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Abstract ;
In this paper.,we prove the first isomorphism theorem,the second isomorphism theorem,the ex-
tension theorem of isomorphism,and another some important properties of Fi-module.
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1. Note

The concept of FA-modules was introduced by Zhao Jianli [2]. The paper [1],[2].[3].[4]
gives the important properties of FR-modules and FR-module categories. and establishe the basic
theory of FA-modules. This will promote study of fuzzy homological algebra. In this paper,we will
carry on the work of [1],[2],[3],[4],we will prove the fivst isomorphism theorem ,the second iso-
morphism theorem ,the extension theorem of isomorphism,and another some important propertise of
Fi-module. ’ '

Let X be any nonempty set,and L a complete distributive lattice with 0 and 1. A fuzzy subset A
on X is characterized by a mapping A :X—L,X" denotes the set of whole fuzzy subset of X.In this
paper,R is a ring with identity 1740 and each module which involoed is an unitary R-module.

Definitionl. 1 [2] Let R be a ring and M a left R-module. Let A be a fuzzy ring of R,Bu €
M?", then By is called a fuzzy submodules over fuzzy subring A,if

(1) Bu(x+y)=Bu(x) ABu(y),

(2) Bu(-x)=Bu(x)

(3) Bu(0)=1 '

(4) Bu(x)=ZAr) ABu(x)
for all x,y EM,rER,In brief By is an Fk-module of M(or Fi-module).

Definition 1. 2[2] Let N be an R-submodule of M,By and Cy be an FA-module of M and N
respectively ,if for all x€ N,Bu (x)>=Cx(x),then Cyis called FA-submodule of By, write by Ca<<
Bum.

2. Some Results about F-homomorphisms of Fi-modules
Theorem 2. 1 l'F;irst isomorphism theorem] Let ?:Bm —Cx be an F-homomorphism. Then

there is a unique F-isomorphism ;;gBM/ker f—=1Im { such that the diagram 1
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T+

Buy—?1.f
- 1.
h L S

/-
Bu/ker {

diagram 1
is commutative ,where h is natural R-homomorphisms from M into M/kerf,{* denote the R-homo-
morphisms from M into Imf and f(x)=f*(x),for all xEM.

Proof. Applying Corollary 4.9 of [1] in the case where Cy=Im ?,C"=6 and Bl =ker ?,we
obtain the existence of a unique F-homomorphisms ;:Bm/ker }—’lm }such that ;;-—:?*. Because £+
is F—epimorphism,so also is ;; Since kerf=f(0)={"(N,),by corollary 4. 9 of [1].;} is also F-mo-

momophism. Thus ; is an F-bimorphism. Moreover,for ¥V y € Imf

7 (Bulker D () =V {(BulkerD (@) |z € M/kerf,7(z) = )
=V {Bu(@)|v € x.7 € M/kerf,7(z) = »)
=Im.7" €D

Consequently ;]is an F-isomorphism.
Theorem 2.2 [Second isomorphism theorem] If By is an FA-module and Cy<<Bu,Dp<Cn,then

Cn/Dp<Bw/De and there is a unique F-isomorphism E:BH/CN —(Bu/Ds)/(Cn/Dp) such that the

following diagram2 is commutative:

T

By ————>Bu/De

- 1 7l
Bu/Cp —— (Bu/Dr)/(Cn/Dp)

~

h
diagram 2
Proof. By Proposition 3. 6 of [1],Cn/De.Bu/Deis FA-module of N/P and M/P respectively. For

V zEN/P,

(Ch/Dp)(2) =V {Cx( v € 7
<{Bu()|v € 7}
<(Bu/Dp)(2)

So Cn/Dy<<Bu/D».
Applying the condition of theorem and second isomorphism theorem of R-module.there is a
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unique R-isomorphism h;M/N —=(M/P)/ (N/P),such that the diagram 3

e
M M /P
| "
M/N —— (M/P)/(N/P)
h
diagram 3

is commutative.

Moreover,for all x€M,let ;=x+N ,;'=x”+P,;=;+N/P.then

h (Bu/Cx)(z) = (Bu/Cr)(2)
=V {Bu(w)|v € z+ N)

=V (Bu(®)|v € u+ P,u € 2+ N/P)
—V {(Bu/Ds)()|% € z' + N/P}
= ((Bu/D»)/(Cx/Dp)) (@)

thus h is an F-isomorphism. Since diagrams 1 is commutative,so diagram 2 is commutative.

Theorem 2.3 Let f;:M —N; be an R-homomorphism and Bj an FA-module,i € 1,then there
is an FA-module By of M such that f,:Bu —+B}, is F-homomorphism,for alli€l.

Proof. Let Bu=ié\l;r 1(By) sthen ;”.BM —=Bj, is F-homomorphism,for all i€l

Theorem2.4. Let f;;M; —>N be an R-homomorphism, By, be an FA-module,i€ L. If
;MM‘)=@L(M.)=—K ,then there is an Fk-module ‘Bx of K such that E;BL.—-—*BK is an F-homo-

morphism,for all i€ 1.

Proof. If x= (x4, »xY, =) EK,x € fi(Mi),let B"(")=ié\,“‘(8‘“a)(x‘)) ’
For all x'= (- sxaere »xhy s ) EKyyt= (oo syhsmesyho ) €KL
where x',y,€f,(M)),i€1,rER,then

© By(zyh = _QI(Z (Bie) (25D

>\ i (Bu) () AT (B
>By(z) A Bx(3")
Be(rz") = A (Ji (Bi)(rz')
> A AP A (i (B
= A AU (B

=A(r) A Bx(zh)

thus By is an Fi-module of K.
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Moreover,for all x', € M,,i€1,

~

f.'—‘(BK) (I';) '-'—'Bx("’ va.f.'(I.-) 30y00)

=J; (B Ufi(x))
;B‘u, (1'.')

So E:BL.—*BK is an F-homomorphism.

Theorem 2.5 (Extension theorem of isomotrphism) Let f:M —=N be an R-isomorphism By is
an FR-module of M,then there is Fi-module Cy of N scuh that By&Ch.

Proof. For all x'€ N,since f is an R-isomorphism,then there is a unique x € N such that f(x)=
x! Let Cy:N —L,x' —+Bu(x),where {(x)=x',then Cy be an Fi-module of N. In fact,for all x',
y'€ N'sthere are x,y €M such that f(x)=x',{(y)=y',then f(x-y)=x"y',f(rx) =rx". So

Cn(x'-y") =Bu (x-y) ZBu (x) A By (y) =Cn(x") ACn(y"H

Cn(0) =B (0) =1

Ca(rxD=Bu(rx)=2A (1) ABu(x)=A(r) ACn(x")
thus Cy be an Fi-module of N.

Applying definition of Cn,we have

Cx(f(2)) = Cy(x") = By(z)
Consequently , B, 2C,.
Theorem2. 6.  Let By be an Fi-module, then there is an FA-module Cy of H=Homg(R,M)such
that ByuS2Ch. .
Proof. Let p:M —>Homz (R,M),p(x)r=rx,r €k, then g is an R-isomorphism. Let A'=A ,for all
€ Homg (R, M), then there is a unique x € M, such that p(x)={,let Cy(f) = By (x). By Theorem

2. 5.;:8.. —>Cy is an F-isomorphism,so By&2Cy.
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