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ABSTRACT

We’ll discuss in this paper, decomposition theorem . characteristic depiction
and some other important properties of fuzzy algebra over fuzzy fields.
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1 PREEELIMINARY

Let X be any not empty set and let L be a complete distributive lattice in which
there could be 0 and 1. Then a fuzzy subset 4 to X is characterized by a map
A:X>L, 4,={xeX|A4 (x)2a}, here ae L, A4, could bea o—Ievel cutof
A. When o . Be L, if a<p,then A,24,. F could be a fuzzy subset of X, FE,

isa o—level cutof F aswell. Let X bean ordinary field , in this paper, F refers
to the fuzzy field of X, Y refers to algebra over field X .

In the following passages we will define the fuzzy algebra over fuzzy field.

Definition 1.1 Let ¥ be algebra over field X and let 4 be a fuzzy subset of
Y, F be afuzzy field of X, ifV x, yeY andAe X,

(1) A(x+y)2 A(x)AA(p);

(1) A(x-y)2A(x)nA(p);

(1i1) AAx)2FA)AA(x);

(iv)  A(x)2A(-x);

(v) A0)=1.

Then 4 is could a fuzzy algebra over fuzzy field F of Y.

Due to the definition 1.1,we can easily draw the following conclusions.

Proposition 1.1  Suppose 4 is a fuzzy algebra over fuzzy field F of Y, then
the following conclusions hold.

(i) V xeY,A(x)=A(-x),

(ii) V x, yeY,A(x-y)2 A(x)AA(y);

(iii) V x, yeV?,if A(x)<A(y)then A(x+y)aAd(y)=A(x);

(iv) Vx,ye?,if A(x)<A(y)then A(x-y)AAF)=A(x);

(v) V xeY and Ae X, if A(x)<F())then AMAx)AA(x)=A(x).

Infact, (i) and C(iv) in definition 1.1 is equalto (ii) in Proposition
1.1.



2 IMPORTANT PROPERTIES

According to the former definition and proposition, we prove decomposition
theorem, characteristic and some other important properties of fuzzy algebra over

fuzzy fields.
Theorem 2.1 Let F beasubset of X,and 4 be a fuzzy subset of Y, then A4

is a fuzzy algebra over fuzzy field F of Y iif Vel » Aq 1sasubspace of Y, in
particular when F, isnotempty, A, isan algebra over field F, .

Proof. Necessity: V ae L, due to the fuzzy algebra and the fuzzy space theory,
easilylet A, bea subspace of Y and F, be a subfield of X, when FE, isnot
empty. Then V. x,y € 4o, L €, A(x) 2 a,A(y) 2 o, F(A) 2o.. Because 4 is a
fuzzy algebra over fuzzy field F of Y, then

(1) A(x+y)2A(X)AA(y)2a;

(D) A(x-y)2A(xX)AA(y)2a;

(iii) A(Ax)2 F(A)A 4(x)2a.

Therefore A4, isan algebra over field F,

Sufficiency:V x, yeY ,Ae X, Let o= 4 (XINA(y), B=F (M)A 4A(x),due to Ao
and Ap are both subspaces of Y. Respectfully, 4, and A4 g are algebras over fields
F, and Fp ,when F, and F'g are not empty. Therefore, x+y e A, Xy € Ay, AX
€ Ag,and

(i) A(x+y)2o=A4(x)A4A(y);

(11)  A(x-y)20=A(X)rA(p);

(ii1) AMAx)2B=F (M)A 4(x),

Easily to prove: 4(0)=1,4(x)=4 (-x),therefore 4 is a fuzzy algebra over
fuzzy field F of Y.

Theorem 2.2 Let L be a complete distributive lattice, fuzzy subset 4 of ¥ is
fuzzy algebra over fuzzy field F iifthereisa subfield family { X oJae L, X 4isa
subfield of X', N X, cX suppH }» and a subalgebra family {Y Jae L,Y, is a

aeH
Hgl

subsetof Y, Y,V suppH }, Such that Y, isa subspace of Y. In particular, when

aeH
Hgl

assupp F(A),Y 4 is an algebra over field X, and F= Ua y,4=U a- };a,Xc and
ael ael ael
};a respectively indicate characteristic functions of X cand Y.
Proof. Necessity: Due to decomposition theorem of fuzzy subset, we can

conclude F=U a-Fa ,A=U o Aa. Here Fe« and Aa respectively indicate

ael ael

characteristic functions of F, and A, due to definition 1.1, we have:V

ae[0,supp F(A)], Aqisasubspace of ¥,and 4,is an algebra over field ¥, when

F, is not empty. We easily obtain: (] X o« =X suppti, (1 Yo SY supprs . Here
aecH acfl

Hel Hgl

X o=Fq4, Y o= A4, now necessity holds.



Sufficiency: Let F=U o y., 4= o Ye, and Ao is a subspace of Y,

ael ael

when o€ L, in particular, when a<supp F(A), ¥, is an algebra over field X,. V

ael
xeY, if x is not any a subset family {Y.oe L}, then AX)=0. If xe¥,,
Ax)= U a,therefore 4 (x)= U a when supposed empty sets supreme is 0. So

xel, xeY,

V x ye¥, if A(x)=U a=p, A(y)= U f=v, then xe NYe=Y va=Yp,
xel,

ye¥y xelf, xet,

ye N Yp=Y \ B=Y,.

yely yelty

Because anyw\vzyp,yvnyw\v:YvangYw\v:ngYw\v,thus Vx,y eY’J./\Va

have x-y €Y./, sowehave 4(x-y)=V[an };a(x-y)]z(w\v)/\ Y (Xx-y)y=pav

that is A(x-y)2A(x)AA(y); A(x-y)y=v[on );a(x-y)] 2(UAVIAY (X )=pAy,
thatis A(x-y)24(X)AA(p).
Secondly, V xe Y Ae X,if FM)= U «, A(x)=U B, let F(L)=8, A(x)=¢.
AeX, xely

Then because Ae ) Xm=X/1\fY a=Xgxe (] Y=Y \;ﬂ=Ye. Because
eXa yety

AeXa XEYp
XS Xsne, YecYsne, but Ysae isan algebra of X sag, hence Ax e ¥ sae and

AMAx)y=v[on Ya (AX)]2(ene)A Y sae(AX)=sn€ , thatis A AX)2F (M)A A (x).
We also have 4(0)=U o=1,s0 4 isa fuzzy algebra over fuzzy field F of Y.

ael

That is sufficiency holds.

Definition 2.1. Let ¥ be an algebra over field X,F be fuzzy field of X, 4
and B are fuzzy subsets of Y \eX, define ANB,A+B,A-BAA,-A
respectively is the following fuzzy subsetof Y.V x eV

(ANB)(x)=A4(x)nB(x); (4+B)(x)= U [4(x)AB(x2)];
(4-B)xy= U [4(x)aB(xa)l; (A AXX)= U [F (A4 (xp)];

(= A4Xx)=A4(-x).

Theorem 2.3 If L is a complete distributive lattice, then the intersection
{ 4" }res of fuzzy algebra over fuzzy field F of Y is fuzzy algebra over fuzzy field
F of Y;when /is a finitely set,V aeL,( kﬂ A= kﬂ] A+,
€l €

Proof:V x, yeY, Ae X.

(N 4 (x-y)= 1\ A G-p)2 A (A ()N A ()
= (0, 4G, 4 (»))
=() A DA 4 ()

(N 4 (x-y)= 1 A(xp)2 A (A (AL ()



=(, A CONA 4 ()
=(N) 4NN 4 ()
(N AHYAx)= A 4 (Ax)2 A (F (WA 45 (x))
kel kel kel
=F(AA( o A (x))
=F (?»)/\(kﬂl A*(x))
() 490= 2, 4 @)1 “
So N 4° is fuzzy algebra over fuzzy field F of ¥ .

kel
Secondly, when / is a finitely set,¥ ace L,xe (1 A*q, then V keI, 4*o(x)2a,
kel

that is kﬂ A (x)=a, xe(kﬂ A%)y, due to x’s wantonness, we obtain
€/ el
ﬂ Akug(ﬂ Ak)a-
kel kel :
Conversely, xe((1 4)gthat is (N 4*)e2a, so N 4*(x)20, then V ke] ,
kel kel kel

A (x)za, so Vkel, xed, due to x's wantonness, we obtain
(kﬂ] Ak)ag_ﬂ Akcx-

kel

So (N 4= 4*,.
kel kel

Definition 2.4.  Algebra Y’s fuzzy subset A is fuzzy algebra over fuzzy field
Fiif

(i) v A(x)=1;
(ii) A+ACA,A-AC ANV eX)AACA,-Ac A.

Proof. Necessity: If 4 is fuzzy algebra subset over field F of ¥ , then
A(0)=1, so v A)=l,thatis (i) holds.

Further V xe Y, (4+4)(x)= U [A(x1)A A(x7)], because 4 is fuzzy
algebra over field F of Y, so

A(x1+x2)2 A(x)AA(X2),

(A+4)(x)= U [AxDad(x)ls U 4(x1+xy),

X|+X) =X Xp+xy =x

then A+Ac 4.

Seminally 4-Ac 4.

AlsoVie X, xe Y L A(x)= U [F () A(x})], because 4 is fuzzy algebra
Ax)=x

over field F of Y,s0 A(Ax)2F (A)A A(x), furthermore we have
AA(x)= U [FMAA(x)I< U A(Ax)=A4(x), thatisA Ac 4.
Axy =x Ax) =x

Similarly —-Ac A4.
Sufficiency: Vx,ye Y Ae X, because A+Ac A, A-Ac ANV e X MAC A,
-Ac A, we have ’



A(XH+Y)2(A+A)x+y)= v L(AEDAA(y )z A(X)AA(p);

AGyR(A4- Aty v (AEDAA(Y)2A(DNA(Y);

A (XX)ZO»A)(UFM\:& (F MAA(x)2F WA v A(x1)
=F (WA A(x);

ACXx)2(- A)-x)y=A(x).

Also because VxeY, 0=x+(-x), we have A(O)=A(x+(-x))2A(x)/\A(-x)
so A(0)> v, A(x)=1,thatis A(0)=1. 3

We can conclude 4 is fuzzy algebra over field F of Y.

2

Due to theorem 2.4,we easily prove the following theorem.

Theorem 2.5. If 4 and B are fuzzy algebras over field F of ¥ ,then 4+ B
is also fuzzy algebra over field F of Y.
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