as only one of both 4 and P(4,) is taken.
In addition, 4 AP(4,) is too slow in reacting the probability of crisp event 4,
for example, in Example 1.1, take 4=0.7, then A4,={1,3,4} and B,=Q, and so

P(4,)=0.8 and P(B,)=1.But 1 AP(4,)=0.7=1 AP(B,).

The purpose of this paper is to correct formula (1) and, put forward the new

formula which transform A AP(4,) into AP(A4,). Basic properties for this new

fuzzy probability are discussed, and the relation is exposed between new fuzzy

probability and old that defined by expectation method.

2 Probability for fuzzy event

Definition 2.1 Let Q be a sample space, and F(Q) a set consisting of all

fuzzy setson Q.¥ c F(Q) is called a fuzzy event fidledon Q ,if
(1) 1,e ¥, ,where ] ,(x)=1x€EQ;

(2) IfAec¥,then 4 € ¥, there 4 (x)=1-A(x),xe Q.

@) If 4 €¥,i=12,..n, {Z 4 eV,
Example2.2 Let rcQ beacrispevent field. Put y ={y,:Ber},

where, y, is The characteristic function of B. Then y, is a fuzzy event fieldon Q.

Example 2.3 All constant value fuzzy sets on Q forms a fuzzy event field on



Proposition 2.4 Let 7 be a crisp event field on Q, then there exists a fuzzy
event field F(z) on Q such that for each A €[0,1] and every A€ F(r ),we have

4, €1.

Proof From example 2.2 we see that y, = F(7) is the fuzzy event field on Q.
For each A €[0,1] and every A€ F(r),there is BE r such that A = X5 Clearly,
A,=Q for A=0,and 4,=Ber for 1>0. 0O

Remark 2.5 In the sequel, F(7) is the fuzzy event field having the meaning of
proposition 2.4. In addition, for A,B€ F(7), AVB is written as A+B if AAB= 0q;
Sometimes A /AB is written as AB.

Now we define probability of fuzzy event.

Definition 2.6 Let Q be a sample space, and 7 a crisp event field, and P
Probability on 7. For each A € F(7 ),its probability is defined to be

P’ (A= N AP(A})
Where, | is real unit interval, and the same below.
Example 2.7 For fuzzy events A, B shown as Example 1.1 we have P*(A)=0.56
and P* (B)=0.7.
Now we discuss basic properties for P
Clearly we have
Theorem 2.8 For F(7) we have
(1) For each AeF(7),0< P(A)<1;

(2P (15)=1,P"(0,)=0.
Theorem 2.9 Let4 ,4,,*,4,eF(r)and 4, A A;=045(@i#])). Then
P ( A ++4,)<P’ (4 )+ +P°(4)
Proof Foreach A e [I,from the properties of A -cuts for fuzzy set we have

( A,+---+A”)4=(Al\/"'VA,,)A=(AI)AU-f-U(A")A Since A,./\Aj=09(i¢j),



(A4, N\ 4;),=(4,);, N(4,),=D. Thus, it follows from the properties for crisp

probability that
P( Ayt d)=y AP(( A+t 4,),)

=V AP((4),U-U(4,),)

=N AP((4),++P(4,);)

=V AP(A4); )+ v AP((4,);)

=P" (4,)++P"(4,). O
Example 2.10 Let Q={x, y},P(x)=P(y)=~;~ :

Fuzzy events A,B on Q are defined as follows:

A=1/x+0/y,B=0/x+0.1/y.

The AVB=1/x+0.1/y, AAB=0,, and thus P* (A\VVB) =P " (A+B)= % ,
P’ (A)= % P’ (B)=1/20. Hence P* (A+B)#P" (A)+P" (B).
Theorem 2.11 Let A, Be F(7 ),and AB ,P* (A) >P* (B). Then
P (4 V"V 4,)SP" (4 )++P"(4,)

Proof Itis easy.

Theorem 2.12 Let A4,,4,,.,4, € F(r),Then
P (4 V"V A)SP (4)++P" (4)
Proof P' (4 V-V 4= v AP((4) )V U(4,),)
< M APQA) I HP((4,),)
< Y A4 e+ v AP(4,),)

=P"(4)++P"(4,). O

3 The relation between new and old fuzzy probability
For fuzzy event A on Q={x, **,x,}, its probability defined by expectation

g



method is

P.(A=Y A(x)P(x) 3)

i=1
Where, P(x;) and A(x,) are , respectively ,the probability and membership
grade of x,.
Theorem 3.1 Let Q={x, ---,x, } and AeF(r). Then,
P (A)< P, (A);
(1) P"(A)=P.(A)iff A is constant value fuzzy set .
Proof (1) There is no harm in assuming A(x;)=4,,i=1,2,...,n, and
A <A,<+s <A .Then
4, =Q A4, ={x,"x,},...4, ={ x,}.
From 4, <4,<-<4, we get
MP(4,)= H(P(x) ++P(x,))S & P(x,)+++ 4, P(x,),
Ay P(A, )= 2,(P(xy) +++ P(x, )< A, P(x,) +++ 4, P(x,),

Ay P(4;,)= A, (P(xy) 0+ P(x,))< A4, (P(x,)++++ 1, P(x,).

A, P(4,)=4, P(x,).
Thus A, P(4,,)< A P(4; )<< AWP(4,)
Hence P'(A)= N AP(A)=4P(4,)V 4, P(4, )V -V 4, P(4,,)
=hP(4,) S L (P(x) +A,(P(x,) +++ 4, P(x,) =P.(4)
(2) If Ais constant value fuzzy set , then there is re (0,1] such that
A(x;,))=r,x, e Q,i=1,2,....n. Thus

P(AY= v AP(A)=r (B(x)*P(x,)+P(x,)=r



P(A)= z": A(x)P(x,) = Zn:rP(x,. =r
i=l i=]
Hence P’ (A)=P.(A).

Conversely, if P* (A)=P, (A), then A must be constant value fuzzy event .In
fact, if A is not constant, then there is no harm in assuming A( x, )= A, and A4 <A,<-
<A4,. Thus

P'(A)= MP(4,)V A, P(4, )V 4, P(4,,).
Let AP(4,)=max {4 P(4,),..., A, P(4,,}},then
P (Ay=A,P(4,)=A,(P(x,)+ P(x,,)+ +P(x,))
=4, (P(x)+AP(x,,)+ -+, P(x,),
P*(A)=A(x,)P(x,) + A(x,)P(x,) + **+ A(x,)P(x,)
=4 (P(x,) +2,(P(x,)++4, P(x,)
It follows from P" (A)=P, (A) that
AP(x))+ A, P(xy) + -+ 4, P(x,)
=4 = AP+ (A, = 4,,)P(x,0) ++(4,- 4,) P(x,)
From A,<A, <-<1, wehave
A (P(x)) +A,(P(x,)+ -+ A, P(x,_)<0.

This is impossible A is constant value fuzzy event. -0
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