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We define possibility interval and truth interval on fuzzy interval set, and discuss some relationships
between the fuzzy subset concepts of possibility and truth . We show, for A and B fuzzy subsets of P([0,1]),
that the possibility interval of A given B is related to the truth interval of A given B through a sugeno-like
integral.
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1.Introduction

The implementation of an expert system shell based on furry loEic {1} virtually requires
that certainty levels be assigned to complex logical statements, each element of which is a
(fuzzy) logical assertion. This leads to interpreting a certainty level in the Sugeno sense [2],
i.e. as a measure of belief that an assertion is true in the context of the current contents of the
system's working memory. Interpreting certainty levels in this way, one can bring to bear the

all;nﬁnmentarium of fuzzy set theory on the problem of constructing a fuzzy expert system
shell.

Basing themselves on the fundamental work of Zadeh[3] on possibility theory, Martin-
Clouaire and Prade [4] give an excellent discussion of fuzzy logic in which the certainty level
is two-valued: the lower limit is the necessity of the datum, or the extent to which the data
sug)port the truth of the item; the upper limit is the possibility of a datum, or the extent to
which the data do not refute the datum. Ruspini [Smes sl:thly different but isomorphic
terms, plausibility instead of possibility, and support instead of necessitlsi.ﬂg{us ini also is
concerned with the relationship between fuzzy logical operators (AND/OR/NOT) and prior
associations between the logical operands, and the use of interval-valued logic™® in an
expert system shell. A.P Demp{6] presented possibility interval sets and gave its application.
In this paper we will define possibility interval and truth interval ,and develop some
relationships between these measures. In participation we show that the possibility interval of
A given B 1s the same as the expected value of the truth interval of 4 given B.

2. possibility interval and truth interval

Assume V is a variable which can take values in the base set X. Let 4 and B be two fuzzy
subsets of X. We defines the truth of the statement
V isA givenVisB

as  Truthil V=A|V=B]={B(x)/A(x)}
Note. For notational convenience we shall denote
TruthifV= A| V= B] as Truthi,
Note. T,;is fuzzy subset of the unit interval such that for any ieP({0, 1])
Truthi(i)= max [B(x))
XeX! amet
Note. T,y is normal, has maximal interval membership grade of one, iff B(x) is normal.
Example. For X={a,b,c,d,e} and
A={1/a,{0.6,0.8}/b,[0.6,0.8]/c,[0.2,0.3}/d,0/e },B={1/a,[0.4,0.5]/b,]0.7,0.8)/c,0/d. 1 /e}
we have
Tea={1/1,[0.6,0.8}/[0.4,0.51,[0.6,0.8}/[0.7,0.8],[0.2,0.31/[0.7,0.8],{0.2,0.3]/0,0/1}
In [9]]. Buckley and W. Siler introduces the possibility interval that
V=A given V'=B
as
Possi[ V=A| V=B]=max[ A(x)AB(x)] A=min

xeX
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For notational convenience we shall denote Possi[ V=A|V=B] as I,
Note. 11, is always an element in the unit interval, I1,,eP( [0, 17).
Example. In our preceding example,
I1,;=max[1A1,[0.6,0.8][0.4,0.5],{0.6,0.8]A[0.7,0.81,[0.2,0.3]A[0.7,0.8],[0.2,0.3]A0,0A1]
=1, 1]=1
Note. 11,5 =1 iff there exists some element x*e X such that A(x*) = B(x*) = 1.
Neote. T1,5-Tlg,;
We shall now prove an important relationship between IT,zand T,p

Theorem. I1,; =max, PO ])[i/\TAB(i)]

xeX: A(x)=1

Proof. 11, = max, JA(X)AB(x)];let L,=A(x) then
HAJB = max, {1, B(x)]

Foreachi el
Truthi(i}= max [Bx)J
Thus

Hap = max, LT 4p(i)]
Let "1 be such that there exists some x such that A(x) € I*; then

s =max, e]"[i/\TAIB(i)]
If iel-I* then T,5z=0, hence

Iy = maxizl[i/\TAis(i)]-
Observation. 1, thus can be seen as the expected value of the possibility interval
distribution for T, in the sense of using the Sugeno integral for the expected value [7]. Thus

1,z is the mean value, in the fuzzy integral sense, of the truth of I'=A4 given V=B.
If T 1s a fuzzy subset of P([0,1]) and if we use E{T] to indicate the fuzzy expected value in
the sense of Sugeno, E{T] = max,[iA T(i)] , thus
M,s =E{T]
Theorem. max,; [in Tp(i)}= max; . [in Tya()]

Proof. [Il,, = max,[inT,g(i)] and [y, = max, [inTg,(0)]
so the result follows since I1,; =I1;,
Thus

EI{TMB:‘: EI{TB!A]
Note. I1,z=1iff T,z =1

3. Conclusion

We have investigated some relationships between possibility interval and truth interval.
Most significantly we have found that the possibility measure of A given B is the expected
value of the truth of 4 given B.

References

[1] C. Negoita, Expert Systems and Fuzzy Systems (Benjamin Cummings, Menlo Park, CA,



64

1985)

[2]M. Sugeno, Fuzzy measure and Fuzzy integrals: a survey, in: M.M. Gupa , G.N. Saridis
and B.L Gaines, Eds, Fuzzy Automata and Decision Processes (North-Holland,
Amsterdam, 1977) 89~102.

[3]1 L.A Zadeh, Fuzzy sets ,Infom. and Control 8(1965) 338-353

{4]R. Martin-Clouaire and H. Prade, Managing uncertainty and imprecision in petroleum

geology in: JJ. Royer, Ed, Computers in Earth Sciences for Natural Resource
Characterization, Coll. int., Nancy (9~14 April 1984).

[SJL. Appelbaum and EH. Ruspini, Aries: a tool for inference under conditions of
Imprecision and uncertainty, in: Proceedings SPIE Technical Symposium East ‘85 (Society
of Photo-Optical Instrumentation Engineers, Bellingham, WA 1985).

[6]A..P. Dempster, Upper and lower probabilities induced by a multi-valued mapping, Ann.
Math. Stat. 38 (1967) 325-339.

[7]1D.G. Schwart, The case for an interval-valued representation of linguistic truth, Fuzzy Set
and Systems 17 (1985) 153--165.

[8] Cao wenmin Hu kedin and Song wenzhong ,Weighted Fuzzy Interval-value Logic and its
Application ,Southeast University ,Nanjing (102-114)(in Chinese)

[9] J. Buckley and W. Siler ,Fuzzy operation for possibility interval sets ,Fuzzy sets and
System vol.23 June (1987) 213~227



