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1. Introduction

In [1, 2, 3, 4], Atanassov introduced the fundamental concept of intuitionistic
fuzzy set. Later, this concept was generalized to intuitionistic L-fuzzy sets by
Atanassov-Stoeva [2, 3]. Coker [5] introduced the notion of intuitionistic fuzzy
topological space, fuzzy continuity and some other related concepts. In this paper
we introduce intuitionistic fuzzy quasi regular space, intuitionistic fuzzy semi-quasi
regular space and intuitionistic fuzzy almost-quasi regular space. Then we give
definitions of several types of somewhat continuity and counter-examples between
intuitionistic fuzzy topological spaces.

First we shall give the fundamental definitions given by K. Atanassov:

Definition 1.1. [4] Let X be a nonempty fixed set. An intuitionistic fuzzy set (IFS
for short) 4 is an object having the form

A = {<x, uy(x), y4(x)> : x € X}
where the functions p, : X — [ and v, : X — I denote the degree of membership
(namely p4(x)) and the degree of nonmembership (namely y4(x)) of each element
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x € X'to the set 4, respectively, and 0 < p4(x) + y4(x) < 1 for each x € X. For the
sake of simplicity, we shall use the symbol 4 = <x, py, y4> for the IFS
A= (<x, wye), 140 x € X3,

Definition 1.2. [4] Let X be a nonempty set and the IFS's 4 and B be in the form
A= {<x, ty(®), 140> : x € X}, B= {<x, ug(e), 150> 1 x € X}
and let {4; : i € J} be an arbitrary family of IFS's in X. Then
(a) A< Biff Vx € X[ug(x) < pp(x) and y4(x) 2 yg(0)};
(b) A=BiffAcBand BC A4,
(©) A = {<x, 740, wg(> : x € X;
(d) [14; = {<x, Alg(x), vYg;(x)>: x € X};
(&) Udi={<x, ving(x), nrg;(x)> : x € X};
® 0={<xx0,1>:xe i} and 1 = {<x, 1,0>:xe X}.

Now we shall define the image and preimage of IFT's. Let X, ¥ be two
nonempty sets and f: X — Y be a function.

Definition 1.3. [5] (a) If B = {<y, ug(y), yg(»)> : y € Y} is an IFS in ¥, then the
preimage of B under f denoted by £(B), is the IFS in X defined by
£'®) = (<x, £ (up)), S ()P  x € X},
(b) IfA = {<x, A4(x), v4(x)> : x € X} is an IFS in X, then the image of 4 under f
denoted by fl4) is the IFS in Y defined by
S = {2, AAD0), fv)0)>:y € 1}
where f(v)) =1-A1-vy).

Now we list the properties of images and preimages, some of which we shall

frequently use in the following sections:
Corollary 1.4 [5]. Let 4, 4;'s (i € J) be IFS'sin X, B, Bj's (j € K) IFS's in Yand f:
X — Y a function. Then

(a) 4y 4y =fl4)) c fldy);

(b) By =By =SB <f(Bo);

(c) Acf(RA)); [If fis injective, then 4 = f(f4))]

(d) AF'(B) < B; [If f is surjective, then f{f '(B)) = B]

@ f'(UB)=Ur'a),

® f(NB)Y=Nr'B);

(8 AU4n= U4,

() ANA4) < NA4p; [If fis injective, then A[)4;) = [1A4)]
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@ =1

G =09,

(k) Iffis surjective, then 1) = 1;

O A0)=0;

(m) If fis surjective, then TA) cfA4); [If, furthermore, f is injective,
L then TA) =R 4)]

() fY(B)=f7(B).

Definition 1.5. [5] An intuitionistic fuzzy topology (IFT for short) on a nonempty
set X is a famuly T of IFS's in X satisfying the following axioms:

(TP O, 1ler,

(T)) GynGyetforany Gy, Gy e 1,

(T3) UG; e  for any arbitrary family {G; : ieJ} = .
In this case the pair (X, 1) is called an intuitionistic fuzzy topological space (IFTS
for short) and each IFS in t is known as an intuitionistic fuzzy open set (IFOS for
short) in X.

Definition 1.6. [5] The complement 4 of an IFOS 4 in an IFTS (X, 7) is called an
intuitionistic fuzzy closed set (IFCS for short) in X

Definition 1.7. [5] Let (X, 1) be an IFTS and 4 = <x, py(x), Y4(x)> be an IFS in X.
Then the fuzzy interior and fuzzy closure of 4 are defined by
c(d)=(1{K:KisanIFCSinXand 4 c K},
int(4d) = |J {G : Gisan IFOS in X and G < 4}
It can be also shown that cl(4) is an IFCS and int(4) is an IFOS in X, and
(@) AisanIFCSin X < cl(4) =4,
(b) A4 isanIFOS in X <> int(4) = A4.

Proposition 1.8. [4] For any IFS 4 in (X, t) we have
(@ o(d)= int(4);
(b) int(4)=cl(4)

Proposition 1.9. [5] Let (X, 1) be an IFTS and 4, B be IFS's in X. Then the
following properties hold: '

(a) int(4) = 4 (@) 4 ccld),

(b) A < B = int(4) < int(B) (b) A< B = cld) ccl(B),



35

(c) int(int(4)) = int(4) (c") cl(cl(4)) = cl(4),
(d) int(4 N B) =int(4) N int(B) (d) cl(4 v B) =cl(4) u cl(B),
() im(1)=1 (&) cl(0)=0.

Definition 1.10. [6] An IFS 4 in an IFTS X is called
(a) an intuitionistic fuzzy regular open set of X if int(cl(4)) = 4,
(b) an intuitionistic fuzzy regular closed set of X if cl(int(4)) = 4.

Each intuitionistic fuzzy regular open (closed) set is an intuitionistic fuzzy
open (closed) set.

Theorem 1.11. [6] (a) The interior of an IFCS is an intuitionistic fuzzy regular
open set,
(b) The closure of an IFOS is an intuitionistic fuzzy regular closed set.

2. Some types of fuzzy continuity in IFTS's

Throughout this section (X, 1), (¥, ¢) will denote IFTS's and f: X — ¥ will
denote a function.

Definition 2.1. [5] fis said to be fuzzy continuous if the preimage of each IFS in ¢
isanIFSin t.

Definition 2.2. [6] A function fis called a fuzzy almost continuous function, if for
each intuitionistic fuzzy regular open set 4 of ¥, f(4) € 1.

Theorem 2.3. [6] The following are equivalent:
(a) fis a fuzzy almost continuous function,
(b) f'(B) is an IFCS, for each intuitionistic fuzzy regular closed set B of ,
(c) f(B) < int(f"(int(cl(B)))), for each IFOS B of ¥,
(d) <l(f''(cl(int(B)))) < f(B), for each IFCS B of ¥.

Definition 2.4. [6] A function £ is called a fuzzy weakly continuous function if for
each [FOS B of ¥, f(B) c int(f"(cl(B))).
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3. Intuitionistic fuzzy quasi, intuitionistic fuzzy semi-quasi, intuitionistic

fuzzy almost-quasi regular spaces

Definition 3.1. An IFTS X is said to be an intuitionistic fuzzy quasi regular space
(IFQRS for short) if for any IFOS 4 # 0 there exists an IFOS B = 0 such that

cl(B)c A.
Definition 3.2. An IFTS X is said to be an intuitionistic fuzzy semi-quasi regular

space (IFS-QRS for short) if for any IFOS A4 = O there exists an IFROS R# 0
such that R c A4.

Each intuitionistic fuzzy quasi regular space is an intuitionistic fuzzy semi-
quasi regular space, but the converse is not true:

Example 3.3. Let X={a, b, ¢} and

G, - x,(i,k’i),(i,k,i . G,= x,(i,_b_’i}(i,_b_,i)>.
33 .2)\5 .5 .7 9 .6 .7/\1 3 3
Then the family t= {1, 0, G}, G,} of IFS's in X'is an IFT on X. Since R = Gic4
= Gy, Xis IFS-QRS, but not IFQRS, since cI(B) = cl(G,) =1z4d=G;.

Definition 3.4. An IFTS X is said to be an intuitionistic fuzzy almost-quasi regular
space (IFA-QRS for short) if for any IFROS R = O there exists an IFOS B # 0

such that cl(B) c R.

Each intuitionistic fuzzy quasi regular space is an intuitionistic fuzzy almost-
quasi regular space, but the converse need not be true.

Example 3.5. Let X= {a, b, ¢} and

ab b abc a b c
Gl = > -)——’—c— > 3)—:—9- > G2= x, _a_)—):(—’—:—) .
9 7 .7/)\1 .2 3 d1 .2 .3/\.9 8.7
Then the family T = {1, 0, Gy, Gy} of IFS's in X is an IFT on X. Since cl(B) =

c(Gy) = 51 < R =Gy, X is an IFA-QRS, but not IFQRS, since cl(B) = cl(G,) =
Gz A= Gz.

Corollary 3.6. The concepts of IFS-QRS and IFA-QRS are independent.
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Example 3.7. Refer to Example 3.3. Then X is IFS-QRS, but not IFA-QRS, since
c(B)=cl(Gy)=1 aR=Gy.

Example 3.8. Refer to example 3.5. Then X is IFA-QRS, but not IFS-QRS, since
R= Gl A= G2.

Theorem 3.9. An [FTS Xis IFQRS iff it is [FS-QRS and IFA-QRS.

Proof: (=) Obvious.
(<) Let 4 # 0 be an IFOS. By the definition of an IFS-QRS there exists an

IFROS R # 0 such that R 4 and by the definition of an IFA-QRS there exists an
IFOS B # 0 such that cl(B) c R < 4. Thus X is IFQRS.

The relations among types of IFQRS considered in this section are shown in

the following diagram:
Intuitionistic fuzzy quasi
regular space

Intuitionistic fuzzy semi- 7 7 Intuitionistic fuzzy almost
quasi regular space 4 , - quast regular space

4. Some types of fuzzy somewhat continuity in IFTS's
Throughout this section (X; t), (¥, ¢) will denote IFTS's and f: X — Y will

denote a function.

Definition 4.1. A function f is said to be fuzzy somewhat continuous if for any
IFOS 4 in Y for which /'(4) = 0 we have int(f'(4)) # 0.

A fuzzy continuous function is always fuzzy somewhat continuous. But the

converse is not true.

Example 4.2. Let X={a, b, c}, Y={1, 2,3} and

G, - x,(f_,ﬁ,i),(f_,ﬁ;) Gy=(x. ;3)1}(9_,3,3) ,
4 4 5 4 4 4 2 3 4 555



58

U = (Lii)(i33 voo(,(L23 133)
U\ N\ s a s\ aa3)) 2\ e a\5es))
Then the family = {1, 0, G|, G,} of IFS's in X is an IFT on X and the family
= {1, 0, Uy, U3} of IFS's in Y is an IFT on Y. If we define the function
f: X — Ybyfla)=2,fb)=3, Ac) =1, then
b
G x(-a——i)(iﬁ,i %0
4 55 4 3 4 -
int(/(U)) =G = 0
a b c a b c
2’4" 4 4 55
int((U3) = Gy # 0.

Thus f'is fuzzy somewhat continuous, but not fuzzy continuous since
a b c a b c
fI(UZ) = x’ —?—’— 2 _,—)—) E ‘t'
2 4 .4/\4 55

Definition 4.3. A function f is said to be fuzzy almost somewhat continuous if for
any IFOS 4 in ¥ for which /'(4) = 0 we have int(f"'(int(cl(4)))) = 0.

A fuzzy somewhat continuous function is always fuzzy almost somewhat
continuous. But the converse is not true in general.

Example 4.4. Let X={a, b, c}, Y= {1, 2,3} and

b b b b ¢
Gl = x’(i’—_;i),(i,—v-—c— > G2 = x —a—. - i) ( _,—)>7
S5 .5 .4/\4 3 4 535 .4 5.5
1 2 3 1 2 3 1 2 3 1 2 3
U = b —’—-,—- > —-’_7_ ’U = b —-7—’_ > —’—-’— -
! <y (.5 6 .5) (.4 4 3)> 2 <y (_4 5 .4) (.5 4 5)>
Then the family © = {1, 0, G|, G;} of IFS's in X is an IFT on X and the family
= {1, 0, U), Uy} of IFS's in Y is an IFT on Y. If we define the function
f:X—>YbyRfa)=1,Ab)=3, fc) =2, then
b ¢ a b c
wp-(e[2 2 (2 )
A 5’5 6\ a3 4) -
int(f(int(cl(U})))) = 120

a b ¢ a b ¢
U,) = — |22
D) < (4 4 5)(5’.5’.4)>¢9

int(7 (int(cl(Up)) = 1 = 0.



39

Thus f is fuzzy almost somewhat continuous, but not fuzzy somewhat continuous,
since
int(f(Uy)) =G, 2 0

int(/"'(U2)) = 0.

Corollary 4.5. Every fuzzy almost continuous function is also fuzzy almost
somewhat continuous.
Proof: Let 4 be an IFOS of Y such that f7'(4) # 0. Since fis fuzzy almost fuzzy

continuous by Theorem 2.3. f'(4) < int(f '(int(cl(4)))). On the other hand, we
obtained int(f"'(int(cl(4)))) # O from f"'(4) # 0. This shows that f is fuzzy almost-

somewhat continuous.

It is shown in the following example that the converse of the above corollary
is not true, in general.

Example 4.6. Let X={a, b, ¢}, Y= {1, 2, 3} and

b
Gy = <x,(i,"',£) (i > —C-)> Gy = <x(
445\ 444 2747, s
123\(1 2 3 1 23\(1 23
U = T T T bl T T L, )U = o T T T YN
! <y (.3 2 .4) (.3 35 .4)> 2 <y (.3 2 5)(2 27 4)>

Then the family T = {1, 0, G, G;} of IFS's in X is an IFT on X and the family
¢ =1{1, 0, Uj, Uy} of IFS's in Y is an IFT on Y. If we define the function

f: X—Ybyfa)=2, Ab) =3, Ac) =1, then

b c) b
FlUp = <x (32— — fg),(-a—,—,i» £0

int(7 (t(Cl(U)) = G, =

ab c)
f(Uz)—< (;—5—3)(

int(f(int(cl(U)))) = 1 # 0.
Thus f is fuzzy almost somewhat continuous, but not fuzzy almost continuous,
since for Uy ¢ ¥ IFROS

abc a b c
up={x| 22X 2 )ex
A < (2 4 3)(35’.4 .3)>Gt

Definition 4.7. A function fis said to be fuzzy weakly somewhat continuous
if for any IFOS 4 in Y for which f(4) # 0 we have int(f"'(cl(4))) = 0.




40
A fuzzy almost somewhat continuous function is always fuzzy weakly
somewhat continuous, but the converse is not true.
Example 4.8. Let X={a, b, c}, Y= {1, 2, 3} and
a b c a b c abc b ¢
Gl = x’(—’—)~)’(—’—)— > GZ = x) _,—’_ > _,_ 2
4 55 3 4 4 S5 55 2 .31
U - (lii)(i23 _ 1 23)(1 23
U\ s w s\ e 3)) T\ e a5 S))

Then the family = {1, 0, Gy, G;} of IFS's in X is an IFT on X and the family
= {1, 0, Uj, Uy} of IFS's in Y is an IFT on Y. If we define the function

f:X—> Ybyfla)=1,Ab)=3, Ac) =2, then
“(ef2bc)f2abe
A <x(5 5 4)(4’.3’.4)>¢9

int(f(cl(U) =1 =0

a b ¢ a b c
4 <U2>‘< (zzz) (—5’7;’7;)>¢9
int(f"(cl(U))) = G, # 0.

Thus f is fuzzy weakly somewhat continuous, but not fuzzy almost somewhat

continuous, since
int(f(int(cl(U)) =1 = 0
int(f™ (int(cl(U,)))) = 0.

Corollary 4.9. Every fuzzy weakly continuous function is also fuzzy weakly
somewhat continuous.

Proof: Let 4 be an IFOS of ¥ such that f(4) = 0. Since f is fuzzy weakly

continuous by definition 2.4. we have f'(4) < int(f '(cl(4))). On the other hand,
we obtained int(f"'(cl(4))) # O from f(4) # 0. This shows that f is fuzzy weakly

somewhat continuous.
It is shown in the following example that the converse is not true, in general.

Example 4.10. Refer to example 4.8. Then f is fuzzy weakly somewhat
continuous, but not fuzzy weakly continuous, since 7~(U,) & int(f ' (cl(U5))).
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We have the following diagram between these types of fuzzy continuity in
IFTS's:

fuzzy continuity

— T

fuzzy almost continuity fuzzy weakly continuity

fuzzy somewhat continuity

PN

fuzzy almost fuzzy weakly
somewhat continuity somewhat continuity
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