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N(2,2,0) algebra is a algebraic system with two dual semi-
group. In order to find the relation between it and LIA, we con-
sider the consistence of * and A\,then call N(2,2,0) algebra as
N(2,0) algebra,in symbol, (S, * ,0).

1. Preliminaries

Definition 1. 180 Let S be a set with constant 0,two binary
operations * and A satisfy the following axioms:
(F)) z* (yAz)=z* (x*y)



T @AY xz=yx (2 x2)

(F3) 0% =g
then (S, * ,A,0) is called a N(2,2,0) algebra.

In N(2,2,0) algebra,it is easy to see that (S, ¥,0) and
(8,,0) are two dual semigroup,in which there are two quasi—
orders induced by * and A respectively, Whenever * and A are
consistent,we have

Definition 1.2 Let S be a set with costant 0,and the binary
operation * satisfies;

FD z* (yxz)=z% (2 %y)

(Fy) (x*y) % z=y* (z % 2)

(Fy 0% z=x
for any x,y,2€8,then (S, * ,0) is called a N(2,0) algebra.

Theorem 1.1 Let (S, % ,0) be a N(2,0) algebra,then the
following ientities hold for any z, ¥,2€S

Mz *xy=yxz

@)(z*xy)*z=zx% (y*2z)

@Dz*(y*2)=yx% (zx%z), (x*xy)xz=(z*x2z) %y

(4)0 is unit element
So N(2,0) algebra is a commutative monoid.

From theorem 1.1 and definition 1. 2,we have.

Theorem 1.2 Let (S, * ,0) be a N(2,0) algebra,then;

(F1),(F,) and (Fy) iff (F3),(1) and 2.

Proof:=>QObvious.

< Since z * (y x 2) =2 * (z % y)={(x % 2) * y=
*z)*y=2z% (z*y) so (F,)hold. And since (z * y) * z=
z* (yr2)=z % (z*y)=(z*z) * y=y* (z*2),50(F;) hold.
Hence,N(2,0) algebra has a equivalent axiomic system (F;), (1)
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and (2).

Theorem 1.3  Associative BCI — algebra is a proper sub-
class of N(2,0) algebra.

Proof. From reference[ 2], we know that associative BCI —
algebra must be N(2,0) algebra,conversely,not ture. For exam-
ple,let X={0,1},the operation * is defined as follows:

* 0 1
0 0 1
1 1 1

then (X, * ,0) is a N(2,0) algebra,however,it is not a associtive
BCI —algebra. It follows that 1 * 1=17%0. So N(2,0) algebra is
more general than associative BCI—algebra.

It is easy to see from [2];

Theorem 1.4 An N(2,0) algebra (S, * ,0) become a asso-
ciative BCI —algebra,if the following hold ;

(Adx *x2=0 for any €S
or (Blzx*y=y*zr=0=>z=y for any z,yES
or (C)(yxz)xz=y for any z,y€ES

Theorem 1.5 Let (S, * ,0) be a N(2,0) algebra. For any
x,y€S,the following statement are equivalent

By xy=(y*zx) %2

(6) * idempotent

(MD(x*y) % y=x*y

Proof: Assume (5);i. e. ,for every z,y€S,(x * y) * y=
(y*zx) *x
Let £=0,then (0 * y) * y=(y % 0) * 0,50 y * y=y,i.e., *is
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idempoten?,so that (6) hold.
Assume (6);then (z * y) * y=x % (y * y) =z * y,so that (7)
hold.
Assume (7);i.e. ,for any z,y€S,(x * y) * y=z % y. Let =0,
then y * y=y,hence * is idempotent,and since z ¥ y=y % x,s0
z% (y* y)=y=* (z*zx),then
(x*y)*xy=(y*zx)*x,

so that (5) hold.

Theorem 1.6 Let (S, * ,0) be a N(2,0) algebra,if * is
idempotent,then (S, * ,0) is a directoid.

Proof:It can be see from reference [3] that a directoid satis-
fies the following identities for any z,y,2€S,

D zx==z, @(zy)x==xy

®y(zy)=zy, @z ((zy)2)=(zy)=
It is easy check that idempotent N(2,0) algebra satisfies ®—@),
Hence,an N (2,0) algebra (S, * ,0) is a directoid when #* is

idempotent.
2. Strong N(2,0) algebra

This section we discuss proper subclass of N(2,0) algebra
——Strong N(2,0) algebra.

Definition 2.1 Let (S, * ,0) be a N(2,0) algebra, If there
exist z,y€S such that z * y=y,then (S, * ,0) is called a strong
N(2,0) algebra ,and we define that <y iff z * y=3y.

Example 2.1 Let X={0,4,,a;,***,a,.,1},the binary opera-

tion * is defined as follows:
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* a; a, Qn 1
0 a, a, a, 1
a | a a, a; v A, 1
az a a; a et A, 1
. . . . o . .
. . . . . e .
. . . . o e .
an Ay Qn QA **t Ay 1
1 1 1 1 1 1

It can be shown that (X, * ,0) is a strong N(2,0) algebra,and
0<<a; e, <+ Ka X1
Example 2.2 Let X=1{0,1},the binary operation #* is defined

as follows

x | 0 1
0 0 1
1 1 0

It is easy to see that (X, % ,0) is a N(2,0) algebra,but not
a strong N(2,0) algebra ,because 0=1 * 151.

From the above,we know that strong N(2,0) algebra is a
proper subclass of N(2,0) algebra.

Theorem 2.1 Let (S, * ,<{,0) be a strong N(2,0) alge-
bra,then the following statement hold:



1) for any z€8§,0<x;

2) * is idempotent;

3) % is order —preserving and a<<a, »b<Ch, implies q * b
<ay * by _

4) S, isa superior —semilattice (S, V ), where * —
V;

5) If a * <b has solution on §,then a<.b,and the solu-
tion € [0,5].
Proof: We only prove 5) ; Assume b<<a,i.e.,bxa=q % b=gq,
if 2>a,then a * z=2<b, which is a contradiction to 4<<g;
If z<{a,then a z=a<{b,which is a contradiction to b<<a;

So there are no solution for b * a<<b when b<Ca,hence there ex-

ists solution only when a<Cb,and the solution z€ [0,5].
3. Strong N(2,0) algebra and Lattice implication algebras

In this section,we apply strong N(2,0) algebra to intuition-
stic logic.

Let S be the set of all Propositions, < is a partical order,
which reflects the implication relation between the propositions.
~ is a inverse —order involution operation on (§,<C, * ), which
express the negation, To be simply, we stipulate S has a greatest
element 1,which express true »as well as a least element 0, which
express false,and

~0=1,~1=0,~z % =1
Let 5, * ,<{,~,0) be a strong N(2,0) algebra ,we define.
6) z>y=~zxy

7) zoy=~(~zx ~y)=~(z—>~y)



1t can be easy to prove that the binary operation — and o have
the following properties:

Theorem 3.1 For any z, y, zES,then

8) x> (y—=>z)=y—>(z—>2)

9) z—>(y * 2) =(z—>y) * (z—>2)

10) z—~(y * )=y % (z—>=)

11) y<z * (z—>y)

12) zo(yo z)=yo(zo0 2)

13) operation o is idempotent ;associative ,isotonic ,and com-

mutative,so (S,0) is a lower semi—latticec and A =o.

Let (S, * ,<<,~,0) is a strong N(2,0) algebra. For any z,
y€S8,if <y then z * y=y,i.e. ,.xVy=y. On the other hand,
from~y<~z,then zoy=~(~z* ~y)=~~zx=x,i.€.,I ANy
=z. hence (S, * ,0,<,~,0) is a lattice. And the order relation
“<(” is defined by the following:

10)2<y iff z>y=1iff ~z*y=1

Theorem 3.2 Let (S, % ,0,<<,~,0) be a strong N(2,0)
algebra, then a<Cb % ¢ iff ~b<<~a * ¢, for any a,b,c€ES.

Proof:since albx*c¢ iff ~ax»(b*xc)=1

iff ~bx* (~a*c)=1

iff ~~bx*(~axc)=1

iffr ~b<~ axc
thus,a<lb* ¢ iff ~ b ~a*c.

Theorem 3.3 Let (S, * ,0,<,~,0) be a N(2,0) algebra,
for any z,y,z€S,the following statements hold:

15) ~(z* y)K<~x % ~y

16) (z * y)—>z<x—~>(y—>2)

1) zo(y * 2)<Kx(y * 2)
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18) zo(y—>2)<y—>(x *2)

19) z—>(z o)<z * (z—>y)

20) (z oy)—=>z=x—>(y—>2)

91) ~(zoy)=~x % ~y,~(z* y)=~xa~y

22) ~(z—>y)=xr0~Yy

923) (x * y)—>2<(z—>2) * (y>2)

24) (zoy)—>z=(z—>2) * (y—>2)

25) a o b<lc iff a<Cb—>c iff bCa—>c

Proof: We only prove (15) and (24). First since

<1 implies a<~y*y

implies z=x%z<z* (~y* y)

implies 2 (x* y) * (~y)

implies ~(z* y)SK~x* ™~y (from Th3. 2)
Next, (x oy)—~>z=~(z oy) #z=(~zx* ~y)*z= (~x*z)*
(~y*2)=(z—>2) * (y—>2).

Theorem 3.4 Let (8, * ,0,<,~,0) be a strong N(2,0)
algebra. If binary operation o and * satisfy the following dis-
tributive law :for any z,y,2€S,

26) (zoy) *z=(z* z)o(y * 2)
then (S, * ,0,<,~,0) is a lattice implication algebra.

Proof : From the reference [4].for any z, y,2z€L,the follow-
ing identities hold:

a) z—>(y—=>z)=y—>(z—>2)

a1, z—~z=1

(1) z—>y=~y>~Z

ap x—>y=y—’_x=1 implies z=y

1)) (z—=y)=>y=(y=2)>x

then (L,—>,~,0,1) is a quasi—lattice implication algebra. If it
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also satisfies

(L) @Vy)>z=(z—>2)A (y—>2)

(L) Ay)—>z=(z—>2)V (y—>2)
then (L,—~,~,V, A,0,1)is a lattice implication algebré.

It is easy to check that strong N (2,0) algebra satisfies
(ID—(1,). Let * =V ,0= A. By using 24), we know (L,)
holds, then we only need to prove that (I;) and (L,) hold. From
the condition identity 26),we have;

(@=y)>y=~(~z*y) x y=(z o~y) %y

=(z % y)o(~y* y)=(z* ol
=x* y=y* g=(y—>z)—>z

(z*y)>z =~(z*y)* z=(~zo~y) *xz

=(~z*2)o(~y*z)
= (z—>2)o(y—>z)

Therefore, strong N (2, 0) algebra (§,—, % ,5, ~ »0) in
which the identity 26) holds is a lattice implication algebra.
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