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Abstract

In this paper, the pointwise difference operation and lattice—theoretical dif-
ference operation on fuzzy sets are defined, their basic properties are discussed,
and the de Morgan dual laws about the two new kinds of difference operations
are established.
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1. The pointwise difference operation of fuzzy sets

Via investigate the difference A—B={x< X|x< A, x¢ B} of two classical

sets A,B <X, it can be discovered that the characteristic function
) { 1, xeA — B,
. x) =
L= 4B,

{1, xeA,X¢B,

0, otherwise

of A—B may be expressed equivalently as following:
1, A(x)=1,B(x) =0,
Ly s =1 .
0, otherwise,
{A(x) — B(x), A(x)> B(x),
o, A(x) < B(x).
The pointwise expression of the difference operation of classical sets may

be generalized to the case of fuzzy sets at once.
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1.1. Definition. For every pair of fuzzy sets A,B € F(X), make a new fuzzy

set A—B as following: for each x € X, let
{A(x)—B(x), A(x) > B(x), M
(d=B)x)=1,, A(x) < B(x).
The new fuzzy set A—B is called the Pointwise diffrence of A and B.

Tt is clear that (1) may be expressed equivalently as

{A(x) — B(x),  A(x)> B(x), (2)
(4 - B)x)= 0, A(x) < B(x), )
or
A(x)— B(x),  A(x)> B(x), 3)
(4 - B)x)= {0, A(x) < B(x).

It is easy to see that the pointwise difference y,—A of the greatest fuzzy set
1:and an arbitrary fuzzy set A € P(X) is just the usual pseudo—complement A’
of A in the theory of fuzzy sets.

1.2. Proposition. For every fuzzy set A € F(X),

A=y —A. (4)

It is easy to see that x4 is just the zero element about the pointwise differ-
ence operation.

1.3 Proposition. For every fuzzy set A € F(X),

(1) A~A=1yqo;
(i) A~y =A.

It is easy to see that de Morgan dual laws associated with the pointwise dif-
ference operation must hold.

1.4. Proposition. For all fuzzy sets A,B,C € F(X),

(i) A—(BVC)=(A-B)A(A-C);
(iil) A—(BAC)=(A-B)V(A-C).
Proof. (i) Letx€X.
(a) If A(x)<<B(x) or A(X)<XC(x), then
(A-BYx)\(A—C)(x) =0,
that is |
((A-B)A(A-C))(x)=0.
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But from A(x)<<B(x) or A(x)<XC(x) we see that
AX)<B(X)VC(x)=(BVC)x),
30
(A—(BVQC)(x)=0.
Hence
(A-(BVC))(x)=((A-B)V(A-C))(x).
(b) If A(x) > B(x) and A(x) > C(x), then
(A-B)(x)=A(x)-B(x),
(A-C)(x) = A(x)—C(x),
so that
((A-B)A(A—C))(x) = (A-B)(x)\ (A—C)(x)
= (A(X)-B(x)A(A(x)-C(x))
= A(x)—(B(x)VC(x))
=Ax)-(BVC)(x).
But from A(x) > B(x) and A(x) > C(x) we see that
A®x)>B®x)VC(x)=(BYVC)x).
Hence |
(A—(BVCO))(x)=A(x)—(BV C)(x).
Therefore
(A-(BVO)(x)= ((A-B)A(A-C))(x).
Combine (a) and (b) we abtain that
A—-(BVC)=(A-B)A(A-C).
(ii) let x € X.
(a) If A(X)<XB(x) and A(x)<XC(x), then
(A—B)(x)=0 and (A—C)(x)=0.
So that
(A-B)(x)V (A-C)(x)=0,
that is
(A-B)V(A-CO)(x)=0.
But from A(x)<<B(x) and A(x)<<C(x) we see that
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AX)BE)IACKX)=(BAC)(x),
and then
(A—(BAC))(x)=0.
Therefore
(A-(BAC)(x)=((A-B)V(A-C))(x).
(b) If A(x)>B(x) and A(x)>C(x), then (A-B)(x)=A(x)-B(x) and
(A—C)(x) = A(x)—-C(x),
so that
((A-B)V(A-QO)(x)=(A-B)(x)V (A-C)(x)
= (A(x)-B(x)) V(A(x)—C(x))
= A(x)—-(B()AC(x))
= AX)~(BAC)x).
But from A(x) > B(x) and A(x)> C(x) we see that
A(x)>Bx)ACKx)=(BAC)X),
hence
(A-(BAC)(x)=A(x)~(BAC)(x),
therefore
(A—(BAC)H(x)=((A-B)V(A-C))(x).
(c) If A(x) > B(x) and A(x)<<C(x),
then ‘
(A-B)(x)=A(x)—B(x) and (A—C)(x) =0,
so that
((A-B)V(A-C))(x) =(A-B)(x)V (A-C)(x)
=(AX)-B(x))VO0
= A®X)-B(x).
But from B(x) < A(x)<<C(x) we see that
A(x)>B(x)AC(x) =(BAC)X).
Hence
(A—(BAC)(x)=A(x)~(BAC)(x)
=A(x)-(B(x)/\C(x))
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= A(x)—B(x).
Therefore
(A—(BAC)(x)=((A—B)V(A—-C))(x).
(d) If A(x)<<B(x) and A(x)> C(x), then one can easily verify that
(A-(BACH(x)=((A—B)V(A-C))(x).
Combine (a), (b),(c), and (d), we obtain that
A—(BAC)=(A-B)V(A-C). B
The first de Morgan daul law can be generalized to the case of infinite op-
erations.
1.5. Proposition. Take arbitrarily a family of fuzzy sets { B,Ja € D}<=F(X),
then for each fuzzy set A € F(X),
A— (\/DB“): I/‘>(A - B).
1.6. Note. Generally,
AN (B-C)F(AAB)—-(ANQ).
For example, take A=0.6, B=0.8, C=0.1, then for every x€ X,
(AAB-O)(x)=A(x)/\(B-C)(x)
= A(x)/\(B(x)—C(x))
=0.6/\(0.8-0.1)
=0.6/N\0.7
=0.6.
But
(AAB)x)=A(x)/AB(x)=0.6/A0.8=0.6,
(ANC)x)=AEX)AC(X)=0.6A0.1=0.1,
(AAB)~AAC)Hx)=(AAB)X)-(AAC)(x)
=0.6—0.1
=0.5.
Here,
ANAB-C)*F(AAB)-(AAC).
1.7. Definition. For every pair of fuzzy sets A,B€ F(X), we make a new
fuzzy set
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A®@ B=(A-B)V(B-A)
and call A@ B the pointwise symetric difference of A and B.
1.8. Proposition. For arbitrary fuzzy sets A,B € FX),
(1) AD A=3e;
(ID AD 1o =A;
(I A@ 1o=A";
(V) A@B=B®A.

2. The lattice—theoretical difference operation of fuzzy sets

The difference
A-B={x<X|xC A, x¢ B}
of classical sets A,B <X also can be expressed equivalently as
A-B=AB".

Take this lattice—theoretical expression as starting point, we obtain anoth-
er difference operation of fuzzy sets at once, it is also a generalization of the dif-
ference operation of classical sets.

2.1. Definition. For every pair of fuzzy sets A,B¢ F(X), we make a new
fuzzy set

A-B=AAPB
and call A—B as the lattice—theoretical difference of A and B.
Similarly, the lattice—theoretical difference y,—A of the greatest fuzzy set
1,and an arbitrary fuzzy set A € P(X) is just the usual pseudo—complement A’
of A in the theory of fuzzy sets.
2.2. Proposition. For every fuzzy set A € F(X),
A=A

2.3. Proposition. For every fuzzy set A € F(X),
A-yo=A.

2.4. Note. But for a fuzzy set A € F(X), equality
A-A=1y



47

needn’t hold generally, because equality
ANA =y
does not hold generally. Thereby combine the Note and Proposition 1.3.(i), we
understand that the two new kinds of difference operation of fuzzy sets defined
by us are different, although they are all the generalizations of the difference
operation of classical sets.
2.5. Proposition. For every pair of fuzzy sets A,B € F(X),
(i) A-B’=B-A’;
(ii)) A-B=B'—A".
Similarly, de Morgan dual laws associated with the lattice—theoretical dif-
ference operation must hold yet.
2.6. Proposition. For all fuzzy sets A,B,C < F(X),
(1) A-(BVC)=(A-B)A\(A-C);
(i) A-(BAC)=(A-B)V(A-C).
The two de Morgan dual laws can be generalized to the case of infinite op-
erations.
2.7. Proposition. For every family of fuzzy sets {B,ja € D} =F(X) and an
arbitrary fuzzy set A € F(X),
()A— (VB )=N(A4-B)

aeD agDd

(i)d —(AB )=\ (4-B ).

26D

2.8. Proposition. For all fuzzy sets A,B,C € F(X),
(I)(AAB)—-(AAC)=(AAB-A)V(AAB-C);
(I (AAB)-(AAC)=AA((B-A)V (B-C));
(1) (AAB)-(AAC)=AA(B-AANC);
(IV) (AAB)-(AAC)=BA(A-AANC).

2.9. Propostion. For all fuzzy sets A,B,C € F(X),
(I)AAB-C)=BA(A—C);
(I AA(B-C)=A—-(B'VC);
() (A-B)-C=A—-(BVC);
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(IV) (A-B)-C=(A—-C)-B;
(V) (A—C)—~(B-C)=(A-BVC)V(ANC-C);
(V) (A—C)-(B—-C)=AA((B'-C)V(C-C));
(VI) (A-C)—~(B-C)=(A-BAC-C;
(V) (A-C)—(B—C) = (A—(B-C))-C.
2.10. Definition. For every pair of fuzzy sets A,B € F(X), we make a new
fuzzy set
A@ B=(A-B)V(B-A),
and then call A® B the lattice—theoretical symetric difference of A and B.
2.11. Proposition. For every pair of fuzzy sets A,B € F(X),
(i) A@ B=BD A;
(i) A@ B=A'® P
2.12. Proposition. For every fuzzy set A € F(X),
(i) AD@ 1o=A;
(i) AD x,=A".
2.13. Proposition. For all fuzzy sets A,B,C € F(X),
(I) (AABYD (AAC)=AA[(B@ C)V(B-A)V(C-A)];
(I (AVB)A(A’VB)=(A-A)V(AD B)V(B-B);
(I) (A@ B)V(AAB)=(A-BAB)V(B-AAA’);
(IV) (A@ B)V(AAB)=(A—(B-B))V(B—(A-A)).
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