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Abstract:

This paper is devoted to the introduction and study of fuzzy lower and
upper weakly semi-continuous multifunctions between a general
topological space (x,T) and a fuzzy topological space (¥,7) .Using the
mapping F, and F* several equivelent conditions of a lower and upper
fuzzy weakly semi-continuous multifunction.
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1.Preliminaries

Throughout the paper , by (x,T) or simply by x we will mean a
topological space in classical sense, and (¥,T,) or simply by 7 will stand
for a fuzzy topological space (fis, for short) as defined by Chang’s
[1]Fuzzy sets in v will be denoted 4,B,U,vetc. and interior(semi-
interior) and closure (semi-closure) and complement of a fuzzy set 4 in an
fts ¥ will be denoted by mt4 (Sinta) crascid) and 1-4
respectively.when a fuzzy set 4 is quasi-coincident (g-coincident, for
short ) witha fuzzy set B in (r,7;), we shall write 4qB , if 4 and B are
not g-coincident, denoted by 4 qa .The words ‘neighborhood’ and ‘fuzzy
topological space’ will be abbreviated as ‘nbd’, and “fis® respectively.

Definition 1.1. Let (x,7) be a topological space in the classical sense

and (r,7,) be a fuzzy topological space. F:x—»7r is called a fuzzy
multifunction iff for each xcXx, F(x)isa fuzzy setin 7.
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Definition 1.2. For a fuzzy multifunction F:x -7 , the F. (4) and 7" (4)
of a fuzzy set 4 in r are defined as follows:
F()={xeX: F(x)Q4 }, F (DH={xeX: F(x)<4}

Theorem 1.3.[4] For a fuzzy multifunction F:x »¥ we have £ (1-4)
=X—F"(4), for any fuzzy set 4 in 7.

Definition 1.4. For a fuzzy multifunction 7:x - 7 is called :

(a) fuzzy lower semi-continuous (f.1.s.c., in short) at a point x, cx iff
for every fuzzy open set v in ¥ will x, cF. (v), there exists a semi-open
nbd U of x, in x suchthat vcF (),

(b) fuzzy upper semi-continuous (f.w.s.c., in short) at a point x, ¢ x iff
for every fuzzy open set ¥ in ¥ will x, e F~ (7)), there exists a semi-open
nbd U of x, in X such thatvcr* @),

(e)flsc. (fus.c)on x iff it is respectivety so at each x, X,

(d)fsc.on x iffitis fls.c. and fus.c. .

2.Lower and upper weakly semi-continuous fuzzy multifunctions

Definition 2.1. For a fuzzy multifunction #:x - 7 is called :

(a) fuzzy lower weakly semi-continuous (f.1.w.s.c., in short) at a point
x, e X iff for every fuzzy open set vin v will x, cF, (), there exists a
semi-opennbd U of x, in x such that UcF, (scv),

(b) fuzzy upper weakly semi-continuous (f.u.w.s.c., in short) at a point
x, € X 1ff for every fuzzy open set v in ¥ will x, e ¥ (), there exists a
semi-open nbd U of x, in x suchthat vcF-(sciy),

(¢) flw.s.c. (fuw.ss.c)on x iff it is respectivety so at each x, e,

(d) fws.c.on x iffitis flw.s.c. and fuw.s.c. .

Remark 2.2. 1t is clear from Difinition 2.1 and 1.4 that every fuzzy
semi-continuous (weakly semi-continuous, clmost semi-continuous (7D
multifunctions is f.w.s.c. where as the converse is not true.

Theorem 2.3. Let Fx->7 is flws.c(fuws.c.) iff for every fuzzy
open set ¥ in Y,F,(V)CInt F,(SCIV) ( respectively, 7*(")yCint F* (scw)).
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Proof. we prove the theorem for the case of f.1.w.s.c. of F only, there
other case is quite similar.

Let F beflw.s.c.and v befopenin v If xeF, (), then there exists
semi-open nbd U of x in x such that Ucpr (scv) and hence
UCIntF,(SCIV) .

Conversely , let xex and V be fuzzy open set in r such that
xcF,(V).Then xeF, ")CIm F. (SCIv)=U (say). Thus U is a semi-open nbd
of x suchthat UcF, (sciv) and consequently, F is flw.s.c. .

Theorem 2.4. If F.x 7y isflw.s.c., for every fuzzy pre-semiopen set
vV in Y,F,(V)CIntF,(SCIV) .

Proof. Let F beflw.s.c. and v be any fuzzy pre-semiopen set in ¥ .For
anyxecF, (), then there exists semi-open nbd U, of x in X such that

U,CF.(sCimsclv )CF.(sctvy and hence F (")cU{U,:xeF. (V)}C
F.(Sclv), and hence F*(VyCiInt F* (SCIV) . ‘

Theorem 2.5. If F:x »r isfuw.s.c., for every fuzzy pre-semiopen set
yin vy, F (V)CInt F* (SCIV).

Proof. Similar to Theorem 2.4. and omitted . .

Theorem 2.6. If a fuzzy multifunction 7:x -7 is flw.s.c. on x, then
SCI F, (" )CF. (Sc1v) for any fuzzy open set ¥ in Y.

Proof. Let xeF (sciv), where v is a fuzzy open set in 7. Then
F(x) qQ SCIV SO F(x)<1-SCIV By fuzzy lower weakly semi-continuity of
F there exists a semi-open nbd U of x in x such that F(z)<scr(1-
sciv)<i—v forall zev.Thus F(z) qV.ie z¢F. (), forall zeU, hence

U=NF, ¥)=J. Since U is a semi-open nbd of x, it then follows that
x&F (SCIV).

Theorem 2.7. If a fuzzy multifunctidn F:X->7Y is [}u.w.s.c. on X, then

scl F* vy cF" (scv)for any fuzzy open set ¥ in 7.
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Proof. Similar to Theorem 2.6. and omitted .

Theorem 2.8. Let F.x 7 is fuzzy multifunctions then following are
equivalent:
(a) F isflws.c.,

(b) for any fuzzy open set ¥ in Y,F,(¥)CIntF,(SCiv) and F"(V)C
F (sCcwy.

Proof. Evident.

Theorem 2.9. Let F:x 7 is fuzzy lower weakly semi-continuity if for
each fuzzy open set v, F,(CI) is fuzzy semi-open set.

Proof. Straightforward.
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