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Abstract In this paper, on the basis of the concepts introduced by S. Nanda of convex fuzzy val-
ued mappings and the multiplication operation of fuzzy numbers concerning real numbers, we
prove that fuzzy numbers satisfy distributive law with respect to the addition of positive real num-
bers. Furthermore, on a general open convex set 2 C R” ,we obtain that tbe local minimum val-

ues of convex fuzzy valued mappings are equivalent to the global minimum values of theirs.
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1 Introduction

The concept of convex fuzzy sets were originally introduced by L. A. Zadeh(7). Subsequently
a lot of scholars did a great deal of work at the aspects of their theories aﬁd applications. Some
properties of convex fuzzy sets were studied and given by Lowen(2], Katsaqas and Liu(3),Brown
(4]). The concept of the convex fuzzy mappings has first been introduced anﬁ some results includ-
ing some applications to nondifferentiable optimization have been investigated by Nanda{1]. I
recent years, as the studies deepen constantly, the theories of convex fuzzy valued mappings are
being applied step by step to some fields of Mathematics.

For simplicity, we consider only the convex fuzzy valued mappings deaned on the Euclidean
space R" . In the paper, we will study the equivalences problem of the local minimum values and

the global minimum value of the convex fuzzy valued mappings on an open ponvex set 2 C R" .
2 Preliminaries

Let (H)=1{a =(a",a"):a" < a*,a”,a* € R} denote the set of a].l interval numbers on
the real number field R . }
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Leta,b,c € (H) ,wherea

MWDa=5b iff
2)a<b iff
(3)a<b iff

4)a+b=c¢ iff

(5) ka = (ka™,ka*), whengver k =0

Fora,b € (H), their
d

Obviously, ((H),d) is

constitutes a partial order set.

=(a",a*),b = (67,6%),¢ = (c™,c?) . we deéfine
a"=b" and at=p*
a < b and a*< bt
a<b and a#b
CaT+bT=c" and at+ b*= ¢t

distance is defined as .
(a,8) = max{l a== 671, | a*— b*1}
a metric space, where d is an Hausdorff distance, and ((H), <)

Let P and Q be classical sets, we define the multiplication of a set concerning a real number

and the sum of two sets as follows.

(1) kP—lkxleP’ whenever k € R,

(2) P+Q={z+ylz€P,y€ Q}

Definition 2.1 Let a mapping A: R — (0,1) . Then A is called a f
following conditions are satisfied.

(1) A isnormal, i.e.

number on R , if the

» there exists g € R such that A(zp) = 1.

(2) A isa convex fuzzy set, i.e., for arbitrary z,y € R,A € 0,1},

A(dz + (1-2)y) = A(z) A A(y) holds.

(3) A is upper semi—

continuous.

(4) Let support suppA = {x € R:A(x) > 0} ,its closure suppA is compact.

Denote the family of all

By above definition, if A € F* (R) , for everya € (0,1] , we

fuzzy numberson R as F* (R) .

easy to know its cut —

set A, = {x € R:A(z) = al is a closed interval, denote it as A, = [(A;,A])

Let a mapping p:F*(R) X F*(R) — (0, + o)
#(A,B) & supd(A,,B,)

We can verify that p is

Let A,B,C € F*(R) , we define

A<B iff A,

also a distance on F* (R)

< B, for any a € (0,1)

A+B=2C_, where A, + B, =C,, for any a € (0,1).

Definition 2.2 Let A € F*(R), forallk >0,z € R, define

A
0

, if k#0

y forx=0 if k=0
, forx £ 0 if k=20

]

From this definion, obviously, we have 1A = A and 0A =0,

where 0(z) =

1, if z=0
0, if x#0




3 Main results

In the course of applications, as if in classical real valued functiops, we are interested in the

global properties of the extremum, i.e., in the whole field of definitjons {2 and the local neigh-
bourhood U(.g:o,6) regarding g as a centre, & as a radius, whether we have f(z) 2 f(zo) , for
all z € Qiff f(z) = f(xo) » fprallx € U(zxy,6) ? In the ordi case, it is not certain. But

as for convex fuzzy valued mappings, the following several theorem us that the global mini-
mum value and the local minimum values are equivalent.

Throughout this section, we let £ be a convex set in the n— dimi jonal Euclidean space R" .
Definition 3.1 Let a mapping f:2—F"(R) . Thehfis called a nv;ax fuzzy valued mapping

on 0 , if for arbitrary z,y € 2,4 € (0,1), f(Az + (1 - 1) y) < Af(z) + (1 - 1) f(y) always
holds. ‘
Especially, whenever 0 < A < 1, and above strict inequality holﬂs then f is called a strictly

convex fuzzy valued mapping.
Similarly, by f(Az + (1 =2)y) = af(z) +(1- A)f(y) , we may define the concave fuzzy
valued mappings, without loss of generality, we only study convex f valued mappings.

Definition 3.2 Let convex set {2 C R" ,a mapping f:2 — F*(R) , if there exists a neigh-
bourhood U(zp,8) C 2 regarding zo € 2 as a centre, d as a radius|such that f(z) = f(zp)
forall x € U(xyp,8) . Then xg is called a local minimum point of ja fuzzy valued mapping f,
f(zq) is called a local minimum value of f . Where U(xo,68) = lzl€ :llz-=zoll <o},
and || * || isanorminR" .

Similarly, if there exists a point zo €  such that f(z) = f(xp) , forany z € O . Then
xg is called a global minimum point of a fuzzy valued mapping f, f (xg) is called a global minimum
value of f . »

In order to rear applications, we will first give some important properties with respect to
fuzzy numbers, i.e., Theorem 3.1—3.3.

Theorem 3.1 IfA € F*(R), forany 2 > 0 ,Then (kA)a = kA, ,foralla € (0,1].

Proof By definition 2.2 and the definition of the cut — sets of fuzzy pumbers.
Evidently, forall z € (kA), iff (RA)(z)=a if A(F)=a iff F €A

iff x€RA,.
Thus, the proof is completed.

Theorem 3.2 I A,B € F*(R)and A < B, wheneverk > 0. Then kA < kB .




Proof By the definition of order “<{” and Theorem 3.1, We need only prove kA, << kB, , for

alla € (0,1) . From the known conditions, it is clear.

y distributive law.

Theorem 3.3 IfA € F*(R), forany ky > 0,k2 > 0. Then (&, + ka{A = k1A + kiA.

i.e., fuzzy number A concerning the addition of positive real numbers sa

Proof By decomposition theorem of fuzzy sets and Theorem 3.1, we need only prove that

(ky + k3)A, = k1A, + koA, , foralla € (0,1).
In fact, for every z € (ky + k3)A,,a € (0,1) , there exists a poi

o € A, such that

z = (ky + ky)zg . Therefore, x = kyxzg + kazo € k1A, + k2A, is obvious,

i.e., (kl + kz)A, C k1A + kA, .

On the contrary, for every x € k1A, + k3A, , there exists points zg € A, and yg € A, such

that z = kyxo + kayoand A(zg) = a,A() =a .

On the other hand, as A € F* (R) , from Definition 2.1, we know that A is certain a con-

vex fuzzy set. Hence, we have

z _ A kizo t Raye
A(k1+k2) _A( k1+k2 )

- ky _ k1 ki
- A( o + (1 kl + kz)yO) ’ Where kl + k2 e (0,1)

ky + by
= A(zo) A A(xo)
Zala

= a

Consequently, i _’sz € A orx € (ky + k3)A,

i.e., k1A, + kA, C (kl + kz)A,
Thus, the proof is finished. .
The following several Theorems are main results in this paper.

Theorem 3.4 Let f be a convex fuzzy valued mapping defined on an open convex set { C R" .
Then the set of the points which make f get a global minimum value is a qonvex set.

Proof First, we will prove a generality conclusion.
Take arbitrary A € F*(R) , define set m(f,A) = {z € Q:f(x)
We can prove straightforward that m(f,A) is a convex set.
Actually, letting z,,z2 € m(f,A) ,then f(z,) <A, f(z2) <A.
Consequently, for any0 < A < 1, from Theorem 3.1—-3.3, We have
fQAzy + (1= ) xy) < Af(zy) + (1 - A)f(zx3)
<2MA+(1-A1)A
=(A+1-2)A
=A

<Al



Thus, Az  + (1 - A)z; € m(f,A)
i.e., m(f,A) is a convex set on {J .
Now, let zo be a global minimum point of f on {3 , writing f(zo) =

Therefore, m(f,B) = lxéﬂ f(x)<Bl . Andsom(f,B)isasetof_

f get a minimum value on {2 .

B € F*(R)
ullpoints which make

According to above generality conclusion, we obtain that m (f,B) is also a convex set.

Consequently, the proof is completed.

Theorem 3.5 If f is a convex fuzzy valued mapping defined on an open

convex set 2 C R" .

Then an arbitrary local minimum point of f must be a global minimum point of fonQ2.

Proof Let zg be a local minimum point of fon 3 , i.e. , there existsa 8-neighbourhood U(zg,

8) of zg such that f(xo) < f(z) , for arbitrary z € U(zxy,0)

Letz € 2 — U(zy,8) , Clearly, we have z # zoand z & U(zg,0),

e, lz=zoll =& or _IIT-t-?_xﬂr<1 (where || z - zo ||
We choose 4: 0</\<-"Tf—xo—”'
Then H((1=-)zo+az) —zoll =allz—zoll <8

ie., (1-2)zp + Az € Ulx,90).
As z; is a local minimum point, we can derive from that
f(.‘l:o) <f((1 - A)xo + A.‘C) < (1 - A)f(xo) + Af(

According to the operation properties of fuzzy numbers and Theorem 3.1 -

For all « € (0,1)] _
(f(zo))e < (1 = 2) fzo) + Af(2))a
= (1= D) (f(z0))a + A(f(2))a
< (1 = ) fa(zo) + Afa(2), (1 = ) fa(zo)
falze) < (1= 2)fa(zp) + Afa(x)

felze) < (1= 2) falzo) + Afa(2)

(f2(z0), fa(z0))

Thus, we derive from that {

or

Therefore, we have
{f;(zo) < fo(z)

filzo) < fi(x)
Furthermore, (f(z0))e = (falzo), fa(zo)) <

Taking advantage of the decomposition theorem of fuzzy sets, we get
flzo) < f(2), for all z € Q- Uz,

Finally, we obtain f(z) < f(z) » forallx € 0
Hence, the proof is completed

,forall z € 2 - U(xy,9)

Theorem 3.6 Let f be a strictly convex fuzzy valued mapping defined on
C R", if f has a global minimum value on {2 . Then it is gotten at an un

(filz), fi(z)]) =

&)

| #0)

)

3.3, we obtain

31

+ Afe(x))

F (f(x))a

ian open convex set {2

que point on {2 .




Proof Let A € F* (R) be a global minimum value of fon {3 . i.e., there exists zg € £ such
that A = f(zo) < f(z), for arbitrary z € 0 .
Let m(f = A) = {z € 0:f(z) = Al
Then by Theorem 3.4, we know that m(f = A) is a convex set.
Suppose there exists z; € {2 and x1 7 zg such that f(zo) = f(z1)|= A
Obviously, we have zo,z; € m(f = A) .
And so, whenever 0 < A <1, we have
Azg+ (1= A)x € m(f = A)
Hence flazg+ 1 =A)z) = A ()
On the other hand, as f is a strictly convex fuzzy valued mapping, we obt#in that
F(azg + (1 = A)z1) < Af(zg) + (1= 2) f(z1)

=xA+(1-1)A
=(Q+1-21)A
=A

This contradicts ( * )
Therefore, f can be only gotten an unique global minimum valueon 2 .

The theorem is proved.
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