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Abstract

This note is to give the additional properties which are required to characterize convex sets.
Keywords: Convex fuzzy sets, the monotonicity.

1. Introduction

Some properties of convex fuzzy sets were studied by Lowen [1], Liu [2] and yang [3,4]. In
this note some additional properties which are required to characterize convex fuzzy sets are
discussed. These additional properties are expressed in terms of the following line segment
characterization of convex fuzzy sets and the monotonicity.

2. Preliminaries

Similar to [3] and [4], throughout this paper E will denote the n-dimensional Euclidean
space R", I denotes the interval [0,1], 7 °denotes ( 0,1) and [x, y] denotes set {ax+(1-a)y | acl} .
Fuzzy sets and values in 7 will be denoted by lower case Greek letters and we shall make no
difference between notations for a fuzzy set with a constant value and that value itself.

Definition 1. The fuzzy set A on E is said to be a convex fuzzy set if and only if for all x,yeE
and ael,

Max+(1-a)y) 2 Mx)AMY)
It is easy to see that A is a convex fuzzy set if and only if for all ael, A'[a,1] is convex.

3. Main results

This section gives the main results of this note. That is, we obtain some additional
properties which are required to characterize convex fuzzy sets.

Theorem 1. The fuzzy set A on E is a convex fuzzy set if and only if for all line / in E, L is a
convex fuzzy set on INE.

The proof is straightforward by Definition 1.

Theorem 2. The fuzzy set A on E is a convex fuzzy set if and only if for all x,, ye E, there
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exist intervals 4 (0e4) and B (0eB), such that fla) = A(ax +(1-a)y) is a increasing function on
A, is a descent function on B, and ABD/.
Proof. Let A be a convex fuzzy set on E.
(1) For V x, ye E, let
A= {ael|Ab)<fla), V 0<b<a} (1)
and
supA4 =a, 2
Without loss of generality, suppose that a, >0, now we prove that [0, a, )cA4. In fact, if that
is not true, then there exists a be[0, a, ) such that b A, that is ,there exist 0<b,<b such that
fib,) > fib). Form (2), there exists a b, €A such that ,>b. Consequently, we have f{b,) 2f(b,) >
f(b), that is,

Sb) <fib)) Afby) 3)
[2 , X, = x+b,(y-x) and y, = x +b,(y-x), we have cel’ and

1 2

b-—

Now, let ¢=

eyrt(l-c)x, = x+e(y,-x,) = x +b(y-x)
Also, A is a convex fuzzy set, it follows that
Jb) = Mx +b(y-x)) = Mey, +(1-c)x, )2 Mx)AM(,) = fby) A fb,)
contradicting (3). Thus, [0, a, )cA.

(ii) For V x,ye E, let
A={bel| My+b(x-y))zMy +b,(x-y)), V 0<b,<b}
and
supB=b,

Similar to ( 1), we can show that [0, b, )cB. Commuting x to y, and y to x, we have
[a,,]1 )=B, where
a, = 1-b,. So B is a interval and fla) = A(x +b(y-x)) is a descent function on B.
(ii1) Now we prove that AUBDI. If that is not true, then there exists a ae/l such that ag AUB. It
follows that there exists a a’' €/ and a’"<a such that f (a’) >f (a) by a¢ 4, there exists a @’ €/ and
such that f(a"") >f(a) by agB. So we have f (a)<f(a')Af(a"")

Similar to (i), this leads to a contradiction.

Theorem 3. Let A be a convex fuzzy set on E. If there exists a a,e° such that
Magx+(1-a,)y )2 Mx)AMY), Vx, ve E
Then set
M= {ael’ | Max+(1-a)y )= Mx)AMY), Vx, ye E}
is infinite and dense everywhere in /° .

Proof. Vx, ye E, since a,e M and
M(1-ap)xtagy ) = Magy+(1-ao)x )2 Mx)ALY)
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we have 1-a,eM . Now, ax+(1-a,)ye E, and
aglapet(l-a)yl+(1-ap)y = a, x+(1-a, )y

Therefore, A[a; x+(1-a2 yI2Aax+(1-a)y]AMy)= Mx)ANY)

thatis, a €M . It follows that a’,(1-a')eM, VkeN" by mathematical induction. Thus,
M is infinite.

Now, we prove that M is dense everywhere in . If that is not true, then there exist @ €l°,
U(a)={aeM|aza }, V(a)= {aeM|a<a } such that U(a =3, V(a )#J and

infl( @ )=a,>a,=supV(a)

that is, (a,,a, ) "\M=Q 4
Choose a,e ¥(a ) and a,e U(@ ) such that @, <a,=a,ta.(a,-a,)<a, . Since a,,a,eM, for Vx,
yeE, we have Mayet(1-ay)y]

=Mag(axct(1-a)y)yH(1-a)(ayx+(1-a,)y)]
ZAMayt(1-a)y]aMax+(1-a,)y]
2 [MAAMDIA [MAAMD)]
=Mx)AAY)
Consequently, we have a,e M which contradict (4).

Corollary Let A be a convex fuzzy set on E. If there exists a a,eI° such that
Maget(1-ay)y )2 AxX)AMY), Vx, ye E
Then for all x,ye E, there exists a set X, which is dense everywhere on [x,y], such that
AM2)Z AxXAMY), V ze X
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