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1. Introduction and Preliminaries

Since 1965 the concept of fuzzy set was induced by L. A. Zadeh, many fundamental mathematical
concepts have been generalized such as fuzzy topological space[3] and fuzzy group|4] and they
are studied deeply. As well known, the measure theory is estiablished under the concept ring and
o -ring(algebra and 0 -algebra), but the theory of ring and & -ring of fuzzy sets are not studied
deeply which is necessary when the measure of fuzzy sets is studied. The purpose of this paper is
to study the structure of ring and o -ring of fuzzy sets. Following we give some basic well known
definitions.

Definition 1.1 [1] Let R be a nonempty class which elements are sets. If R can satisfy the
foliowing conditions:

fEER, FER then EUFER, F~ F=ENF ER,
then R is called a ring.

Definition 1.2 [1] Let R be a nonempty class which elements are sets. If R can satisfy the
following conditions:

if £,€R, then | JE, €R;if E, FER, then E — F €R;

i=1

thenRiscalleda o -ring.

Definition 1.3 [1] Let M be a nonempty class which elements are sets. If for any monotonic

sequence {£,}, £, €M, n=12,...,wehave lim E,EAM, then M is called a monotone class.

n—w

Definition 1.4 [2] A fuzzy set A is defined as a function A X—[0.1], X is a classical set, and
A={XEX: A(x)=r} is called the r-level cut and (4)={xE X: A(X)>r } is called the strong level
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cut of A. And we have A=U (o)1 7. 4,=U ey 7. I(A).
2.The weak induced fuzzy ring

Definition 2.1 Let R be a nonempty class which elements are fuzzy sets of X. If it can satisfy the
following conditions:

if FEER, FER, then EUFER, E—FAENFCER,

then R is called a fuzzy ring, here FS(x)=1—F{(x), xEX.

If A is a fuzzy set, then AN A°=¢ and 4 UA®=X is not always true, and many useful properties of
the classical ring can not be kept such as ¢ €R is not always true. So we think about a special
kind of fuzzy ring which has better properties.

Definition 2.2 Let M be a fuzzy sets class. If for any 4 €M, r€[0,1], r- Xl,(A) €M, a €[0,1],
then M is called having the weak induced property. Here r- X 1 (X)=r,
xe la(A); r- XI“(A)(X) = Oa X & la(A) .

Proposition 2.3 Let R be a weak induced fuzzy ring, then for any a € [0,1),
[,(R)={l,(4): A€ R} is a classical ring, and for any a €[0,1), /,(R)is invariant which

means forany a,a, €[0,1), @, #a,,wehave I, (R)=1,_(R).

Proof Let a €[0,1), /,(A),l,(B)el,(R), then there exists &>0 such that £+ a <1, and
(a+e)y X, 4y, (@+&) X, 5 R, hence we have (a+¢) X YU(atre)yX, 4 =

(a+ey X, s €R, but L(@+8&) X, ) = L(ADHUL(B), hence
LAULB)el,(R).

We also have

0,xe 1, (AL, (B);

a+exel (A)-1(B),

0,xel,(B)-1,(A);
(@+e)n(-(a+e)xel (HNIL(B),

DIf a=05,then a+e>a>1-(a+¢),so

L((a +8)'X1,,(.4) _(a+5)'X1a(a))=1a(A)“1a(B)-

Since (a+g)-X,a(A)—(a+g)‘X,a(B)eR,hence L(A-1(B)yel (R).

i) If a <05, then 2a <1, take £>1-2a, then a>1-(a+¢), so like i) we have
[(A)-1,(B)el (R). Thatistosay I (R) is aring.

Forany a €[0,1), I (R)is invariant is clear.

((a+a)-X,a(A) ~(a+£)-X,a(B))(x)=
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Definition 2.4 Let R be a fuzzy set class. If R satisfy the following conditions
(@if E€R,FeR,then EUF€R,;

(b)if E€R, then E° eR;
then R is called a fuzzy algebra.

Proposition 2.5 If X € R and R is a fuzzy ring, then R is a fuzzy algebra.
If R is a fuzzy algebra, then X is not always in R.
Proof Since A°=X—A, then R is a fuzzy algebra.

Let R={A4}, A(x)=0.5, x € X ,thenR is a fuzzy algebra,but X ¢ R,¢& R.

If R is a weak induced fuzzy ring, it is clear if R is a fuzzy algebra, then X € R.

3. The fuzzy ring and fuzzy o -ring

Proposition 3.1 Let R, be fuzzy rings (weak induced fuzzy rings), €7,
then ﬂ R is a fuzzy ring (weak induced fuzzy ring) if nR, =@

teT teT

ProofLetR=nR,,forany A,Be R,wehave A,BeR, hence AUBeR ,A-BeR,

teT

teT hence AUBeR,A-BeR.

Proposition 3.2 Let £ be an arbitrary fuzzy set class, then there is a only one fuzzy ring R, such
that R, D E, and for any fuzzy ring R, RO F, we have R,CR.

Proof Since the fuzzy set class which include all the fuzzy sets of X is a fuzzy ring, so there is at
least one fuzzy ring which include E. And by Proposition 3.1 we know the intersection of all the
fuzzy rings which include E is also a fuzzy ring, hence the intersection of all the fuzzy rings which
include F is the R, which we want to get. We denote it as R(E).

Proposition 3.3 Let £ be a fuzzy sets class, 4 € R(E). Then there are 4;€ E (1 <7 < n) such that
AclS

i=} .

Proof Let R={A:AC U]_ 4,4, € E,i <n},itis clear that R is a fuzzy ring, and £ C R, hence
R(E)CR.

Proposition 3.4 Let £ be a countable class of fuzzy sets, then R(E) is also countable.
The proof 1s as same as the case of classical set.

Definition 3.5 Let S be a nonempty class which elements are fuzzy set. If S satisfies the following
conditions:
(@)if Ee S, Fe S, then £ —Fe S,

) ifEeS,i=12,. then U F €8§;
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we call S a fuzzy o -ring.

Proposition 3.6 The weak induced fuzzy o -ring is closed under the operation of countable
intersection.
Proof Let S be a weak induced fuzzy o -ring, E,€ S, i€ N. For any a € [0,1], first we prove for

any re[0,1], r- Xz es.

Let 7, > a.r, <a,then (E), =M,/ (E).

Let E=U7_, X, (5> then EeS§,and X, :E—U"::,(E—X,,"(EI))GS.
Hence for any re [0,1], 7 X, €§.

Similarly we can prove for any r€[0,1], - X x es.
(E})a
1=y

Supposing a take over the set of all the rational number in [0,1], then we have

wE,.:Ua-X,, :Ua-X,,, €S,

i=1
' ac[0,1] (ﬂE‘ a a€[0,1] lDl(E‘ a
i=1

Proposition 3.7 Let S,be a o -classical ring, S*={A4:/ (4)€S,, r€[0,1]}thenS*isa
weak induced fuzzy o -ring.

Proof If E,€S*,i=1.2,....then L(JE) =|JL(E)eS,hence |J  E eS*.
i=1 =1

IfEFe S§*, forany ae[0,1], then

L(E-F)=I(EYNL(F°)
=LEYN(FL)
=LEN,._LF)Y

-LENCUWE)Y)

f<l-a

= U@L®-1,)).

B<l-a

Let r, >1l-a, r,<l-a,then

LE-F)={J _ (.(E)-I (F))es,
hence £—-F e S*, S*isafuzzy o -ring.

S5* 15 weak induced is clear.

4. The monotone ciass of fuzzy sets

Definition 4.1 Let M be a fuzzy set class. If for any monotonic sequence {£ }c M .

lim E_ e M , then M 1s call a fuzzy monotone class.

n-—»w
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Proposition 4.2 A weak induced fuzzy o -ring is a fuzzy monotone class; and a monotone fuzzy
ring is a fuzzy O -ring.

Proof Since the weak induced fuzzy o -ring is closed under the operation of countable union and
countable intersection, we know the weak induced fuzzy o -ring is a fuzzy monotone class.

Let M be a monotone fuzzy ring, £ e M ,i=1.2,...,s0 U.;Ei eM ,i=1,2,..., Since

{U:l=1 E, } is a monotonic sequence, and U:o:l(U::l E)}= U: E, , hence we get

1

U:E,. eM.

Theorem 4.3 Let R be a weak induced fuzzy ring. Let R¥={4:1(4) € S(/(R))},

M*(R)={A:1(4)e M(I(R))}, then M*(R) is a weak induced fuzzy monotone class and R*=M*(R).
Here L(R)={l(A):A € R}, S(I(R)) is the classical © -ring generated by /(R), M(/,(R)) is the
classical monotone class generated by /(R).

Proof R* is a weak induced fuzzy o -ring.

Forany {4 }cM*(R),4 cA,c-—-c A, <, wehave

lim 4, =" 4, Forany ref01].i(\J_ 4)=U

n-yon n=1

0

1 (4,)e M(l.(R)), hence

U 4. eM*@R).
Let {4, }cM*(R), 4204, 2--24,>-,wehave

lim 4, =(\" A4, Andforany re[01], () 4),=()_(4), But

n-—y:

)=(\_ 1. (4,), r,—>r.r, <r hence ()€ MUR),and () _4,), eMUR)).

Wealsohave 1,()_ 4,)=J" (. 4)..5; =>rr>r hence (| A4,€M*(R).
So M*(R) is a weak induced fuzzy monotone class.
Since S(Z,(R))=M(I(R)), then R*=M*(R).

Remark 4.4. In 1983 Prof. Wang Ge Ping has studied the fuzzy o -algebra which could be

generated by an usual ¢ -algebra in [5], some of his opinions is similarly to ours.
Remark 4.5 . This paper is supported by LNPCE 9609211057.
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