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Abstract In this paper,on the space of the interval valued fuzzy set on groups, We define the interval
valued fuzzy subgroup by introducing the idempotent interval norm, and applying the extension princi-
ple of interval valued fuzzy sets given by (5), We discuss the problems of its homomorphic images and
inverse images.
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1 Basic concepts

An interval valued fuzzy set was presented by B. Gorzafczany (1) and B. Turksen
(2] at first, In the sense of the minimal operator “ A ” » R.Biswas (4] gave the definition
of fuzzy valued fuzzy subgroups. In this paper, in the sense of operator Ty being more ex-
tensive than operator “A” , We define the T} -interval valued fuzzy subgroup, and dis-
cuss the problem of its homomorphic images.
Throughout this paper, let I be a closed unit interval,i.e., I = (0,1).
Let (I) = {a = (a,a*) 1 a<<a*,a ,a* € I},
On the operations and orders of the elements in (1] are defined as folloves:
For arbitrary;j - [I],;j = [aj_,a}L:l,aj_,a}L cl,je]J.
Yai = supfaj | j € Ji; supa; = [jgja;, ; Ia; .
Especially, for arbitrary a, 5 € (I), a = (a”,a*), b = (b7,5"), We define
a=biffa =5, a*t= b*;
a<biff a<b, a*<b*;
a<biffa<b,anda #b;

* This work has been supported by the Youth Science Foundation of Jilin education commission.
China
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Clearly, ([I]), <C) constitutes a partial order set with a minimal element, 0 = (0,0)
and a maximal element1 = (1,1) .

Definition 1.1 Let G be an ordinary group, mapping A : G — (I] is called an inter-
val valued fuzzy seton group G . Let A(z) = (A~ (2),A* (2)), A" () < A* (2),
for any x € G. Then the ordinary fuzzy set A": G-I and A*: G — I is called a lower
fuzzy set and a upper fuzzy set of A respectively.

Let IF(G) denote the family of all of interval valued fuzzy sets on group G . For any
z € G, define ®(z) = (0,0), G(z) = [1,1]), evidently, & ,G € IF(G).

In addition, for every (11,4,) € (I),A € IF(G). Letﬁul,,\z] ={z€GIA
() =21, AT (2) =251, ThenA[,\l,,\z)is called a (A;,A,]) -level set of A. Obviously,
Auay = Az N ASL

Definition 1.2 Let T be an ordinary T -norm, if for arbitrary a € I, we have T(a,
a) = a, then T is called an idempotent norm.

Definition 1.3 Let T be an idempotent norm, mapping Ty : (I) X (I)— (1), for
anya,b € (I), Ty(a,b) 2 (T(a",67),T(a*,b")). Then Tyis said to an idempo-
tent interval norm.

By the definition of the order in (I] , clearly, T} satisfies every properties which an
ordinary T — norm has, and for anya € (I), Ty(a,a) = a.

2 The homomerphism of the T;; -interval valued fuzzy subgroups.

Definition 2.1 Let G be a group, Ty be an idempotent interval norm, A € IF(G),
if for arbitrary z,y € G, A(z + y) = Ty(A(z),A(y)). Then we call A a Ty — inter-
val valued fuzzy extensive group on G .

Definition 2.2 Let A be a Ty -interval valued fuzzy extensive group on group G, If
foranyx € G, A(z7!) = A(z), then we call A a Ty -interval valued fuzzy subgroup
onG.

Let IF(G*, Ty) denote the family of all of the Ty -interval valued fuzzy subgroups
onG.



107

Definition 2.3 Let X and Y be two ordinary sets, mapping f : X — Y induces two
mappings Fy : IF(X) = IF(Y) and F;' : IF(Y)— IF(X) , where IF(Z) = {AlA
cZ—>(I)},and Z = X, Y.

1
We define ~ Fp(A)(y) = {I:}lP(y)A(x) FUN#Pady€ Y
[090] otherwise

F7(B)(z) = B(f(z)), =z € X.

Where A € IF(X), B € IF(Y), f i (y) ={z € X f(z) = y}.

Then mapping Fy and F7'is called an interval valued fuzzy transformation and its in-
verse transformation induced by f respectively. This is a process which the mapping be-
tween interval valued fuzzy sets is transformed by an ordinary mapping f . We call the
process the extension principle of interval valued fuzzy sets.

For arbitrary A € IF(X), B € (Y), clearly, we have

FA)Yy) =0 V A (z), V A (z2)]=[(F{(A)(y), F(A")(y)]

z€f () z€£ Ny

F7'(B)(z) = (B~ (f(x)),B* (f(2))) = (F*(B™)(z),Ff(B*)(z)
Where F;(A7), Ff(A*), Ff'(B™) and F7!(B™") obey the entension principle
of ordinary fuzzy sets.

Theorem 2.1 Let G and G be extensive groups, Ty be an idempotent interval norm,
f 1 G = G be a surjective homomorphism A be a Ty — interval valued fuzzy extensive
group on G. Then F f(Z) is a Ty — interval valued fuzzy extensive group on G .

Proof Otherwise, there exists y;,y, € G such that
Ff(/_\)(m * yz) < TH(Ff(Z)(yl),Ff(E)(yZ))

Since f is a surjective, and by the definition of the supremum of the elements in (1)
, We can know that there exists corresponding z;, 2 € G such that f(x;) = y;, f(z2)
= y; and

Fr(A)(y: * y2) < Tu(A(x1),A(x2))

Furthermore, As f is an homomorphic mapping, FUy)#0.
Then, flzy* xz2) = f(x1) * f(x2) = 31 °
Consequently, we have Fr(A)(y:* y2) §up A(zx)

Therefore Az * z2) < Ta(A(z1),A(x3))
This contradicts that A is a Ty — interval valued fuzzy extensive group on G .
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Theorem 2.2 Let G and G be extensive groups, Ty be an idempotent interval norm,
f:G — G be a surjective homomorphism, B be a Ty — interval valued fuzzy extensive
group on G . Then F7'(B) is a Ty — interval valued fuzzy extensive group on G, too.

Proof For each x1,x; € G ,We obtain easily
F/A(B)(x1 * z2) = B(f(z1 * z2)) = B(f(z1) * f(x2))
= Tu(B(f(z1),B(f(x2)))
= Tu(F7'(B)(z1),F7(B)(x2))
Thus, the theorem is proved.
As to the homomorphism of groups, we have the following theorem.

Theorem 2.3 Let G and G be groups, f: G — G is a surjective homomorphism. If A
e IF(GS,TH) . Thean(/_\) 6 IF(Cs,TH) .

Proof From theorem 2.1, for any y € G , we need only prove that
Ff(Z\)(y_l) = Ff(A-)(y)-
Actually,  Fp(A)(y™") = Suwp_ A(z)= Sup A((z™)7)
ef'G™h -

z Azx)=y

> Sup A(z™!) = SupA(z)
f(z‘l_)=y =)=y

= f(A)(y)

Hence, F((A) € IF(G*, Ty) .

Theorem 2.4 Let G and G be ordinary groups, f:G —> G be a surjective homomor-
phism. If B € IF(G5, Ty) ,thenF}l(B) € IF(G®, Ty).

Proof For arbitrary x € G ,We need only verify that
FY(B)(z™!) = F{(B)(x)
In fact F{(B)(z™) = B((f(z™)) = B((f(z)™)
= B(f(z)) = Ff'(B)(z)
And so, F7(B) € IF(G*, Tw).

Note Let mapping f: G = G be an homomorphism of groups, denote
ker f = {z € G| f(z) = el
Where e is the identity element of G . We call ker f the kernel of f .
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Theorem 2.5 Let mapping f: G — G be an homomorphism of groups, A € IF(G*,
Ty), e be the identity element of group G, and A(e) = (1,1). Then for any y € kerf,
A(y) = A(e)iffA(z + y) = A(z) forallz € G, y € kerf.

Proof Necessity. For each x € G,y € kerf, by the known conditions, we can derive
from that
A(z + y) = Tu(A(2),A(y)) = Tu(A(z),A(e))
= [(T(A™ (2),1), T(A* (2),1)]
= (A7 (2),A (2)
= A(x)
On the other hand, since f is an homomorphism of groups. Then we get
fO) - fy) = flyTh-y) = fle) =e
Where e is the identity element of G.
Therefore, Fly™) =(f(y)) T =el =e. i.e., y ! € kerf
Consequently, A(y™) = A(e)
Thus, we can infer that
A(z) =A(z -y y 1) = Tu(A(z * 3),A(y™))
= Tu(A(z * y),A(e))
= [(T(A" (z - 3),1), T(A* (z - y),1)]
= (A" (z-y),A" (z - y)]
=A(z - y)
Hence, A(z-y) = A(z)
Sufficiency. Take x = e € G, for arbitrary y € kerf.

Evidently, we have

Corollary Let f:G — G be an isomorphism of groups. A € IF(G*, Ty). Then
F}I(Ff(;{)) = A
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