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Abstract:

In this paper, we will introduce the concepts of fuzzy modules over fuzzy algebra and dis-
cuss the important properties of it.
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1.Fuzzy modules over fuzzy algebra and its operations.

Let X be any set and L a boundecl lattice with 1 and 0, then a fuzzy set V, in X is char-
alterized by a mapping V,:X—L. The set

VX' ={z € X Vyg(z)>=a)}

is called a level subset of X with respect to V,, where a€ L.

Unlesss specially stated, M in this article only refers to the left module ove algebra A, in
brief, M is an A — module, where A is an algebra over field F.

Definitionl.1.Let A be an algebra over field F, then fuzzy subset V, of A is called a
fuzzy algebra of if for all a;, a,, € A, and « € F, we have

1 VA(al - az) = VA(al) A VA(az),

2)VA(¢11¢12) = VA(al) A A(az),

)3Valaay) = Va(ay),

4)Va(0) = 1.

Definition1.2. The fuzzy subset Vi of M is called module over fuzzy alyebra A, if for all
m;, myEM, a€ A, We have

I)VM(I - y) = Vm(I) A VM(y),

2)Vu(0) =1,

3)Vm(az) = Vala) A Vy(z).

In brief Vi is a V, — fuzzy module.

Definition 1.3.  Let M a A - module, Cy;, By are fuzzy subset of M, a € A, definition
fuzzy subset of M:Cy N By, Cy + By, aCy, = Cy, for x€ M, they make
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(CM N BM)(I) = CM(I) A BM(I),
(Cy + ByX(z) = 1+y_x[CM(Il) A Bu(z3)],

(aCM)(.z) = u\/gzcm(xz)

(- C)(z) = Cy(~ ).
Similar to Theoreml.1—1.3, We can easily prove the following Theorem 1.1-1.3.
Theorem1.1 Let V, be a fuzzy algebra of algebra A and V) be a fuzzy subset of A -
module M, then Vy is a V4 — fuzzy module iff all a €L, VM‘ is alyebra module over aclgebra
A

Theorem 1.2. Let L be a complete lattice, the fuzzy subset Vyy of M is a V5 — fuzzy
module iff there is a subalgebra family

Y, ! a € L,Y,is a subalgebra of A, .QHY“ < Yot
HEL

and subset family

{X,1a € L,X, S M, NX.<S Xopnl,
Hel
this makes X, that is an additive subgroup, in particular if a<ngVA(a), then X, is an A~

module, and V4 = léJLa .. ?,, VM= léJLa X a» here 1;,, and X <Tespectively indicate charac-
teristic functions of Y, and X,.

Wheoreml1.3. Let L be a complete lattice, then QIVS[‘) is a V5 — fuzzy submodule,

here { V(¥ Yee1 is a family of V, — fuzzy submodule. if L is a fimite set, then for any a € L,
) — Ayl
( QKVM ) « kQ[VMc

Propositionl.4. Let Cis a fuzzy set of X, for all x€ X, let

J.=1ala € C,l

then J, is the ideal of L which is generatecl by ¢(x), and c¢(x) = sup],.

Proposition 1.5. Let Vy be a V, — module of M, then for all x, y&EM,a€ A, ] .. 2],
Ja+ =2 TN 1y Jx2=Tx N 1, where J,, Jetys J- 20 Jos Jox are ideals of 1 which is defined by
Propositionl. 4.

Proof. The proof is sinilar to Propositionl.6 of [3].

Theoreml.6. Let Vy is fuzzy set of M, then Vy is a V4 — module iff

(1) IXMBM(I) =1

) -2=2TesJery =T N1 Jee =T N oy forallz,y € M,a € R.

Proof. If Vyis a V4 — module, it is easy to prove (1)and (2). Coversely, we prove
that Vi is an V4 — fuzzy module.



In virtue of Propositionl.4 Vy(x) = supJ,, so
Vm(x+ y)=sup]y+ y=2sup< Viy(x) A Viu(y) > Viy(x) A Viu(y),

- Vu(=z) = supl -, = sup], = Vy(z),

VM(ax) >SuPJu>SMPJa A Sup]z = VA(a) A VM(I)y
for al x.y €M, «€A
For all x€M, 0=0.x, thas Vy(0) = Vy(0. x) =V (x), hence Vy(0)=> ¥MVM(X) =
1, there fore Vi is a V — fuzzy module

Theoreml.7 Let Cy, By are V, — fuzzy module of M, then Cy + By is a V5 — fuzzy
module of M.

Theorem 1.7 can be easily drawn.
2 Relation of fuzzy submodules betucen homomorphism mrodules.

Let M and N be two A—module, f is a homomorphism mapping from M to N, V,
is a fvzzy algebra of A.S(M) and S(N) stands for the set composed of all the Vy —
fuzzy module of M and N respectively. Let V&€ S(M), them f(Vy) is defined by:

VAVu(z) 1z € U2, 1 #(27) # ¢

Vv oy
RCICEES NS

for all X' €N. Let VNES(N), then f'(Vy) is defined by:
UV (x) = Vn(f(x))

for all x€EM.

Lemma 2.1.Let Vy, Viy, VHE S(M), Vy, Vi, VAZES(M’), then

(Df(Vy)(0’) =1, where 0’ stands for zero of N,

() (VN)) =V,

(3)If VSV, then (Vi) SH(VE),

(4)If VRSV, then {1 (VR)SFUVE),

(VN V) = (Vi) NE(VED),

(6)If Visand V% are all constant 1 on Kerf, then f(Vig+ V&) =1(Vi) + £(VE)

(7)If Vn=1(Vy), Viyis constant 1 on Kerf ,then Vy=f{ 1(Vy),

BV )S(f(V)o

(9)If Vyis constant 1 on kerf, then for and x€M, we have (V) (f(x)) =
Vm(x).

Theorem 2.1. If V€ S(M), Vy&E S(N), then
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(1)f 1 (Vy) is a V4 - fuzzy module of M and constant 1 on kerf,

@O (Vy) = (EHVW).,

(3)If Vyis constant 1 on kerf, then f™1(f(Vy))=Vy.

Lemma 2.2 Let L be a complete lattice, M and N are two A — modules, f: M—N is an
epimorphism, then if Vyis a V, - fuzzy module of M, then f(Vy) is a V, — fuzzy mod-
ule, and furthermore ,if Vyis constant 1 on kerf, then f(VMD) =({(Vm))e.

Proof Because Vyis Vj —fuzzy module, then for any x',y"EN and a€A,

(V) (x' =y ) = {Vn(2) [2€£ (X' -y")

=V {(Vu(x-y) [x€f1(x),yE 1(y")
=(VA{Va() € HXD) AV { V() yEF(y")
=f(Vm) (x) AV (), ,
f(Vy)(ax') = V {V(2) 12€£ 1 (ax") } =V {Viy(ax) [xE€ £ 1(x") }
=V {Vy(x) AVy(a) Ix€£1(x) }
=Vala) ANV {Vu(x) Ix€£1(x)}
=Va(a) A(V {VM(x)Ifo'l(x') }
=Va(a) AM(Vy)(x")
By lemma 2.1.We have f(Vy)(0’) =1, consequently f(Vy) is a Vg~ fuzzy module.

If x"€ (f(Vy))o, then f(Vy)(x') =1 because f is epinorphism, so Ix€ M, it
makes f(x)=x".According to Lemma2.1 we get f(Vy)(x') =f(Vy), f(x)=Vy(x)=
1, thas x =1(x),x€ Vy,, and x"€ f(Vy), ie, (£1( V) )oSf( Vo, therefore(f( Vi) = f
(Vmo)

Theorem 2.2 let M and N be two left modules over ring K, f:M—N’is am epimor-
phism and L is a complete distributive lattice ,then there is a one— to— one order pre-
serving correspondence between the V, — fuzzy modules of M and these of N which are
constant 1 on Kerf.

Proof Let K(M) be the set of all V, — fuzzy module of M which are constant 1 on
Kerf. Let ¢:K(M)—S(N) and ¢:S(N)—K(M) be defined as ¢(Vy) =£(Vy) and
e(Vy) =£"1(Vy).
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