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Abstract

In this paper, the algebraic properties of fuzzy codes have been discussed, and several

equivalent depictions of fuzzy codes, fuzzy prefix (suffix, biprefix) codes have been given.

1.Preliminaries

The notion of the fuzzy language was first
introduced by zaeleh in 1969[1]. Since then,
in the study of fuzzy formal language, a lot
of excellent results have been achiedve by
researches. Particularly, the study of fuzzy
formal language extended the applicable
area of fuzzy set theory and reduced the
difference between formal language and
natural language[2]. J.Z.Shen introduced
the con cepts of fuzzy base on fuzzy
monoid in[4]. Based on[5], Shen in
troduced the concepts of fuzzy code, fuzzy
prefix code and maximal fuzzy prefix code.
In this paper, the algebraic properties of
fuzzy codes have been discussed, and
several equivalent depiction of fuzzy codes,
fuzzy prefix (Suffix, biprefix) codes have
been given.

In the following text, we suppose that X
(Y, Z) is an alphabet with 1< |X| ([Y|,|Z|)<
e and X" (X*) (Y'(Y"),Z'(Z")) is the free
monoid (semigroup )generated from X (Y,Z)

* Corresponding author

with the operation of adjoin. F stand for
“fuzzy” and F(X) denotes the set of all
fuzzy subsets of X, AEF(X") is called F-
language on the free monoid X'.e is the
identity of X".

Definition 1.1. Let A,BEF(X"), for any
A(X),if B(x)=0

0 ,ifBx)>0
(AB)(x)=sup min(4(y), B(2)) .

yz=x

xex*,(A-B)(x)={

Definition 1.2. Let S be a Semigroup,
B E€F(S) is called a F-subsemigroup of S if
B(xy)=min(B(x),B(y)) for any x,y ES.

Definition1.3[4]. A F-subesemigroup A
of X' is called a F-submonoid of X' if
A(e)=1

Definition1-4[4].Let AEF(X") be a F-
submonoid of X", BC A is called a F-based
of A if B(e)=0 and

(B,) for any x € suppA-{e}, B'x) =
A(x);

(By) for any x € suppA-{e}.x,y; €
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and X=X;X;...... X =Y 1Yz eeee Yms inply that

min (B(Xx,),...... B(x),B¥),...... B(¥m) <

min  ([m=n],[x=y],......[%=y]) = A(x),

where a=<b =1 if a<b; ao<b=b/a if

a>b;[m=n]=1 if m=n; [m=n]=0 if m#n.

Definition1.5[4]. A F-submonoid A of X"
is called F-free submonoid if there exists F-
based of A such that B*=A.

Definition1.6[5]. ¢ A EF(X*) is called
a F-code on X if A is a F-based of A*.

Definition1.7[S]. A nonempty F-language
¢ #A EF(X") is a F-prefix code if AN
AX'=¢.

Definition1.8. Let X be an alphabet, A
subset A of the free monoid X" is a code over
X if is for all nm=1 and x,...... , X,
Xp €A, xxyeex, = XX,
impliesn=m and x;, =x] for i=1;-n.

Proposeiton1.9. (1) A code never contains
the empty word e (2) Any subset of a code is
a code. Particularly, the empty set is a code.

Definition1.10. Let A be a subset of X",
then A is a prefix (suffix) set if no element of
A is a proper left (right) factor of another
element in A. A is called a biprefix set if it is
both prefix and suffix.

Defimtion1.11. A prefix (suffix, biprefix)
code is a prefix (suffix,biprefix) set which is
a code, that is distinct from {e}.
2.Epuivalent depiction of F-code

Theorem2.1. Let A< F(X') be a F-subset

of the free monoid X" .Then A is a F-code
< () ifforany n,m=1 and x,----- X,

x|, xh € X", the condition

xl'xz ------ _x" = x{x; ...... x"” =X

inplies  min(A(x), -+, ACs, ), A+, A(KL))
oc mln([m = n]’[x1 = xl']’ ...... ,[x” - x;' ]) >

A*(x). Where ac<b=1, if asb;a°<b=%,

if a>b forany a,be[0,1];
Lif x=
[x=y]= f -
0,if x=y
Proof. “<” Since
min( A(e), A(e), A(e)) °<

e.e=e then

min({ 2 = 1],[e = e]) 2 47(e), A(e) =

0> A*(e), so A(e)=0.And from (I) we
can obtain the following codition easily, for

any xesuppd-{e},x;,y; GX',

X=X Xq oeeee Xp= Y1V oo Ym . lmplies

min(jq(xl )’ ...... , A(xn ), A(yl )’ ...... , A(ym )) oc
min(fn=n]a[xl =yl]s """ ,[x,, =y,',])2A+(x),

So A is a F-code.
“=” For any n,m>1 and

X=X Xg ceeees x, =x1' ...... x;n If A(xi)>0
i:l......n,A(x"’,)>0’j=l’ ...... ,m, and

x#e then A'(x)>0,xesuppd’-{e}, by
the  definitionl.6 @we have that
min(A(xl ), ...... y A(x" ), A(xl,)’ ...... s A(x"" )) oc

min(n =n),[x = ), [x, = D2 4. If

x=¢, obviously

min(A(x,), -+, A(x,), A(x), -+, A(x,)) = 0 ,and
min( A(x, ), -+ s A(x, ), A(x]), o0 e »A(x,))

o< min(fm = nl,[x = x], - [x, =X 2 47 (x).

If there exists x or x| such that



Ax)=0,1<ig<n ord(x)=01<j,<m

then
min(A(xl )’ """ ’ A(x" )9 A(-xll)! """ ’ A('x:" )) =0 9and
min(A(xl), ...... ,A(x")’A(xl')’ ...... ’A(_x"")) oc

min(pn = nl,[x = 2], [x, =x,1) 2 A ().

Propostion2.2 Any subset of a F-code is
a F-code. Especially the empty set is a F-
code.

Proof. Let A be a F-code, and suppose
B is a subset of A, for any n,m>1 and

= Xq e x, =x, since A is a

If 4(x)>0,then

min([n = m],[x; = x{],---- J[x,=x,)=1or
min(ﬁl = m]’[xl = X:], T "[xn = x:,.])
= mm(A(xl )7 """ ’ A(xn )9 A(X{ )’ """ ) A(x;n )) =0.

Since BcA4, B(x)<A(x), B(x;)<AK)),

min(fr = m),[x; = x],- - L, =X D2 BT (x). If

A*(x)=0, then B(x)=0. The result is

obviously. By theorenm2.1, B is a F-code.

Theorem2.3. de F(X") is a F-code

=4 Ang' isacode forany A€ (0,1].

“=” For any nm = 1 and

code then
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min( A(x;), -+, 4(x, ), A(xX{), =+, A(xp,))
min([z = mL[x, = x{],------,[x, = x,]) 2 A" (x)
2 A"(x)2 1 >0, thus

min([n:m]’[xl —_-x;]’ ...... ’[xn =x;'])=]’
i.e. n=m ,x; =X for i=1,------ ,n, therefore
A; isacode for 1€(0,1}.

“&<"If A is not a F-code ,then there exists
weX ,w=Xxpeeee Xy =Y ¥m such that

min(A(xl), ...... ’A(xn)’A(yl)’ ...... , A(ym)) oc
min([n = m]$[x1 = ,V]], """ 9[xn = yn]) < A+(W) .

Then

A= min(A(xl)7 """ s A(xn)’ A(yl), """ b A(ym )) >0
and min(fr =m}[x =y ], [x, = y,] =0, ie.

xl’ ...... ,xn,y]’ ...... 9ymeAZ’ and m#+n or

x; #y; for 1<i<n so, A4, is not a code,

this is a contradiction, thus A is a F-code.

Theorem2.4. If a F-set A of F(X') is a

F-code, then any morphism g:¥* —» X"

which induces a bijecton of some aphabet Y
onto suppA is injective. Conversely, if there

exists an injiective morphism g:¥* — X~
such that sup p4 = B(Y) ,then A is a F-code.

Proof. Let B:¥° - X' be a morphism

such that B is a bijection of Y onto suppA.
Let u,veY" be words such that A(u) = £().
If u=e, then v=e; indeed S(y)=e for
each letter yeY, since A is a F-code.
fuze and

U= Y Yy reeer Y, ,vzyiyé ...... y;n with
n’mZI,y” ...... ’yn,yl' ...... y;"GY'Since ﬂ

v #e,set

is a morphism, we have

B )eeeee B, =BOr) B(y,). But A



is a F-code and B(y;),B(y;)esuppd, so

min(A(B()), - ABGL)) ABO ) ABG))
o< min(fm = nL,[B(1) = B+ [B0) = BBD

> 4" (Bu)>0,

mm([m=n],[ﬂ(yl) =ﬂ(y;)l]9 """ a[ﬂ(yn) =ﬂ(y;1)])>0

Thus n=m and A(y;)=p(;) for
i=1eeeee ,n,Now g is injective on Y. Thus
y;=y; for i=1---- ,n, and u=v. This

shows that 3 is injective.
Conversely, if B:Y" — X" is an injective

morphism . ,for any an,m=1, x, X,

and x,,--=++x,, X},-*+~X, esuppd = S(¥), then
we consider the letters y;,y; in Y such that

ﬂ(yi)=xi’ﬂ(y})=x}a P=1eeeee 51,
J=Leeeees ,m, Since B is injective morphism,

Xre oo 2=+ =2y = A1)+ AR =L - L)

i= 1’ ...... ,h
min( A(xl ),.' """ ? A(xn )’ A(x{ )7 """ > A(x;n ))
min([ m = n}[x, = x{}, o [x, = D =

min(A4(x,),+ -, A(x,)) © 12 A*(x) . Meanwhile
if there exists x;, or x| esuppd, then

min(A(xl )’ """ s A(xn)9 A(xi)y """ s A(x;n )) o
min([ m= n]a[xl = Xl'], """ ’[xn = x,',]) =0 o<

min([ n = m],[x, = x/1,-+-- JJx, =xD=12

A" (x). Therefore A is a F-code. Over X.

Definitoion2.1. A morphism g:¥" — X'
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which is imjective and such that
sup pA = B(Y) is called a F-coding morphism
for A. Where A is a F-code.

Corollary2.5. Let a:X —Y  be an
injectiive morphism. If A is a F-code over X,
then a(4)e F(¥') which defined by

sup pa(A) = a(sup pA) is a F-code over Y. If
B is a F-code over Y, then a-'(B)which
defined by a-'(Bye F(X") and
sup pa~ (B) = a”'(sup pB) , is a F-code over X.

Proof. Let B:Z° - X' be a F-coding
morphism for A. Then a(B(Z))=a(sup p4)
and since a-f:Z° —»Y  is an injective
morphism. By theorem2.4 a(4) is a F-code.

Conversely, let A=a-'(B), nm>1,

plax,) =< ,
mm([m = n]a[a(xl)=a(xi)]9 """ ’[a(xn)

=a(x))) 2B*(@(x)). f 4*(x)>0, then
x esup pA* =[suppa”(B)]' =a '(suppB’) and

it implies a(x) € suup(B)* . So

min([ m= n]9[a(xl) = a(xi )]: ’[a(xn)
=a(x,)) =1, ie. m=n, a(x;)=a(x;), for
that xX; =x] for i=1----- ,n, SO
min(A(x;), -+, A(x,), A(x1), o+, A(xp,)) o<
min([ m = n},[x, = x/},++- Ix, =% =

min(A4(x;), <+, A(x, ), AQx), oo, Axp))- - <



1=124%(x). If A*(x)=0, it is obvious.
Therefore A is a F-code.

Corollary 2.6. If 4e F(X") is a F-code,

then A" is a F-code for any interger n>0.

Proof. Let f:¥" > X" be a F-coding

morphism for A, then sup p4” = S(Y'"). But

Y" is a F-code, Thus the conclusion follows
from theoren2.4.

Definition2.2, A F-set AeF(X') is

called F-prefix(suffix) if for any x,x",ue X",

x =x'u(x =ux") implies

min(A(x), A(x")) <[x=x']. And a F-set is F-

biprefix if it is both F-prefix and F-suffix.
Theorom?2.7. A is F-prefix (suffix, biprefix)

set <> A, is ordinary prefix (suffix,biprefix)

setforany Ae(0,].

*
Proof. “=” For any x,x",ueX ,x=x'u

since A is F-prefix set, we have
min(A(x), Ax") <[x=x"1. If xx',e4,,
Ae(0]1], then A(x)21,A4(x)>4 and
[x=x124A>0, thus x=x' and 4, is
prefix set.

“<” In order to prove that A is F-prefix

set, suppose the contrary, then there exists

xx,ueX" such that x=xu and

min(A(x), A(x")) > [x = x']. So

0<min(A(x), 4(x")) <1 and [x=x']<1. Set
_ min(A4(x), A(x"))
=
x,x',€ A, and x#x',ie. A, isnot a prefix

A (o, %), it implies

set, which yields the contradiction. Hence A
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is a F-prefix set. ,

Proposition2.8. Any supset of a F-prefix
set is a F-prefix set.

Proposition2.9. Any F-prefix (suffix,
biprefix) set A4+ {(e,1)} is a F-code.

Proof. If A is not a F-code, then there is a
word w of minimal length having two
factorizations

A" (w) > min(A(x,), oo, ACx, ), AGx]), -, A(x},))

J=leeeens ,m and

min({ m = nl,[x, = x/],------ Jdx,=xD=0. Both
xy,%| are nonempty, and since w has minimal
length, then

[, =x;1=0, ie. x,x] are distinct. So
x=xu or x{=xv for u,veX*. Thus
min(A(x, ), A(x1)) >0 =[x; =x{], which
contradicts that A is F-prefix. Therefore A is
a F-code. The similar argument holds for F-

suffixsets,
Theorem2.10. Ae F(X") is a F-prefix

code (suffix code, biprefix code) <> A is a F-

prefix set (suffix set, biprefix set) and
A#{(e}.

Proof. “<” For any xe X*, if x=x"u
forall x",ue X*,then

min(A(x), A(x")) <[x=x'}=0, so

(AN AX " )(x) = min(A(x) sup{A(x") | x'u = x

Jorallx,\ue X*})=0, ie. ANAX* =¢.



Thus A is a F-prefix code.
“=” For any x,x ueX ,x=xu, if

x=e,then x'=¢,
min(A(x), A(x) <[x=x"]1=1.

Now suppose that (4N AX *)(x) =

min(A(x),sup{A(x) | xu=x, x,ueX*})=0,

if A(x)=0,0obviously

min(A(x), 4(x')) = 0 < [x = x'] .

If sup{d(x)|x'u=xxueX*}=0.then

A(x)=0 and min(A(x),4(x')) =0<[x=x]=0
Therefore A

A#{(el)}.
Theorem2.11. A is a F-prefix code (suffix

code, biprefix code) < A4, is prefix (suffix,

biprefix) code for any Ae(0,1].

is a F-prefix set and

Proof. It can be proved easily by
theorem2.7 and theorm2.10.

Definition2.3 A F-code A is called a
maximal F-code over X if A is not properly
contained in any other F-code over X, that is,
if AcA', A" isF-code,then A=4".

Proposition2.12. Any F-code A over X is
contained in some maximal F-code over X.

Proof. Let F be the set of F-code over X
containing A, ordered by set inclusion. To
show that F contains a maximal element, it
suffices to demonstrate, in view of Zorn’s
lemma, that any chain G (ie., any totally
ordered F-subset) in of admits a least upper
boundin F .

Consider a chain C of F-codes containing

A, then B= U B is the least

BUG

upper bound

of C. It remains to show that B is a F-code.
For this, let

n’mzl,yl, ...... ’yn’y{’ ...... ’y;n
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€ X' be such that

 then each of the yi,y; belongs to a support

set of F-code of the chain G and this
detrmines n+m elements of G . One of them,
say D, contains all the others. Thus
B ZPERIen s VnsViswroee »¥m €suppD, and since

D is a F-code, then
min(D(yl )s """ sD(yn)’ D(yl')’ """ aD(y;n ))
< min([ m = n],[y, = y{1,-- Ayn =yul

>D*(w)>0. We have n=m and y, =y, for
i=1------ ,n. Since Dgl},

min(B(y, ).+, B, B}, -+, B(/L))
o< min({ m = n),[y; = y{J+ - [yn = ¥i1=1
>Bw). ...... ® Otherwise for ® is obvious.

Therefore B is a F-code.

3.F-codes and F-submonoids
Proposition3.1. Let X be an alphabet. M is

a F-submonoid of X" and

A=M—{e)}-(M-{@l}}. Then 4" c M

and suppA is a unigue minimal set of
generators of suppM .( A is called almost
minimal set of generators of M).

Proof. Set Q=M —{(el)}. First, we
verify that suppA generates suppM, i.e. that
(suppd) =suppM . Since Ac M , then for
any xeX’,

A*(x)= sup_min(A(y), 4(2))

y,zeX
yz=x



< sup min(M(y), M(2))
y,zeX *
yz=x

< sup M(x)=M(x),ie. A>c M. Then
y.cex’
yz=x

we can show that 4" c M by induction on

n20.Thus 4" c M and

suppd  csuppM. We prove that
sup p4” > sup pM by induction on the length

of words. Of course, ecsuppd . Let

mesup pQ. If mesup pQ?, then

mesup p4. Otherwise m=mm, with
m;,m, esup pQ both strictly shorter than

m.Therefore m,,m, belong to suppAd’ .

Since suppd’ = U suppA” then there exist
n=0

nature numbers 1, ksuch that

A (m)>0,4%(@m)>0,s0

A"*(my="sup min(4'(y), 4" (m))
y,zeX
yz=m

>min(4’ (m,), 4* (m,))> 0, and

A (myzA"*(m)>0, ie. mesuppd .

Hence (sup pd)’ = qo(sup pA)" = l_]o sup pA”

=suppAd =suppM .
Now let B be F-set such that suppB is a set

of generators of suppM. We may suppose that
(e, )¢ B. Then each

xesuppAd is in
sup pB" and therefore can be written as

xX=y\yyeeee Vu (y;€suppB,n20). The
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facts that x#eand x=suppQ® force n=l
and xeswppB. This shows that
sup pA c sup pB. Thus sup pA is a minimal
set of generators and such a set is unique.
Proposition3.3. If M is
submonoid of X" ,then a F-set which support
set is a minimal set of sup pM is a code.

a F-free

Conversely, if 4e F(X ') is a F-code, then

the F-submonoid 4" of X is F-free and A
is its minimal F-set of generators.

Proof. let «:Y* — sup pM be an isomorph-
ism. Then a considered. as a mofphism from
Y* into X", is injective. By theorem2.4, the
F-set A which such that sup pA=a(¥) is a
F-code. Next

sup pM =a(Y*Y=(a(Y))" = (sup p4)’ . Thus

sup pA generates sup pM . Furthermore

Y=Y"-Y'Y" and a(Y*)=supp(M-{(e))}).

Consequently

suppA = supp{(M ~{(e,)} - (M - {(eD})'},
showing that sup p4 is the minimal set of
generators of sup pM .

Conversely, assume that AeF(X")is a

F-code and consider a F-coding morphism
@:Y" - X" for A. Then « is injective and
a is a bijection from Y into

sup pA. Thus a is a bijection from Y *

ontoa(Y")=(a(Y))" =(sup p4)’ . Since A is

a F-code, then 4" is a F-free. Now « is a
bijection, thus Y=Y "-YY"  implies
A=A"-A A", showing by proposition3.1 that
sup pA is the minimal set of generators of

sup pA" . Since A generates A", thus A is the
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minimal F-set of generators of 4.
Corollary3.3. Let A and B be F-codes over

X.If A'=B',then 4=B.

Definition 3.1. A F-submonoid N of
monoid S is F-stable if forall »,v,we S,
min(N(u), N(u), N(uw), N(wu)) >0  implies
Nw)>0. '

Proposition3.4. A F-submonoid N of Xx°
is F-stable, then

A=N-{(e)}— (N -{(e])})* is a F-code.

Proof. To prove that A is a F-code,
suppose the contrary. Then there is a word

zesup pA* of minimal length, having two

distinct factorization in words of sup pA.
Z=X Xy oo Xy =YYy Ym with
Xpyeeeeee s Xps Vpstooeer »Vm €sSup pA. We may
suppose | x; <y |.
some nonempty word w. Since N is F-stable,

then minV(x), N(y,-- -3, ), N(XU), N(wy, --=+-3,))
=min(N (), N(y; -y, ), NOA ), N(xyoo-%,,)

Then y, =xw for

So

N(w)>0 and (N—-{(e,)})*(x;w)= sup
u,veX'

min(N(x), N(v)) 2 min(N(x,), N(w)) > 0 .Consequ
ently y, =x;wesup p4, which yields the
contradiction. Thus A is a F-code.
Propostion3.5. A F-free submonoid N of
X" is F-stable.
Proof. Since N is F-free, then let B be its

F-base. Let u,v,we X" and suppose that

with x;,y, in sup pB. The equality

u(wv) = (uw)v implies

xl ...... xkxk+l ...... xr =y1 ...... ylyl+1 ...... ys.
Since B is F-bused of N and N is a F-
subnonoid,

min(B(x, ), ,B(x,), B(y;),---++- »B(ys)) =
min([r=s],[x1 =yl]a """ o[x, =¥, 1) 2 N(uwv)
2 min(N(u), N(wv)) >0 . It implies r=s and

=y, (i=l-e ,s). Moreover, [2>k
because fuw |2 u|. Showing that
uw= xl ...... xkxk+1 ...... xl = uxk+l ...... xI hence

2 min(B(xp, )+, B(x)) > 0.
N(w) =1, thus N is stable. _

Definition3.2, Let N be a F-submonoid of
X*. N is F-right (F-left) unitary if for all

If w=e,

*
u,veX ,

min(N (), N(uv)) > 0 (min(N (), Nuv))>0)
implies N(u)>0.

The F-submonoid N of X* is F-biunitary
if it is both F-left and F-right unitary.

Proposition3.6. A F-submonoid M of Xx°
is F-right (resp. , left, bi-)unitary iff its almost
minimal set of generators is a F-prefix(rewp,
suffix, bijsefix) code.

Proof. Let M—{(e])}=Q and 0-Q%*=4

be its almost minimal set of generators.
Suppose M is F-right unitary.
To show that A is F-prefix, let x, xu be in

sup pA for some ueX'. Then

min(M (x), M (xu)) = min( A(x), A(xu)) >0 .
Since M is F-right unitary, Mu)>0. If

u#e,then uesuppQ, but then xuesupp(’



contrary to the assumption. Thus u#=e and
min(A4(x), A(xu)) < [x = xu] . i.e. A is F-prefix.
Conversely, supposed is F-prefix. Let
u,ve X" be such that

u,uv € sup pM = (sup p4)’ . Then

U=XXy o oeee X, UV = W Ppoeerne vy, for some
Xpgeneeee s Xps Vpo=mom" sV esuppA'
Consequently x;x, -« X V=YY V-

Since A is F-prefix, neither x, nor y,; is a
proper left facter of the other. Thus x; =y,
and for the some reason x; =y, -, X, =¥,
This shows that m>nr and v=y,, ------ Ym
belongs to suppM. Thus M is F-right
unitary.

Proposition3.7. If M is a maximal F-free
submoniod of X', then its F-base A is a
maximal F-code.

Proof. It is obvious that A is a F-code. Let
B be aF-code on X with Ac B and 4#B.
Then A" cB' and A’ # B’ since otherwise
A= B by corollary 3.3. Now 4" is maximal.
Thus B'=Xx" and B=Xx. Thus dcx
and A#X. Let beX-A4. The F-set
C=4Ub* isaF-codeand M=4¢C ¢ X’

since b2 esuppM and besuppZ *. This

contradicts the maximality of M .
Theorem3.8. The almost minimal set of

generators of the intersection of an arbitrary

family of F-free submonids of X is a F-

code.
Proof. Let (Mi),.; be a family of F-free

submonoids of X°, and set M=NM,.

iel
Clearly M is a F-submonoid, and it suffices to
show that M is F-stable. If for all

*
u,v,we X ,and u,v,uw,wvesup pM , then
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these four words belong to each of the

sup pM;. Since each M; is F-free, by

proposition3.5, each M, is F-stable, w isin
sup pM; for each ie]. Thus wesup pM.

By proposition3.6, the almost minimal set of

generators of M is a F-code.
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