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Abstrct: In this paper, we further study the theory of the fuzzy ring and
give some new concepts such as fuzzy ring with operators, fuzzy ideal with oper-
ators, fuzzy quotient ring with operators, etc. while their some elmentary proer-

ties are discussed.
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1. Introduction

In 1982 W.J. Liu [1] introduced the concept of fuzzy ring. In
1985 Ren [ 2] studied the fuzzy ideal and fuzzy quotient ring. In this
paper we further study the theory of the fuzzy ring and give some
new concepts such as fuzzy ring with operators, fuzzy ideal with op-
erators, fuzzy quotient ring with operators, etc. while their some el-
ementary properties are discussed, some results in reference [1—2]
are extended.

2. Preliminaries

For the sake of convenience we set out the former concepts
which will be used in this paper.
Definition 2.1 (Liu[1]). Let X be a ring, A be a fuzzy set of X, 4
will be called a fuzzy ring of X, if

D) AG@—y)=4AG@I)NA(y) forallz, y in G;

(2) AGy)=AC@)NA(y) for all z,y in G.
Definition 2. 2 (Liu [1]). Let X be a ringj, a fuzzy ring A will be
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is an M-fuzzy ring of X iff for any t€[0,1], A,is an M-subring of X
when A, #J.

Proposition 3. 3. Let X and X' both be M-ring and f an M-homomor
phism from X onto X’. If A’ is an M-fuzzy ring of X', then f™!
(4') is an M-fuzzy ring of X.

Proposition 3. 4. Let X and X' both be M-ring, f an M-homomor-
phism from X into X’ , and A an M-fuzzy ring of X, then f(4) is an
M-fuzzy ring of X'.

4. M-fuzzy ideals

Definition 4. 1. Let X be an M-ring, A4 is said to be an M-fuzzy ideal
of X if A is not only an M-~fuzzy ring of X, but also a fuzzy ideal of
X.

Proposition 4. 1. Let X be an M-ring, 4 and B both be M-fuzzy ideal
of X. Then A[)B is an M-fuzzy ideal of X.

Proof. It is easy to know by propositions 3.1 4 (B is an M-fuzzy
ring of X, by lemmal in [3], 4B is an M-fuzzy ideal of X, hence
A B is an M-fuzzy ideal of X.

Proposition 4. 2. Let X be an M-ring, A be a fuzzy set of X, then 4
is an M-fuzzy ideal of X iff for any t€[0,1], A,is an M-ideal of X
when A, # . '

Proposition 4. 3. Let f be an M-homomorphism from the M-ring X
to the M-ring X'. Then the preimage which can be written as f!
(4") of A’ under f where A’ is an M-fuzzy ideal of X' is an M-
fuzzy ideal of X. }

Proposition 4. 4. Let f be an M-homomorphim from the M-ring X to
the M-ring X'. Then the imge which can be written as f(4) of 4
under f is an M-fuzzy ideal in case of A being an M-fuzzy ideal of X.

5. M-fuzzy quotient ring

Let X be a M-ring, A an M-fuzzy ideal of X. Ren [2] had
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proved that X/A was a ring.
Proposition 5. 1. X/A4 is an M-ring.
Proof. Forallm in M, z+A4, y+A4 in X/A4, we define
m(@+A)=mz+A4
It is easy to prove the above definiens is reasonable.
Because
m(@+A)+@+4)=m((z+y)+4)
=m(z+y)+4
=mz +my + A4
=(mz+A4)+(my+A4)
=m(z+A)+m(y+4)
m((@+4)(@+A4))=m((zy)+4)
=m (zy )+ A4
=(mz)y+4
=(mz+A4)(g+4)
=(m@+4))(y+4)
=(z+A)(m(y+4))
so
X/A is an M-ring.
Definition 5. 1. The above M-ring X/A is called the M-fuzzy quo-
tient ring of X with respect to 4.
Now we define a fuzzy set on X/A. Let B be any M-fuzzy ring
of X, B/A be a fuzzy set of X/A defined as follows;
B/A:X/A—>[0,1] satisfying
B/A (a+4)= e B(z)

for all a+4 in X/A. _
Proposition 5. 2. The above fuzzy subset B/A4 is an M-fuzzy ring of
X/A.

Definition 5. 2. The above fuzzy ring B/A is called the M-fuzzy fac-
tor ring of B with respect to A.

Proposition 5. 3. Let X be an M-ring, A is an M-fuzzy ideal of X.
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called a fuzzy ideal of X, if A(zy)=A4(x)V A(y) for all z,y in X.
Definition 2. 3 (Xiong [5]) Let X be a ring, M be a sets, if

(1) ma€E X forallain X, m in M;

(2) m(a+b)=ma-+mb for alla, b in X, m in M;

(3) m(ad)=(ma)b=a(mbd) for all a, b in X, m in M.
Then m is said to be a left operator of X, M is said to be a left opera-
tor sets of X, X is said to be a ring with operators. We use the
phrase “X is an M-ring” instead of a ring with operators. If a sub-
ring of M-ring X is also M-ring, then it is said to be a M-subring of
X.
Definition 2. 4 (Xiong [5]). Let X and X’ both be M-ring. f be a
homomorphism from X onto X'. If f(mz)=mf (z) forallz in X, m
in M, then f is called an M-homomorphism.

3. M-fuzzy ring

Definition 3. 1. Let X be an M-ring and A be a fuzzy ring of X, if
A(mz) =ZA(x)
hold for any 2 €X, m €M, then A is said to be a fuzzy ring with op-
erators of X. We use the phrase “4 is an M-fuzzy ring of X” instead
of a fuzzy ring with operators of X.
It is clear that Definition 3. 1 is the generalization of the general
M-ring.
Proposition 3. 1. Let X be an M-ring, A and B both be M-fuzzy ring
of X. Then A()B is an M-fuzzy ring of X.
Proof. It is clear that 4 [\ B is a fuzzy ring of X. Foranyz € X, m€
M,
(ANB)(mz)=A(mz) NB(mz)
=ZA@)AB(Q)
=UNB)(=)
Hence A (B is an M-fuzzy ring of X.
Proposition 3.2. Let X be an M-ring, A be a fuzzy set of X, then A4
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Let
f: X—>X/4,
r—>z+A4
Then f is an M-homomorphism from X onto X/A4.
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