The lattice structure of fuzzy K-algebra

Qingde Zhang® Shubang Li°

? Department of Computer, Liaocheng Teachers University, Shandong252059, P.R.China
® Department of Physics, Liaocheng Education Institute,Shandong252000,P.R.China

Abstract
In this paper, we study the lattice structure of fuzzy K-subalgebras with the

technique of nested set and obtain that the lattice of all fuzzy K-subalgebras is
modular.
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1. Preliminaries

We recall some definitions and results first. K always represents a
communicative ring with unit element 1; A denotes a K-algebra; sub(A)
denotes the set of all K-subalgebras of A; I(A) denotes the set of all algebra
ideals of A.

Propositionl.1 sub(4) forms a complete modular lattice with maximal and
minimal elements A and {0}, respectively, and for any B, C Esub(A),
BvC=B+C, BAC=BnC.

Propositionl.2 /(4) is a complete sublattice of sub(A).
Definitionl.1 Let f be a mapping from X into Y, and let xe F(X)(F(X)
denotes the set of all fuzzy subset of X) and ne F(¥). Then fuzzy subsets
f(w) and f7'(n), defined by

fW») =viu@lre 10} wyey
and |

M) =n(f(x)) VxeX,
are called the image of x and the pre-image of 7 under f,respectively.

Definition1.2[1] Let X be a set and P(X) denotes the power set of X. A map
H:[0,1]- P(X); A — H(A)

1s called a nested set of X, if
A <A =>HA)2H(A,).
We denote the nested set by H : {H(2)|4 e [0,1]}.
If H 1s a nested set of X, let
p= U AHA) (e, u(x) =vil|x e H(A) }Vx e X, stipulation v @ = 0)

A€[0,1]

then ue F(X),wecallthis x4 the fuzzy set determinedaby nested set H.
Propositionl1.3[1] Let H be a nested set of X, ue¢F(X). Then u is
determined by H if and only if u, c HA) < u, .



2. Important properties

Definition2.1 A fuzzy K-subalgebra(briefly, fuzzy suballgebra) of K-algebra
A is a function u: 4 - [0,1] such that following properties holds:

(1) wo)=1,

() plax+by) 2 u(x) A p(y),

Q) pxy) 2 p(x) A p(y)
Where a,b €K, x,yEA.

We denote the set of all fuzzy subalgebra of A with the symbol Fsub(A).
Proposition2.1 Let pe F(A), then u is a fuzzy subalgebra of A if and only if
1, (A €[0,1]) is a subalgebra of A.

Proposition2.2 Let u<c F(A), then u is a fuzzy subalgebra of A if and only if
1, (A €[0,))) is a subalgebra of A.

Theorem2.3 Let p be a fuzzy subset determined by nested set H. If H(A) are
all subalgebra of A, for any A e[0]], then u is a fuzzy subalgebra of A.
Proof. For any a,beK,x,yed, let wix)=s, u(y)=t>s, then xep,,

vepu,_, cp, . (Vee(0,s)), thus x,yeu_, c H(s—¢)(Propositionl.3). From

H(s-¢) 18 a subalgebra we know ax+by,xyecH(s—¢), but
H(s-¢)c p,_, (Propositionl.3), so ax+by,xyeu,_,, by the arbitrary of ¢,
ax+by,xy € ,, that 1s p(ax+by)2s=p(x) A p(y), ww)zs=px)Auy), and
then u is a fuzzy subalgebra of A. L]

Remark2.4 The inverse of Theorem?2.3 is not right.

For example: Let Z be the integer ring. Obviously, Z is Z-algebra. Now let S

be the even number ring and define the nested set H as follows:

S 0<1<05
H(A)=1{0,2,4} 1 =05
o} a>05

It is easy to verify that H is a nested set of Z-algebra Z and the fuzzy subset
u determined by H is
1 £=0

(k) =vialk e H(A)}=105 ke S\ {0} .
0 keS



Obviously, u e Fsub(A4), but H(0.5)={0,2,4} ¢ sub(A).
Definition2.2 Let x be a fuzzy subalgebra of A. If for any
x,y € A4, u(xy) 2 pu(x) v u(y), then we call u a fuzzy algebra ideal of A.

We denote the set of all fuzzy algebra ideals with the symbol FI(A).
Theorem2.5 Let u be a fuzzy set determined by nested set. If H(A)A €[0,1])
are all algebra ideals of A, then u is a fuzzy algebra ideal of A.

Proof. Similar to Theorem?2.3. [
Definition2.3 Let 4,7 are two fuzzy set of A. We define the sum u+7n of u
and n as follows:
(u+m)(2) = VAuG) A + y = 2}.

Proposition2.6 Let u,ne F(A) are two fuzzy set of A, then

W (utmu2p+m,  (2) (u+m)y = +n;.
Proof. (1) Forany zepu, +n,,let z=x,+y,,x, € 4;,y, €n, then

(u+m(@) =i Anx +y =2}2 wx) An(r) 24, so ze(u+n),, and
then (u+n), ou, +7,.

) The proof of (u+7) =i 1s similar to the proof of (1); Other hand,

for any ze(u+n),, (,u+77)(z)—v{y(x)/\n(y)|x+y—z}> A, there some x,,y,,
suchthat z=x,+y, and u(x,)An(y,)>1,80 x,eu,, y,en,,and zeu, +n,.

Therefore (2) holds. [ |

Proposition2.7 Let u,ne F(A) be two fuzzy sets determined by nested sets H,
K, respectively. Then u+n are determined by the nested set
H+K:{HQ)+ KA\ elo,1]}.

Proof. By the hypothesis, u, cHA)cpy,, n, cK(A)cn,, so we have
M, +1, € H(A)+ K(A) c w, +1, , and then (u+7), < H(A) +K(1) < (u +n), from
Proposition2.6, this means u+7n is determined by the nested set
H+K:{H()+ KA e[o1]}. O

Theorem2.8 Let u and n be two fuzzy subalgebras(ideals) of A, then u+n
is a fuzzy subalgebra(ideal) of A.

Proof. We prove the Theorem to fuzzy subalgebra only. Because u and 7 are
two fuzzy subalgebras of A, from Proposition2.6 we have

(u+m), cp, +n, < (u+n),,this means that x+7 is determined by the nested
set H: {,u,l +771|/1e[0,1]}. Since x and 7 are two fuzzy subalgebras, so u,
and 7, are all subalgebras, and then HWA)=pyu,+n, 1is a
subalgebra(Propositionl.1), u + 7 is a fuzzy subalgebra of A. g



3. Lattice structure

Theorem3.1 The set Fsub(A) forms a complete lattice lunder the inclusion
relation < with the intersection as its inf. Its maximal and minimal elements
are 1, and 1,, respectively.

Proof. For any u; e Fsub(A4),ie I, where I is any nonempty index set. Then for
any k,/eK,x,ye A,

(o ke +1y) = AQu (o +1y)) 2 A (1 (x) A ()
= (AN ACA 1 () = (A 1)) A (A 1))
(A 4 = A (x9)) 2 A () A (9)) = (A #)E) A A 1))

Hence, we conclude that A ;€ Fsub(4). Obviously, 1, e Fsub(4), thus we can

assert that Fsub(A) forms a completee lattice under the order <. Other
conclusion of this theorem is easy. ]

In the lattice Fsub(A), v,A denote the sup, inf, respectiveely.
Proposition3.2 FI(A) is the complete sublattice of Fsub(A).
Proof is easy and omitted. []
Theorem3.3 Let 1,1 e Fsub(A), then puvn=pu+n.
Proof. By Theorem2.8, u+ne Fsub(4). Since u,,n, M +1, € (u+1m),, and
then uncu+n. If £eFsub(4) and u,ncé, then .U;Jh cé,, and then
Mo+, &, but (u+n), cupy+my (proposition2.6), thus (u+n),c&,, so

p+ncé, this means that 4 +75 is a minimal fuzzy subalgebra of A which
contains u and n,thatis uvy=p+n. [

Remark3.4 The lattice Fsub(A) is not distributive.

Proof. Suppose, if possible, Fsub(A) is distributive. Let A be a ring, Z the ring
of integers, then A is a Z-algebra. In this case, K=Z, Fsub(A) is the lattice of
all fuzzy subrings and is distributive, of course, the lattice of all fuzzy ideals of
aring A is also  distributivity. This contradicts the Theorem(The lattice of all
fuzzy ideals of a ring is not distributivity)[5]. [

Theorem3.5 The lattice Fsub(A) is modular.

Proof. For any u,ne Fsub(4), it's easy to verify that (uan), =u, rn,,
(LA =y AT

For any u,n,y € Fsub(4) and 7o u, we will prove ua(nvy)=nv(unsy).
From Theorem 3.3 and Proposition2.6 we have uA(nvy)=pu@+y) and

A+ =t "+ S A7) S A +7), 5 (UA@+T) s
@+ (unyacm+ WAV =+ Ar) S+ (AT,



This shows that uA(n7+y) and 7+ (u Ay) are determined by the nested sets
H~(, +y;) and n, +(u, Ay,)),, Tespectively. But u,,n, and y,are all the
crisp K-subalgebras of A and y, o7,, by Propositionl.] we have

A+ 7)) =m+ Ay, and then ua(mvy)=ngv(usy). O
Corollary3.6 The lattice FI(A) is modular.
Proposition3.7 If B,C e Fsub(4) and Bc C. Let

Fsub,,(B,C) ={D|D € Fsub(4) and B < D < C}.

mid
Then Fsub,,(B,C) is the complete sublattice of Fsub(A) with maximal and
minimal elements B and C, respectively. Of course, Fsub,,(B,C) is modular.
Proof. Omitted. [
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