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Abstract: In this paper, the theory of generalized fuzzy integral will be summarized. It includes

single-valued generalized fuzzy integrals, set-valued generalized fuzzy integrals and fuzzy valued

generalized fuzzy integrals.
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1.Intreduction

Since Sugeno'® brought out the concepts
of fuzzy measures and fuzzy integrals, the
theory had been made much deeper by
Ralescu'®’, Wang[9], Zhao'?!) and someothers.
As an extension of Sugeno’s fuzzy integral and
Zhao’s (N) fuzzy integral, we have put
forward the generalized fuzzy integral in (10],
then given it detail discussions in
(2),(11),012),(13), etc. Basing on these,
the theory of generalized fuzzy integrals of
set-valued functions is established in (17).
Furtherly, by introducing the concept of fuzzy

number fuzzy measure, the theory of
generalized fuzzy integrals of fuzzy-valued
function is built up in [3],{4] The paper’s
purpose is to summarize the main concepts and
results on this theory, and the discussion route
is from the case of single-value, to the case of
set-valued and fuzzy-value.

Through out the paper, R* denotes (0,

o], X is an abstract nonempty set, & is a

a-algebra formed by the subsets of X, (X ,&)
{s the measurable space, set-function u:5/ —

" [0,0) is a fuzzy measure under Sugeno’s

sense, (X,o,p) is the fuzzy measure space,
F(X) denotes the set of all nonnegative
si-measurable functions. M(X) is the set of
all fuzzy measures on (X ,s/).

The remainder of the paper consists of
three sections. In section 2, we will show
single-valued generalized fuzzy integrals; in
section 3, we will give set-valued generalized
fuzzy integrals, and in section 4, we will
discuss  fuzzy-valued generalized  fuzzy
integrals.
2.Singele-valued generalized fuzzy integrals

In this section, we first define a
generalized triangle norm, then define the
generalized fuzzy integral, finally show its
some basic propositions and convergence
theorems.

Definition 2.11% Let D = (0,0) x (0,
0] \{(0,%),(0,0)}, A mapping S:D —
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(0,0) is said to be a generalized triangle
norm if it satisfies the following conditions :
(i) S(0,z) = 0, for each x € (0,), and
there exists e € (0,0}, s.t. S(x.e) = x for
each x € (0,0), e is called identity of S;
Gi) a < b, ¢ < d implies S(a,c) < S(b,
d);

(iii) S(a,b) = S(b,a);

(i) {(zn, )} ©D,(z,y) €D, ifz, } z,
ya ¥y, then S(Zy,yn)converges to S(x,y).
Definition 2.209 Let f € F(X), A € d,
p € M(X). Then the generalized fuzzy
integral of f over A with respect to u is as
Sfollows :

[ fdu =\ Sasn(A N D)

where F, = {z € X:f(z) = al
9.1010)

integrals have following properties :
() f1.< fo implies | frde <[ fodu

(ii) A C B implies IAfd# <J-dey;

Theorem Generalized

Juzzy

(iii) £(A) = 0 implies jAfd# = 0;

(iv) JAfd,u = IXXA * fdp ,where X4 is the
characteristic function of A

) [ e = S(e,n(A))s
) [ (e v Pau = [ e v | faus

(vii) IAfdy = J:p (A N F.)da,where a is

the Lebesgue measure, the rihgt-hand
integral is also generalized fuzzy integral.
Theorem?2.2%)( Generalized monotone
conwvergence theorem ) Let {f,(n>1),f} C

F(X) un(n=1),p} C M(X).
@) I S b spin b e then [ Sdpon N[ fiss

(i) IfS(—:l-,°°)—>0(n—>°°),andfor Ve>
0133 e (0,8),n0€ N,S.t. /-l(fno>6‘0+
8) N A) < o, where cg = supla > 0:S(a,

) < [, fdul, then fud fopm ¥ implies

[ fodua ¥ | S

Remark. There are some other discussions on
single-valued generalized fuzzy integral, for
kinds

theorems in [ 12], Riesz represantation theorem

instance, various of convergence
in [15], generalized fuzzy integral on L-fuzzy
sets in [13], fuzzy measure defined by
generalized fuzzy integral, weak convergence
of fuzzy measure under generalized fuzzy
integrals, and level convergence theorem in
[20],etc. At last, it should be pointed out, a
kind of

integral——generalized

more general fuzzy

seminormed  fuzzy
integral is also built up in [20], it can make
generalized fuzzy integral and seminormed
fuzzy integral!”) as special.
3.Set-valued generalized fuzzy integrals

Let P(R*) be the power set of R*. A
set-valued function is a mapping F:X —
P(R* )\ {Z}.  The

measurability,

concepts of
convexity, closedness and
others on set-valued functions can be found in
[1]. Integrals of set-valued functions were in
[1]. Here, as an extension of set-valued fuzzy
integral(’), we will brought out the theory of
set-valued generalized fuzzy integrals.
Definition 3.1} Let F be a set-valued
function, p € M(X), A € o The
generalized fuzzy integral of F over A with
respect to p is as follows :

IAFd,u = {JAfdp: fe€ sF)



where S(F) is the set of all measurable

selections of F, "JA " is the generalized fuzzy

integral .
Theorem 3.10'7) Let y be an m-continuous
fuzzy measure. Then set-valued generalized

fuzzy integral has following properties:

(i) F is closed-valued implies IAde is
closed ;

(ii) F is convex-valued implies JAde is
convex ;

(iii) .[AcoFd;z = COIAde.

Theorem 3.217) Let F.(n = 1) be
set-valued functions , p(X) < 0o, Then

(i) Limsup JAF 2 C JALimsupF gt 5

(ii) p is null-additive and m-continuous

implies
JA LiminfF,dp C LiminfjAF gt .

Remark This section were adopted from [17],

for more details, refer to [16,17].

4 .Fuzzy - valued generalized fuzzy integrals.
A fuzzy number # is a normal,

closed-convex fuzzy set on R*. We use R*to

denote the set of all fuzzy number. On R*,

the Hausdorff metric is as D(#,5) = sgg((r;

- p5) V (#i — p1)), where r;y*) =
inf(sup){r:7(r) = a}l.

function is a mapping }:X — R*, itis said to

A  fuzzy-valued

be measurable, if its A-level interval-valued
function f3:X — I(R*) is measurable for
every A € (0,1). A fuzzy number fuzzy
measure is a mapping u:& —> R*, satisfies
normality from  below,  monotonicity,
continuity. In this section, we will show the

concept of generalized fuzzy integrals of
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fuzzy-valued functions with respect to fuzzy
number fuzzy measures.

Definition 4.11) Let f be a fuzzy-valued
Sfunction , ;: be a fuzzy number fuzzy
measure, A € {. Then the generalized fuzzy
integral of ? over A with respect to ;z is as
Sollows :

([ 7)) = supla € 0,1):r € [ Tl
Theorem 4.1141 Let f be a fuzzy-valued

function , g be a fuzzy number fuzzy

measure, A € . Then IA?d;: € ﬁ+, and

(J‘A?d; = JA?*d/:" where A € (0,1).

Remark. By using the above theorem and
results of single — valued generalized fuzzy
integrals, we can easily obtain various kinds of
properties and convergence theorems about the
fuzzy-valued generalized fuzzy integral. For
the details, refer to [3,4]. For the further

work, refer to generalized fuzzy integrals on
fuzzy setsl 511810191

Concluding remark

Up to here, we have summarized the
theory of generalized fuzzy integral of three
kinds of functions, they are single-valued
set-valued

fuzzy-valued functions. For the application of

functions, functions and
single-valued generalized fuzzy integral, it has
been partly shown in [11]. As to the others
applications, it should be furtherly
investigated.

At last, we pointed out as an extension of
single-valued generalized fuzzy integral,
lattice-valued generalized fuzzy integral has
been studied in detaill®], it is the most general

one as far as we know.
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