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TRIANGULAR NORMS AND MV-ALGEBRAS

JAN RYBARIK

ABSTRACT. MV-algebras on real chains are discussed. A finite chain admits unique
MV-algebra. The interval chain admits the MV-algebras isomorphic with the bold
fuzzy MV-algebra only.

1. INTRODUCTION.

MV-algebras were introduced in 1958 by Chang [2], see also [1,3]. In the same
year triangular norms were defined by Schweizer and Sklar [16], see also [6,7,9,17].
The aim of this paper is the investigation of relationship between t-norms and
MV-algebras which are defined pointwisely on some universe Q.

Definition 1.1 [2,3]. An algebra { M, 0, 1,’, @, © } is said to be an MV-
algebra iff it satisfies the following equations:

(MV1) (zDy)D2z=z®(yS2) (associativity)

(MV2) Thy=ydz (symmetry)

(MV3) rH0=2 (neutral element)
(MV4) ztdl=1 (annihilator)

(MV5) 00=1 and 1'=0 (boundary conditions)
(MV6) tQy= "oy (De Morgan law)
MV7) yo@yos) =@y (compatibility).

Note that (MV7) ensures (z') =z forall z€M ,ie, the complemen-
tation ’: M — M is an involutive mapping. In addition, by De Morgan law
(MV6), the operation © is associative and symmetric, with the neutral element 1
and annihilator 0. Further, the compatibility allows to introduce the lattice struc-
ture on M: tVy=z®(z®y")
and the partial order <: 2z <y iff zVy=y.

For more details and other properties of MV-algebras we recommend the overview
paper of Cignoli and Mundici [3].

It is evident that if M is a chain (with respect to <), i.e., < is a total order,

then both operations @ and © are non-decreasing.
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Recall that an MV-algebra M is called semisimple (or Archimedean), see [1,10],
iff for all z # O there is n € N such that nz =20 -0 =1.
\—-\.’-—-/
n—times
By the duality, for all ¢ # 1 thereis n € N such that z"=z0---0z=0.
————
n—times

Definition 1.2. Let (L, <, 0z, 1p) be a lattice with a partial order <,
the minimal element 0y, and the maximal element 17. A binary operation T :
L? - L is called a triangular norm iff it is

(1) symmetric, T (u,v) = T(v,u)

(2)  non-decreasing, u<u', v<v = T(u,v) <T(u,v")
(3) associative, T(u,T(v,w)) = T(T(u,v),w)

(4)  1f is the neutral element, T(u,1L) = u.

Note that the above definition from [4], see also [5,12], generalizes the standard
definition [16,17] of Schweizer and Sklar, which is, indeed, a special case when
L=][0,1].

In what follows, we will restrict ourselves to the case when L is a finite real set
or a closed extended real interval and < is the usual order of reals.

The relationship between MV-algebras and triangular norms was observed first
(indirectly) by Belluce [1], who showed that any semisimple MV-algebra M is
isomorphic with some bold MV-algebra, i.e., an MV-algebra of fuzzy subsets of
some universe €} (corresponding to the maximal ideals of M) equipped with ©
corresponding to the Lukasiewicz t-norm Tr, Tr(u,v) = max(0, v +v — 1),
W' =1 —u and @ corresponds to the dual operator Sy, (Lukasiewicz t-conorm),
Sz(u,v) = min(1, u+v). Another investigation on the relationship of t-norms and
MV-algebras were done in the framework of difference posets [8] by Mesiar and Pap
[10,11,13].

In the present paper we will discuss another point of view. Namely, let L be either
a finite chain, L = { zo, 21,...,Zn }, REN, O0=20 <2 <... < Tn = 1
or L = [0, 1]. The general case when L is a finite subset of R or the interval
[a, b] C R is a matter of rescaling only.

For a given universe 2 # 0, we will deal with the system M = L% of all L-
valued mappings defined on 2, equipped with pointwisely defined order < (partial
order if card € > 1), a unary operation / and binary operations &, O, ie., for
f,geM and weQ wehave

'. L - L, fl(w) = (fw))
®: L* - L, (fog)w) = flw)dg(w)
®: L* - L, (fOg)(w) = flw) ©gw).

The use the same notation for the above mentioned operations on L and on M
cannot cause any discrepancy.
We are interested under which the circumstances (M, <, /, &, ©) is an MV-

algebra. It is evident that due to its pointwise structure, M, <, @ Q)isan

MV-algebra if and only if (L, <, ', ®, ©) is an MV-algebra (with the usual order
on the real line).
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2. FINITE CASE.

Le¢ L =C = { %0, 71,...,%n } be a finite (ordered) set of reals,
0 = 20 < 1 < ... < o = 1. Suppose that there is an MV-algebra
(¢, 0,1,’', & ©) such that the corresponding order < is the usual order
of reals (from C).

Lemma 2.1. There is the unique involutive complementation ' : C — C

Proof. By [3], the mapping / is non-increasing, ie. = <y = y' <z’. Dueto
involutivity of complementation and finiteness of C, the only appropriate comple-
mentation is given by z;! = 4. U

Lemma 2.2. The operation © : C? — C isa t-norm.

Proof. As were mentioned in Section 1, the operation © is symmetric, non-decrea-
sing, associative and with neutral element 1. Thus by Definition 1.2, © is a t-
norm. U

Lemma 2.3. The operation © is determined uniquely by i © £j = Tit+j—n.

Proof. By the duality, in any MV-algebra M the equality

tVy=z®(z®y") isequivalent with the equality zAy =20 (z0y").
Butthen O=202’ forall z € M.

For M =C this means that z; ®Zn—; =0 and due to monotonicity of ® we
obtain z;®z; =0==2z¢ whenever 1 +j<n.

Forany i € {0, 1,..., n—1} wehave z;=2Zn-1Azi= Tp-10(Tn-10Tn—i) .
Then the sequence {Tp—1 © Tn—i ::01 should be strictly decreasing. More,
Tno101=2,10Zpo0=%n—1 and 20=0=2Tp_1 021 =Tn-10 Tn—(n-1)
Therefore Zp—10Zn—i = Tn-i—1 = Tn—1+n—i—n Whenever n—14+n—i—n > 0.
The rest of the proof can be shown in a similar manner. 0

Summarizing all above results, we see that there is unique MV-algebra on C.

Theorem 2.1. Let C ={=zo, z1,...,2n } be a finite real chain. Then there
is unique MV-algebra on C with operations &, ©, ! given by

Zi DT; = Tmin(n,i+j)
Ti OT; = Tmax(0,i+j—n)
’
Ty = Tn-—i,

respectively.

Remark 2.1. An alternative proof follows from the Belluce’s result [1]. By (MV7),
the only idempotents of @ can be the elements zo = 0 and z, = 1.
Consequently, any MV-algebra on a finite chain C is Archimedean. The only ma-
ximal ideal on C is C itself and hence C is isomorphic with a system of fuzzy
subsets of some singleton equipped with bold connectives, i.e., there is a mapping

g:C — [0,1] suchthat
g(zi ® ;) = min(1,g(zi) +9(z;)) = g(zi) Bglz;),
g(z; © z;) = max(0,g(z:) + g(z;) —1) = g(z:) Dg(z;),
g(ah) = 1—g(z:) = n(g(zi))-
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It is evident that unique mapping g fulfilling these requirements will be given by

i

g(zi) = £ .Then £;0z; = ¢ (max(0, 5+ % 1) = Tmax(0,itj—n)-
This same result follows also from uniqueness of a difference poset on a finite
chain shown by Rie¢anové and Briel [15].

3. THE CONTINUOUS CASE L = [0, 1].

Let ([0, 1], 0,1, ', ® ©) bean MV-algebra (with the usual order
of reals). By Trillas[18], see also [7,14], we have the following characterization of
involutive complementations on [0, 1] .

Lemma 3.1. The unary operation ' : [0, 1] — [0, 1] isan MV-algebra’s
complementation iff there is an increasing bijection g : [0, 1] — [0, 1] such
that for all z € [0, 1] holds

o = g7'(1 - g(2)).

Note that the function g is called a generator of this complementation and that
two generators g and h generate the same complementation if and only if their
composition hog~! generates the standard complementation n, n(z) = 1—=z
for all z € [0, 1].

Similarly as in the finite case we obtain the next result.

Lemma 3.2. The operation ® : [0, 1]* = [0, 1] is a t-norm.

Lemma 3.3. The operation @ : [0, 1]* — [0, 1] is a nilpotent t-norm, i.e,
there is a decreasing bijection f : [0, 1] — [0, 1]  such that

2@y = f7 (min(l, f(z) + f(¥) ).

Proof. The monotonicity of the operation © and (MV7) ensure the continuity of
the t-norm ©. Indeed, for any y < z thereis z (= (z O Y )') such that
¢ ®z =y , what together with monotonicity implies the continuity of the partial
mapping (z ®.) . By [6,7], the joint continuity of © follows.

Now, suppose that = ®z = z , i.e.,, z is an idempotent element of ® . Then
A’ =20 (x@z") =202 =0 andthus z € {0, 1} . By [6,9,17], © is a
continuous Archimedean t-norm. However, z ®@ ¢’ =0 for all z € [0, 1] excludes
the strict t-norms, and hence ® is a nilpotent t-norm. The existence of its additive
normed generator f (which is unique) is a standard result from [6,9,17]. O

Finally, we are able to prove the main result of this section.

Theorem 3.1. The system ([0, 1], 0, 1, ', &, ®) is an MV-algebra if and
only if it is isomorphic with the bold MV-algebra  ( [0, 1,0, 1, n 8 08) ,
i.e., there is an increasing bijection h : [0, 1] — [0, 1]  such that
N )
z @y = h7(h(z) B h(y)) = b~ (min(1, h(z) +R(y))),
g Oy = hY(h(z) O h(y) = kY (max(0, h(z) + h(y) — 1))-
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Proof. The if part of this theorem is obvious.

What concerns the only part of the theorem, we apply Lemma 3.3. Then the
operation @ is a nilpotent t-conorm [6,9,14,17] and hence it is generated by
unique normed generator h : [0, 1] = [0, 1] , h is an increasing bijection,
v ®y = h~(min(l, h(@)+h(y).

Then for all z € [0, 1] we get

1 =z @ ¢ = h~Y(min(1, h(z) + h(z')), ie, h(z)+h(z) > 1.

The continuity of h excludes the strict inequality  h(z) + h(z’) > 1 (for any
z €0, 1[), otherwise we will get = & u = 1 for some u < z’ obtaining a
contradiction. However, then for all z € [0, 1] it is

L= h(e) 4 h(e") = h(z) +h(g (1 - g(a))) = hog ™ (u)+hog~ (1 -u),
where g is some generator of the complementation ' and u = g(z). But this
means that h is also a generator of .

Finally,

z 0y =@ @y) =hr(1 - RE8Y) =
= h7}(1 — hoh }min(l, h(z") +h(y")))) =
= h™Y(1 — min(l, ho 7 (1 — h(z)) +hoh™'(1-h(y)))) =
= A1 — min(1, 2— h(z) — h(y))) = h™'(max(0, h(z) + h(y) - 1)).

4. CONCLUSIONS.

We have shown the simple structure of MV-algebras on finite chains (the case
isomorphic to the finite real chains) and on the real intervals [@, b] . In both
cases, the corresponding MV-algebra is Archimedean (semisimple) and hence we can
apply the Belluce representation [1] by means of a bold MV-algebra on a singleton.
However, this need not be more true for a general (real) chain with minimal and
maximal element. Note that in such case, no MV-algebra may exist, or, if it exist,
it need not be Archimedean.
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