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We consider fuzzy implications generated by known examples of fluzzy implications. In

recent papers we have long lists of formulas for fuzzy implication (c
list is almost quite new.

Definition 1 ([1]). A function I: {0,1]> — [0, 1] is called fuzzy im,
tonic with respect to both variables and fulfils the binary implicat

100,0) = 1(0,1) = I(1,1) =1, I(1,0)=0 .

Set of all fuzzy implications is denoted by F1I.

. e.g. [3] or [10]). Our

plication if it is mono-
jon truth table:

(1)

Example 1. The most frequently used implication functions are ugually listed with suit-

able author’s name (cf. e.g. Dubois, Prade [6]).

1. Lukasiewicz implication [11]

1 if
Lik(z,y) =min(l -z +y,1) =< .’
2. Godel implication [9]
1, ifz<y 1
I, Y =19 D Igp(z,y) =4’
an(z,y) {y, ifz >y ap(,y) {1 _

3. Reichenbach implication [12]
IRC(:C7y) =1- zT+zy,
4. Dienes implication [5]

IDN(x’ y) = max(l - xay) )

*It is a part of the paper "Monotonic Fuzzy Implication” accepted to the p
Fuzzy Systems in Medicine (Eds. P.S. Szczepaniak, P.J. Lisboa, S. Tsumot
Fuzzines and Soft Computing, Vol. 41.
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>y

ifxr<y
r, ifx>y
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5. Goguen implication (8]

1, ifz<y
Loifr>y

z?

) 1—

1—1

Iga(z,y) = { Igg(z,y) = {

6. Rescher implication [13]

I}Ts(x,y) =

1,
0,

ifr<y
ifzx>y ’

{

Our investigations were inspiréd by paper of Czogala, Leski
relative location of implications frdm Example 1.

for z,y € [0, 1].

Theorem 1 (cf. [1]). (FI,min, rﬂax) is a distributive lattice. In |
Vigerr (min(I,J),max(I,J) € FI).

Theorem 2 (cf. [1]). Lattice (FI, min, max) has the least and th

1, |

ifr<y
ifz>y

)

[4] were they ask for

varticular

(2)

e greatest element:

1, sfe=0o0ry=1 1, ifzi<lory>0
I()(.’L', ?/) = f v ‘ 3 Il(xay) = f Y )
0, fz>0andy<1 0, ifzl=1landy=0
for z,y €0,1].
We look for the lattice generated by fuzzy implications from Example 1.

Theorem 3. The distributive lattice generated by fuzzy implicat
consists of 71 elements with 63 generated implications Iy—Ig,:

1, ifr<y
L =1V Ige, Liz,y)= -
2= foo Vine,  Hn) {mwﬁﬁ—w+xw,#x>y
1—z+ 2y, ifz <y
I3 =Igg NIge, I T,Y) =
s=lec Muc,  Iy(@.y) {mm(g,1_x+xy), ifz>y
L fz <y
Iy =Igp ViIge, ILiz,y)= )
4 GD V {RcC a(z,y) {1_x+xy, ifz>y
l—z+4+zy, ifz<
ISZIGD/\IRC) I5($,y)={ Y f v y
Y, fz>y
1, ifzx <y
Is =Igg V Ipn, Ig(z,y) = : - ,
o= loo o hley) {max(z,l-x), fz>y
maj 1 —z,y), if x <
I =Igc AN pn, In(z,y) = .X( v) z'fac =Y
min($, max(l - z,y)), fz>y

ons from Ezample 1




Iy = Igp V Ipn,

Iy=1Igp A IDN)

Iy = I A Iyg,
Iy = I A Ige,
Io = I A Igg,
Iz = Ig A I,
Iy = Iy A g,
Ls =13V I,

ILis = Ixc Vv Ié;Ga

Iig = Inc A Iy,

Iy = Ipn V Igg,

121 = IDN A Ié;G’

123 = 119 \% I&D’

Iy(z,y) = max(1 —z,y), ifz>y
Io(z,y) = g ifr>y '’
Lo(z,y) = mak(l — z,min(%,1 -z + zy)), i
1_}1-_|_g;y, Zf.'IJSy |
Iu(z,y) = max(l — z,y), ifz >y
1, ifz <y
Ly(z,y) = min(4,1 -z 4zy), ifz>y
1, ifrx <y
Ls(z,y) = min(¥, max(1 — z,y)), fz>y ’
1, Y
La(z,y) = min(1 -z + xy,max(%, 1-1z)), i
1_$+$y’ 'lf$§y y
Lis(z,y) = min(¥, max(1 — z,y)), fz>y
l-z+zy, ifz<y
Ils(xay) = 0 ’Lf.’L' > )
max(l - z,y), ifz<y
Lir(z,y) = 0 fr>y
1, ifx <y
Lis(z,y) = max(l -z +zy, %), ifz>y
Lg(z,y) = min(l — z + zy, i—:f), ifz >y
1, ifz <y
120(33,?/) = maX(y, i_:_%)’ fo >y
Ly(z,y) = min(%:—;,max(l —-z,9), fz>y
l—-x+ zy, me
122(1', y) = max(y,min(]. e zy, i.—__:))7 Zfl'
1, ifz <y
Is(z,y) = min(1 — z + zy, }:—;), fr>y ’

<y
T >y

4

<y
fr >y




Lo =InVie, ITu(zy) = {:I;in(%—:%,max(l —z,9)), Zz i z ’
fs = I VI, Ins(3,9) = {rlr,lin(l — z + zy, max(y, }'_‘—:)), Z: ;’ i z ’
Ins = Inc N gp, Ios(z,y) = {1 : i+ i Zzz i z |
L I A A
Ig = Ipn A Igp,  Tos(z,y) = {inixxl - z,y), Z‘ti i z
Iy = Ige V Igg, In(z,y) = {rlr;ax(z, t_;), Zi i z
Io = Igg N g, Iso(z,y) = {:r,lin(w, e, Zii i z
R T S B
lo=Ic Vo, In(zy) = {rlr;ax(l -z +azy, L, 72), Zi i zﬁ ’
fs = Inc Moo, La(a,y) = {:n;l:ltzy:l— zy, max(¥, }:—:)), Zj: i z ’
Tss = Is N I, Tas(2,y) = {:I;in(l — z + ry, max(¥, —t—;)), :;z i z
fss =15 V Lao, Iss(@,y) = {rlr;ax(l — 7,y, min(¥, i—:;)), chz jz ’
, !
foo =l NI, L@ ) = {rlx;in(maxu - o), b, k=), Z:i jz !
Lo =Ll In(z,y) = {Ilr;ax(l —z,y,min(l — z + zy, ¥, }—:f)), Z:i i z
I3y = Inc N I35, Isg(z,y) = {;;xa(gl_i_—xg:y, min(1l — z + zy, ¥, }—:5)), Z‘z i Zyl
I3g = Iy A Iy, Isg(z,y) = {Ilr’lin(l — oty L t_;)’ Zz i z K



1 -z + zy, fz<y
Iig = Inc N I3y, Ig(z O
40 = Irc A 130 (2, y) min 1—-:c+xy,,,,1;) ifz>y|
1—z+zy, ifr <y
41 = fRC /A 136 u(@y) min(max(l — x y)"éi—y), fz >y
max ifz Jy
Iip = Ipn AN Izg,  Igg(z,y) = 1oz ‘ ’
min(max( 1 -z y),w, =) fz>ly

1~x+x% ifz <y

Iis = Ic AN Iy, Ig(z =
43 RC /N 131 13(z,y) min ifz >y
max(l —z,y), ifr<y
Iy = Ion AN Iy, Tz, y) -
min(l —z,y), ifzx >y

Ls=Inc VI, I b A
= y T . 3
45 = Irc V I30 15(2,y) max(1 —  + zy, min(¥, t_;)), ifx>y
1 ifr<y
Lig=In AN, Lg(z,y) = fo>y’
46 = 129 /1 245 (2, ) min(max(1 —~ £ 4 zy, min(¢, 1= :)) max(¥, =2 7)), fz>y
1, fr<y
Ii-=1 Wi s Iy (z = 1 ’
47 leleAWST: a1(z,y) min(¥, max(1 — z + zy, 1 = y)), ifr >y
1, ifr<y
min l—y,max(l —r+zy, L), ifr>y’
1, fr<y

Iy = Igg A Ip, Iio(z,
19 = lac NMgp, Ius(2,y) min(%,1-z), ifz>y

1, frz <y

I .—.I’ A T ,I T
s0 = Igg A lep, Iso(z,y) min y,ly ifz >y

max(l —z,y), ifz<y

Iy = Ipn AN Ly, Iy (z
51 DN /\ L4 51(2, ) m1n(31—:c ifz>y

max(1 —z,y), ifz<y

52 = IDN N\ 150 52(Z, Y) mm(y,l a:), ifz>y

1, ifr<y

Iss = Igg V Ig, Is3(z,y) = !

53 = Igg V i 53(2,Y) maxa‘imlnl—-w+$y,1y)) fr>y
1, ifr <y

Iss = IG5 V Iz, Iss(z,y) = ) 5
54 = Igg V 13 54(%, y) max ﬁ,mln(l—x'l'ﬂ?y,%)): ifz>y

Iss = Igg A Ly,  Iss(z,y)

o
{
e
Lo
-t
-1
i
{
la=Tia ATy La(e,) {
|
"o
-1
-1
{
Lo
A

min(%,1-1x), ifz>y




Is; = Igg A Iy,

Isg = Igg A I,
Isg = I A Ig,
Igo = Is A Ing,
Is1 = I3 A\ I,
Isy = Is A Iy,
Iz = Iy A Iy,
Iog = Iy A Isg,
for z,y € [0,1].

ISG(xa y)

I57(£II, y)

I5g(IL', y)

Iso(z,y)

IGO(:E’ y)

161(53,?/)

ITea(x,y)

163(:1:, y)

I54(1', y)

Il H I I I I li I

N =N — N /N N~ N /N —N—

1-2z4 zy,

min(y, $=%),

fa—y

max(y, min(¥, %)), x>y

—_

max(1 — z, min(Z, {=2)),

ey

fz<y
ifx >y
fz<y
fz<y
ifx >y

: 1-
min(max(1 — z + zy, £), max(y, 1=

Pt

min(max(1 — z, £), max(1 — z + zy

1—z+zy,

min(min(1l - z + 2y, £), max(

1—z+4zy,

1

I

Y, 1:y

min(min(1 — z + zy, 172), max(1 -

—_

max(y, min(l — z + zy,

[

max(l — z,min(l — z + zy, £,

L E0),

-z
1-y

)

g
L

The rich family of the above presented fuzzy implications will
connection with fuzzy logic and approximate reasoning. We obtain
of monotonic fuzzy implications. However, it must be pointed ouf

mentioned in [6], p.157, Iy appears in [7] p.31 and I3y = Rpg, I3 =

[14).

Theorem 4. The lattice generated by fuzzy implications from Eza
ing Hasse diagram [2] (using numbering from Theorem 3):

);

oy

of this family were defined and examined in recent literature. I

ld »

fz<y
ifx >y
ifz<y
,172), fz>y
fz<y
frx>y
fz<y
z,Y), ifz>y

),

fr<y
fz>y

ifrz <y
, fz>y

be examined later in
the most complete list
L that a few members
g Iy and Iy, are
= Ry, are examined in

)

mple 1 has the follow-



4

6

51

44

17

ated by implications from Example 1

Fig. 1. Lattice gener
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