GENERATED T-NORMS AND THE
CONVERGENCE OF GENERATORS
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ABSTRACT. Paper extends the results of Jenei and Mesiar on the convergent addi-
tive (multiplicative) generators yielding convergent triangular norms. We are not
restricted to continuous or Archimedean t-norms as in mentioned approaches. The
pointwise convergence of additive generators to a limit additive generator yields the
convergence of corresponding t-norms.

1. INTRODUCTION.

Recently, Jenei [1] and Mesiar [11] have shown that the pointwise converg

nce

li)m falz) = f(z), =z € [0, 1] of some continuous additive generators (f,)nen
n—00

to a continuous additive generator f (up to the point 0, possibly) ensures the paint-
wise convergence nll’ngo To(z,y) = T(z,y), (z,y)€ [0, 1}* of the corresponding

t-norms. These t-norms are then obviocusly continuous and Archimedean.
more details and terminology concerning triangular norms we recommend [3

For
12].

More, this convergence is uniform, see [2] or [6]. However, not only continyous
Archimedean t-norms are generated by means of additive (multiplicative) genera-

tors. Non-continuous additive generators are discussed, for example, in [4,13,14
Therefore it is natural to investigate the limit properties of generated t-norms b

15).
ed

on the convergence of corresponding additive (multiplicative) generators without
the limitation to continuous Archimedean t-norms. Note that because of the one-

to-one correspondence between additive generators and multiplicative gener
we will deal in this paper with additive generators only.

2. GENERATED T-NORMS.

ors

Definition 1 [10]. Let f : [0, 1] — [0, o] be a strictly decreasing mapping

such that f(1) =0. Then f is called a conjunctive additive generator.

Recall that for any conjunctive additive generator f we can define its pseudo-

inverse

FOU 10,00 =+ [0,1] by fCU(z) = sup{te[0,1] | f¢) > z}.
Pseudo-inverse f(-!) of a conjunctive additive generator is always a continu
non-decreasing mapping, see [5]. Immediatetely we get the next result.
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Proposition 1. Let f : [0, 1] = [0, o] be a conjunctive additive genergtor.
Then the mapping Ty : [0, 1]* — [0, oo],

Ty(z,y) = FOV(f(z) + f¥))

is a commulative, non-decreasing extension of the classical Boolean conjunc
Moreover, the element 1 is a neutral element of Ty .

ion.

Evidently Ty is a t-norm if and only if it is an associative operator on [0, 1]%.

Definition 2. Let f : [0, 1] — [0, oo] be a conjunctive additive generator guch
that Ty is associative and hence a t-norm. Then f will be called an additive
generator (of a t-norm Ty). The class of all additive generators (of some t-ngrm)
we will denote by F .

Note that till now the class F was not fully characterized. Some sufficient
conditions for f € F can be found in [5,6,15] while some necessary conditions are
discussed in [14,15].
Proposition 2 [56]. Let f : [0, 1] — [0, o] be a conjunctive addstive
genergtor and let for all z,y € [0, 1] either f(z)+ f(y) = f(2) for
z€[0,1] or f(z)+ f(y) > f(2) forall z€]0,1]. Then fe F.

Note that continuity of a conjunctive additive generator f ensures the fulfilment
of requirements of Proposition 2 and consequently ensures that f is an addjtive
generator. Recall that by Ling [9] such f generates the continuous Archimetean
t-norm. More, it can be shown that any f € F fitting Proposition 2 yields an
Archimedean t-norm. However, not all generated t-norms are Archimedean.

Example 1 [13]. Let f : [0, 1] — [0, oo} be defined by

3 -z if zel0, 0.5],

M= {127 ¢ reonn

Then f € F and z = 0.5 is the idempotent element of t-norm Ty ,ie., Ty is
not Archimedean neither continuous.

3. CONVERGENCE OF ADDITIVE GENERATORS YIELDING
THE CONVERGENCE OF GENERATED T-NORMS.
Let f, fi, f2, ... be additive generators and let llm n(z) = f(a),
n—o0

for all =z € [0, 1] . Using similar arguments as in [11] we can shown that jalso
nli’rroxo f,(,'l)(z) = f(D(z), forall =z € [0, ], and consequently we obtain the
next result.
Theorem 1. Let f, fi, fa, ... € F be additive generators of t-narms
Ty, Ty,, Ty, ... , respectively, and let nll’ngo fa(z) = f(z), for all
z €0, 1. Then Jim Ty, (2,y) = Ty(z,y), forall (z,9) €0, 1.

It is easy to see that if f € 7 and g differs from f only in the point 0,
9(0) > f(2) forall z€]0, 1], thenalso g € F and T; = T, .Therefore
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the convergence in Theorem 1 can be required for z € ]0, 1] only, similarly as
in [1,11). Further, in [1,11] also the opposite claim with respect to Theorem 1 is

proved in the case when T, T, T3, ... are continuous Archimedean t-norms, j.e.,
if lim T, = T then there are some additive generators f, fi, f2, ... € F
n—oco

sothat T = Ty,T, = Ty, ,n€ N, and nli’ngofn(m) = f(z), for all

z €10, 1] . Whether this result can be extended for arbitrary generated t-norms is
still an open problem.

Example 2. Define f,€eF,ne€N by

3 -z if zel0,05- 35,
fa@) = ¢ n+3 - (2n+8z if ze€[0.5- 5, 0.5,
1-2z if z€l0.5,1].
Then f, is a continuous additive generator for any n € N and Ty, |s a
continuous Archimedean t-norm. Futher, nl_i-’ngo falz) = f(z), z € [0,]|1],

where f € F is an additive generator introduced in Example 1. Consequently,

lim Ty, = Ty ,i.e. the limit of continuous Archimedean t-norms (Tyn)nen|is a
n—oo

non-continuous and non-Archimedean generated t-norm Ty .

4. CONCLUDING REMARKS.

We have shown that the pointwise convergence of additive generators to an|ad-
ditive generator results the pointwise convergence of the corresponding generated
t-norms. Note that there are several additive generators generated the same gen-
erated t-norm, i.e., there is some freedom when choosing an additive generator to
a given generated t-norm. As a direct convergence of Theorem 1 we see that if
fa fl’ f2a ey 8y 91y 92, --- € -7:7 Tf.. = Tg.. y M E N ) and nll’n;ofn = f;

ll)ngo gn = g, thenalso Ty = T,.
" Further note that the existence of nango fn itself is not enough to ensure that
lim Ty, is at-norm. Take, e.g.,

n—o0

1-2 if zel0,05- 3],
fal) = { 2 — 2z if ze)0.5- g, 05+ 2,
Loz if z€[05+ 7, 1.
Then f, is a continuous additive generator for n € N , and le fn =1,
n-+o00

where
1 -3 if ze€l0, 0.5,

flz) = ¢ 0.5 if =05,
I‘T’ if z€]0.5,1].
However, f ¢ F and nll'ngo Ty, . though it exist, is not a t-norm. Anyway,
f is a conjunctive additive generator and lirréo Ty, = Ty , indicating that

n—
Theorem 1 can be extended to the class of all conjunctive additive generators jand
corresponding generated conjunctors.
Finally note that similar results can be expected also for generated aggregation
operators [7,8].
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