ON THE COMPARISON OF QUASI-ARITHMETIC MEANS
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ABSTRACT. Necessary and sufficient conditions for the comparison of i-arithmetic means
by help of their generators are proved. Moreover, the equality of two ;ﬁarithmetic means
is discussed. Several examples are given. ‘

1. INTRODUCTION

Quasi-arithmetic means are transformations of the common arithmetic mean. In this
paper we will consider the extended arithmetic mean
_ _ 1<
M: U R" - R, M(u1,...,u,,) = -—Z 4.

neN n =1

If {—o0, 00} C {u1, ..., un}, we will use the convention —oo + oo = —o0.

Definition 1. Let f : [0,1] — R be a continuous strictly monotone mapping. A quasi-
arithmetic mean is an operator M; : |J [0,1]" — [0, 1] defined by
neN

My(zy, ... 2n) = 7 (M (f(21), -, F(20))) (1)

where f~! is the inverse function of f. |
The function f is called the generator of the quasi-arithmetic mean Mj.

Directly from the definition it follows that M, s,s = My for each a, b € R, a # 0.

Quasi-arithmetic means belong to the class of aggregation operators. Without loss of
generality we can consider the aggregation operators with inputs from the unit interval.
Our definition of an aggregation operator agrees, e.g., with definitions given in [8,6].
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Definition 2. A mapping A : |J [0,1]" — [0,1] is an aggregation operator if it is mono-
neN

tone, i.e.,

A(z1,...,Zn) < A(y1,...,yn) whenever z; <y; foreachi=1,...,n and n €N,

and
if for each z € [0,1] and n € N the following boundary conditions are satisfied :

(A1) A(z) =z,

(A2)  A(0,...,0) =0,

n-times

(A3) A(l,..,1)=1.

n-times

2. COMPARISON OF QUASI-ARITHMETIC MEr&NS
|

l
Deflnition 3. We say that an aggregation operator A is weaker than an aggregation
operator B and denote A < B, if for all possible inputs (zi, ..., %n) € [0,1]", n € N, the
inequality A(zi,...,zs) < B(z1, ..., T5) holds.

Although this definition is given for any two aggregation operators, in this section we
prove only necessary and sufficient conditions for comparing quasi-arithmetic means.

It is well-known that harmonic , geometric, arithmetic and quadratic means are com-
parable in this sense and H < G < M < Q.

Triangular norms [3] are special types of aggregations operators. For the basic four
t-norms, i.e., Drastic product Tp, Lukasiewicz t-norm Ty, Product Tp and Minimum T
we have Tp < Tt < Tp < Ty. Further, it is known [5] that if ¢-norms T;,T, are generated
by continuous additive generators f; and f;, respectively, then T) < To iff fiof; ' isa
subadditive function, i.e., fio fy (x+y) < fiof3Hz) + fiof;1 (y) forall z, y, z+y €
Ran f,. F
A similar characterization by means of generators can be also stLated for quasi-arithmetic
means . |

Theorem 1. Let My be a quasi-arithmetic mean generated by an increasing (decreasing)

generator f and let M, be any quasi-arithmetic mean. Then My is weaker then M, if and

only if the composite function f o g~! is concave (convex) on the| Ran g.

Proof. The property My < M, is equivalent to

i (% 3y f(wi)) <g™? (% Zy(w-)) (2)

i=1 i=1




for all n-tuples (z1,...,Zn) € [0,1]%, n € N.
Let f be an increasing function. Then Eq.(2) is equivalent to

1 ¢
=S f@) < fog™! (— Zg(:c,-)) :
n“ n <
i=1 i=1
Putting g(z;) = w, i = 1,...,n, we obtain

%zn:f og ™ w) < fog™ (% i(w))

=1 =1

for each u; € Ran g, i = 1,...,n and n € N. However, the last inequality is equivalent to

the concavity of the composite function f o g™?.

The proof for a decreasing generator runs as before.

Example 1. The decreasing generators of the harmonic , geometric, arithmetic and qua-

dratic means are functions given by

fn@ =122,  fole)=—loga,

fu(@)=1-=, folz)=1-2%.

As it is easily seen, all composites

faofg'@) =expz—1, fgofy' =-log(l-2), fmofa'(®)=1-vi-=

are convex which proves the inequality

H<G<M<Q.

Example 2. Consider the operator My defined by :

(=)

My (a1, s n) = (fi=) "+ (fLa-=]

i=1 /

S a——

if {0,1} & {z1,...,zn} and My(zy, ..., zn) = 0, otherwise.

Tn (3)

It can be shown that this operator is the quasi-arithmetic mean generated by the generator

f(x) = log 1%, whose inverse function is given by

-1 _ eXpT
(=) 1+expz’




Further, consider the geometric mean whose generator fg(zr) = —logz is a decreasing
function. Since the composite function

faof'(z) =log(1 +expz) -2
is convex, we obtain G < My, which can be also seen from Eq.(3).

Remark 1. The operator My introduced in Example 2 has the annihilator a = 0 and the
weak annihilator b = 1, see [7]. Moreover, it can be derived from the conjunctive associative
compensatory operator C [1,4] generated by f that is defined by

Ty
zy+(1-z)(1-y)

C(0,1)=C(1,0) =0 and C(z,y) = , otherwise

in an iterative way described in [7].

Note that the quasi-arithmetic mean M; mentioned in Example 2 and arithmetic mean
M are not comparable. For instance, M(0,0.8) = 0 < 0.4 = M(0,0.8) and M(0.2,1) =
1> 0.6 =M(0.2,1).

The composite functions are neither convex nor concave.

Corollary. Let My, M, be quasi-arithmetic means . Then My = M, if and only if f og™!
is a linear function, i.e., g =af + b for some a,b € R, a # 0.

Proof. As it was already mentioned the first part of the claim, i.e., Myz45 = My for each
generator f and each a, b € R, a # 0, follows directly from the definition of M. From this
it is also clear that for each quasi-arithmetic mean an increasing igenerator can be chosen
(using a linear transformation if necessary).

Let My, My be two quasi-arithmetic means for which My = M,. Without loss of
generality we can assume that M; and M, are generated by increasing generators. Then
from My < My and My < M; we obtain fog~! and go f~! are concave functions.

Since go f~1 = (fog_l)—l, go f~! has to be a convex function. Thus go f~1 is a
linear function (non-trivial) and consequently, g = af + b for some a, b € R, a > 0. The
situation is similar for decreasing generators. It can be shown that a < 0 corresponds to
the case when one of the given generators is increasing and the other decreasing.
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