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Abstract In this paper, the operational properties of the hypergroups on a finite group are
discussed. By the left translation action of the hypergroup, the regular representations and
the matrix representations of a hypergroup on a finite group are given.
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The theoretical needs of the set — value mapping lead the upgrade of some
mathematical constructures. Prof. Li Hongxing etc!'?3 first intrduced the concept of
hypergroup which creat the study of hyperalgebra, moreover, some useful results are
obtained. Because the operations in a hyperalgebra is based on the operations of some
elements in the base algebra , it is worth to study how to represent directly these operations
and to judge whether a subset of the powerset is a certain algebric constructure. In this
paper, the operational properties of the hypergroups on a finite group are discussed. By the
left translation action of the hypergroup, the regular representations and the matrix
representations of a hypergroup on a finite group are given.
1.Introduction

Let G be an arbitrary group and P (G), the powerset of G. Under the subset
multiplication

AB.a {abla €A, bEBI,

P,(G)=P(G) - { | forms a semigroup which have the identity. A subgroup ¥ of P.(G)
is called a hypergroup on G, and G, the generating group of ¥ . the identity of ¥ is
denoted by E and the G" 2 UIAIAE ¥ | is called the basic elements set.

Let ¥ be a hypergroup on G , we have following conclusions:
Lemma 1.1%°VA€ % | |Al =1E|. (|Alis the base number of A)
Lemma 1.2/ VA,BEY , ANB=I=|ANB| = |E|.

Lemma 1.357Let % be a hypergroup on a finite group G, then
(1) EXG;
(2) G"<G;
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(3) VAEY , Ya€A,aE=Ea=A, i.e, EAG*;

(4) If aE=DbE, thena ,b€EA €Y ;

(5) VAEY , (€Eiff tA=At=A;

(6) VAEY |IfaE=A, thena 'E=A"1;

(7) YA,BEY ,If AB=C, then Ya€A, aB=C;

(8) VBEY , Va€AEY , xB=2B iff x€A;

(9) 4 =G*/E.
2.Regular Representations of Hypergroups
Definition 2.1  Let G be a group and X a non — empty set . A action of G on a set X is
a map from G X X to X , with the image of (g, x) being denoted by g(x), which satisfies the
following conditions :

(De(x) =x, for every x€ X,

(2)g182(x) =g1(g2(x)), for every g;,5,€G and xE X,

Let G be a finite group and % , a hypergroup on G, then we have an action of G on
Y =HALAY, Al X G =G (T, A))—=TA for every T, A, €% (i=1,2"m),
it is called the regular translation ation of % ,where m= % |.

Let K be a field and

ValkiAj+ - +koAnl kK€K, i=1,2-m]|

defining

(=1

—%kiAi:_iliAi iff Ki=1;, i=1,2-m;

Zkﬂi + ElgAi N nZ(kili)Ai
i= 1 1

] £ =1

I =

BCDTRAD & D) (kk)A
t =1

i= 1
for every k, k;,,EK.
Then V is a m — dimension vector space on K. And {A1, As, -+, Aplis a basis of

vector space V.

For A€ Y , defining

ni

e(A)( DTRA) & D ki(AA)
i =1 i 1
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then ¢(A) is a linear transformation of V.

If i) and AA; = AA;, then A; = A, this is a contradicfion. Thus {AA;, AA,, -
AA,! is also a basis of V and ¢ (A) is a invertible linear transformation.

And ¢:9—>GL(V), A—>¢(A) |
is a map which satisfies condition ¢(AB) = ¢(A)e(B) for every A,BE Y.

k4

Hence ¢ is a linear representation of the hypergroup % on K, which is called the
regular representation of 4.
For {A}, Az, -+, An!, the basis of V , ¢ defines a matrix representation ® such that for

every A€ %, ®(A) is a permutation matrix in which every row and column has a unique

non — zero entry and all non — zero entries are equal to |.

Example 2.1 Let G=<{(a) be a cychc group and a?=e, G =1{A,, Ay, A3} where A; =
fe,a®, Ay=1a%,a%, As;=1a*a!®l. then ¥ is a hypergroup on G, and G* = |e, a2, a*,
a%, a8, alll.
Let Vo {kjA; + koA, + k3A; | k€KY, then {A}, Az, A3l is a basis of V.
1 00 0 0 1
and O(AD=10 1 0f, O(A)=1{1 0 0],
0 0 1 0 10
0 1 0
(D(A:,) =i0 0 14. .
1 00
Proposition2.1  ®(A) is the orthogonal matrix, for every AE Y .
Proof. since ®(A)is a permutation matrix, then ®(A) = (e;;, ej,, **, &;,) Where iy, iz,
“yim 18 @ permutation of 1,2, ->*, n and e; is the m — dimension standard identity vector, i.
e.

e, =(0,0,1,0,-0)T 1<:i<m

ith

thus, ®(A)T-®(A)=1..®(A) is an orthogonal matrix.
Proposition2.2 (®(A)) '=d(A™Y).

Proposition2.3  For every A,BEY ,O(A)-D(B) =D (AB).

These Proof are strainghtforward .

Theorem?2.1 Let 4 be a hypergroup on G and ®, the regular matrix represrnration of

Jg,
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(%ol OA)IAESG |,

then ®(% ) is a grpup and ®(9 )=9.
Proof. By proposition2.1, 2.2, 2.3, ®(%) forms a group under the matrix multiplication.

Letf: 49 ——®(%) , A=®(A), then { is an epimorphism.
If ®(A) = ®(B), then ¢(A) =@ (B), for arbitrary TE ¥, AT = BT implies A =B,

hence f is bijective.
For every A , BE% , {(AB) =®(AB) = B(A)®(B) = f(A)(B)
Hence ®(%)=% .
Corollary2.1 % is abelian iff ®(%) so is. .
Corollary2.2 Let ¥ (©(%)) be a vector space on K generated by ®(%), then
L (@(9))=V.
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