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Fuzzifying Rings Based on Complete Residuated Lattice-Valued Logic
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Abstract: In this paper, we introduce the concept of fuzzifying ring based on complete residuated
lattice-valued logic and investigate some of the their algebraic properties.
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Ying [2] used a semantic method of complete residuated lattice-valued logic to
propose the concept of fuzzifying topology . Shen [3] further established the theory of
fuzzifying groups based on complete residuated lattice-valued logic . In this paper , we are
going to discussed fuzzifying ring based on complete residuated lattice-valued logic . For a
residuated lattice , we refer to [5], let £ =<L,+,,®,°<> be a complete residuated lattice,
whose least and greatest elements are 0 and 1, respectively , and ® and << are the two
binary operations on L such that <I,®, <> is a residuated lattice . For any a, bel, we write
aBb=(axb) (b<a).InL-valued logic, the set of truth values is L, the only designated
truth value being 1. In other words , a formula o is valid , we wiite = @,if and only if
[p]=1 for every interpretation. The truth valuation rules of predicate logical and set
theoretical formulae are displayed as follows .

l.lal=alacl), [o V VIF[OH{ V], [0 A v I=[o}{ v],[0 A v ]=[p]®[ ¥], and
[0 = vI=[p]ec[v].

2.If X is the universe , then

(B ew@)]= X901, [(vx) o] =[Tlew)]

3.[x e Al= A(x)
In addition, the following derived formulae are necessary,
4. T PFP 0,0 V=9 —> V)A(V > q).
b.ACB:=(Vx)(x€A) > (xcB),4d=B=(4 < B) A (B c A).
In this paper, F ;(R) denote the L — fuzzy power of R , where R i8 an arbitrary
ring.

Definition 1. Let 4€F [(R), we set

n(A) = (Vx)vy)N(xe H N (ye d) > (x+ye )

7 (A) = (Vx)X(x € A) > (~x € 4))

- KA =I)VYN(xe AN (ye A) - (xy e A)



The unary fuzzy predicate r € F | (F , (R)), is interpreted as thc fuzzy property to an
L- fuzzifying subring in R, is given as follows:
r(A) = n(A) A r,(4) A 7,(4).
Theorem 1. Foranyde ¥ ,(R),
M. Ernd)-> ) o r,(4)). @. Er)->vx)xed>oc A).
Where 7,(4) = (Vx)(Vy)((xc A) A (ye 4) - (z-ye€ 4))

Proof:

(D[r(A4) & r(A)]

= J(ACx) - A(y) < A(x+ v)) B [T A() < A(x~y))
x,yER x,yER

= [T4x)- 4() < A(x+ ) B [TA® - A(=p) < A(x+ y))
x,YER X, yER

= [T4G) B A(-y))

x,yER

=T1A) B AC-p))
YER

=[r,(D]
Dlr (1= TTU®)-AP) < Az~ »))

x,yER

STTAE) < 4(0) = [(Vx)(x € 4) — (0 € A))]
x€R

Definition 2. Let 4e ¥ [ (R), we set
I(A) = (Yx)(Uy) (v € A) - (xp € 4)),
1p(A) = (Ve)(VyX(x € A) > (xy € 4)).

The unary fuzzy predicate / ¢ % ((F L (R)), called fuzzy ideal , is given as follows :
Ay =r(A NI (D NI (A .
Theorem 2. Let r,(4):=(Vx)(Vy)(xec 4) V (y€ 4) > (xy € 4)) then
Fr(Ay—I, (NI (A
Proof : [r(D]= [T(Ax)+Ap)) < A(x)) < [TUG) < AGy) =11,(4)], and

x,yER X, yE€R

[rs(D] = [TAE) + AR) < AG) < [T (A) < AQp)) = [I(4)]

x,yER x,yER
Corollary 1 E r,(4)/\ r(4) - I(4)
Theorem 3 Let 4eF ,(R), Be¥ [(H) ,andlet f:R-—> H be a surjective
ring homomorphic . Then
LEA@)>r(f(4); EIA) - I(f(4)
2EMB)or(f7(B); EIB e I(f(B)
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Proof : 1[5 (f(N]= [T(F(AX=)- F(Aw) < f(AXNz +w))

zweH .
=] 2 A T A e Y d(x+y))
zweH xef™'(z) yef ™ ow) xe,;:‘l(&:)),
YE »,

= [T TTM®-A() =< Ax+ v))

z,weH xef'l (2,

ref™l(w

= [TH)- A) < A(x + p))

x,yeG
=[n(4)]
Similarly , [r;(f(A))] =[r,(4)]
[ (f(]=[T(f(AX2) < f(A)(~2))
z€H

=TT« 2, 4x)« 2, A(=x))

z€H  xef(z) (-x)ef(-2)=(- £ (2))
=TT T < A(-x))

z€H xef (2)
=TT(A(x) « A(-x))

xR
=[] .
[/, (f(AN]= H(f (A)w) < f(A)(zw))
=TI 2 4= 3 ato)

zweH yef(w) ;:?:‘lgv))

2T TTUG) < AG)

z,weH xe f “tez)
yef i w

= [T(AG) =< A(x))
x,YER
=[[L(A)]
Similarly, (7, (f(4))] = [ (A)].
Therefore, we have [r(f(4)]Z[r(4)], [I(FAN]IZ=[I(A)].
2.[0(/7 BN = [T BXx)- £ HUBYY) < £7(B)(x + »))

%, YER

=[TBU @) B/ () < B(f(x+ p)))

x,yER

= LB @)-Bf () < B(f(x) + F(»)))

%, YER

= T](B(2)- B(w) < B(z+w))

Z,weH
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=[r(B)] .
where f(x) =z, f(y)=w. .
Similarly, [r,(f/™(B)]=[r(B)], [ (S (B)]=[r,(B)].
(S BN= [T B0 < f(B)x))

- T1EGo) < B0 G)
. x’fylk(Bﬁ(f(y)) « B(/(x) (7))
~ T < 2w

e,

where f(x) =z, f(¥)= w.
Similarly , [/, (f—l(B))]: [1.(B)]
Therefore  [r(f™(B)]=[r(B)], and [I(f™"(B))]=[I(B)].
Theorem 4 Let AeF ,(R) , ocH , and let SiR—>H be a surjective
homomorphism . Then
E(f7(0)= 4) > 1(4).
Proof : [f™'(0)= 4] =I_£(f (o)(x) B A(x))

=[] Geaw) [T«

x€f ™ (a) x¢f™ (o)
= J1 Qe+ [T o)
xyeR R x2f™ (o)
(x+9)Ef " (0)
S J] () 4p) < 4@+ ) - [T - Ay = 0)
(x+y)Ef" (o) x€f™(0)
S JT «Ae)-40) < Ax+p))- [TAE)- ) < A(x + p))
x+y)es (o) x2f 7 (o)
= [TWA4x) - A()) < A(x+ p))
x,yER
=[r(4)]
[T )=4]= T] (e Ax)- [T4(x) <o)
/(o) x€f™(0)
S T A(=x) < A(x))- [TAx) o« 4(-x))
x€/ (o) x2f (o)

=TTAx) < 4(-x))
XER
=[]
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Similarly [f7'(0) = 4] S[r(4)]
[/ 0)=A]= [] Qe dx))- [](Ax)x0)

xf™ (o) x2f o)
< J] Qed@)- JTAE) < Axp))
x.yER X, yER
xwef (o) 2/ )
S JT A = A0 TTAE) < 40))
2 S
= [T (A(x) «c 4(x))
x,yER
=[7, (D]

Similarly , [f7'(0) = 4] <[I,(4)].

Therefore , we have [f™'(0) = 4] <[/(A4)].

Definition 3 Let 4e€¥ ;(R), ocH ,andlet f:R—>H be a homemorphism .
Then f'(0) € F ,(R) is called the L-fuzzifying kernel of the homomorphis  f  relative
to A4 ,if

jl(0)={A(x)’ x€ 7o), forany xcR.

0, otherwise,

Theorem5 Ilet f:R—> H bea homomorphism . Then for any 4eF [(R), we
have '
E I1(A4) = I(f; (o).
Proof: [ (f;" (o)1= [T((/2' @)=) 77 O < £ (o) + )

"7 x,y€R
= []M® - Ap) < A(x+ »))
xy€f (o)
Z[n ()]
[ (2 ON=T (/7 (0)x) = £ (0)(~x))= [T (A(x) < A(-x)) =[r, ()]
x€R €110

Similarly [r,(£;(0)] = [, ()],
[ N=TTU @O0 « £ o) = [T A4y« AG)) =7, (4)]

xyEeR x.y€f (o)
Similarly [{s (f;l (o)) = [£ (D]
Therefore we have [I1(f'(0))] =[/(4)]
Definition 4 Let / be a ideal of R, AeF ,(R) , and let Ne¥ ,(I) . Then
A/N e F [(R/]) is called the L-fuzzifying factor set of R relative to the ideal 7, if
x+IeA/N:=Ea)(aec x+N) > (ac 4) N\ (x € a+ N))
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Theorem 6 (Fundamental theorem of homomorphis) Let f: R —» H be a
surjective homomorphism, 4€ ¥ ,(R) and o' € & . Then

E R AR > Ce)(gs HY ) 5 (541 £7(0') = F(4))
Proof For any x+f7(0')eR/f™(0') , we set g(x+ (') =f(x)=y ,
Then [g(A/ f;'(0"))= f(A)]
=[IC 2 7N+ 700N 8 3 Ay
yeH g(x+ (' N=f(x)=y J=y
21T T1 C 4@ -(f 0 X~a+x) B Ax))

yeH f(x)=y =R

=TT TT ¢ D A(a)- A(-a+ x) B A(x))

yeH f(x)=y f(a)=f(x}

=TI JI C 2 A@)A(-a+x)x A@x)-(Ax) e T A(a)- A(-a+ x))

¥’ £y f(@=f &) f@=f()
ZITI1 ( [TA@)- A(-a+x) < A(x))- (A(x) o< (A(x) - A(0)))) |

yE€H f(x)=y f(a)=f(x)

ZI1 I € [T @ ACa+x) « ([ (D]® (A(a)- A(-a+ 2)))- (A(x) < AO))
YEH )y f(@)=f(x)

Z[T1 TTAD] [ra(4)]
YEH f(x)=y
=[r( DA 7, (4]
Where , from Theorem 1(2) , we use A(x) o Ao) =[r,(4)]
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