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Abstract

This paper deals with the fuzzy creation by a standard decision-making method analogy when the state of
events are given as fuzzy sets. The proposed fuzzy model is applied to the economic system intended for the
mortgage bonds issues amount decision-making. The order of fuzzy values is arranged while taking into
account the risks following from financial decisions, especially considering the risk of the gained financial
means unplacement, resp. the risk following from the decreasing marginal utility rule.
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1. Introduction

The decision-making support theory is widely applied in the economy, however, often facing a problem of too
sharp input data not corresponding to the reality being modelled without rough distortion. One of potential
alternatives how such insufficiency can be partially eliminated is to approach to the modelling in the fuzzy
environment.

The aim of this paper is to set up a decision support model for mortgage bank management for mortgage bonds
issue amounts for uncertain demands for mortgage loans in order to maximise the bank revenues.

In addition, a risk following from the decreasing marginal utility rule is quantified in the second part.

The stated system for a decision-making support is set up without taking into account the time development
dynamics, i.e. immediate execution of all transactions without any delay is supposed, and the decision-making
is based on the following year revenues from the executed actions.

2. The classic decision-making

The classic decision-making problem has the following characteristics [2]:
1. Predetermined values
Q Space of events (set of given situations, set of real numbers)
e numerable
¢ not empty (included in R)
Q,, State of events (w = 1, 2, ..., n) (clement of Q)

+ mutually incompatible
» not controllable by the decider
A Space of decision alternatives (set of alternatives)
¢ numerable
¢ not empty (included in R)
A, Course of action (v=1, 2, ..., m), (clement of A)
e mutually exclusive
e controllable by the decider
1I. Space of consequences
(R, <) Space of consequences or of results (ordered set)
Result Ry, is constructed by a resulting function c(A,,Q,) e (R, <) forVA,,VQ, )

AMS 1991: Mathemacics Subject Classificiation: 90A09
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II1. Decision matrix is the form in which the decision model is expressed:

02 29 ... 02, - 2
A1 | Ry Rj2 -+ R - Rpy
A2 |R21 R22 - Raw - Ryy 2
Ay | Ry Ry2 - Ryy - Ry
Am | Rmi Rm2 - Rmw - Rmn

3. Decision-making for a space of events being a set of fuzzy number

Let A= {A}, Ay, ..., A,, ..., Ay} be a set of decision alternatives (crisp numbers).
Let now the possible states of events be considered as a fuzzy number, e. g. ﬁ is a set of fuzzy numbers §~2w .
Letnowitbew=1i.e Q, =Q.
A fuzzy number Q isa special fuzzy subset of the real numbers [6]. Its membership function is defined by
p(x |§~2) =(m1,fl(y[ﬁ)/mz,m3/f2(y|ﬁ),m4), where 0, <0, <®; <0,, 3
fi1(y ] .(~2) is a continuous increasing function of y for 0<y </
with £, (0]G) =0, and £, (1|8)=a,,
fa(y | £2) is a continuous decreasing function of y for 0<y </
with £, (0]8) =0, and £, (1])=0,.

x=f (Y|-5)
foro<y<1

x=12(»]2)
foro0<y<l

(O3] ®2 W3 W4

In order to discuss the graph of u(x ‘.(~2 ) let us assume that the x-axis is horizontal and the y-axis is vertical.
Then the graph of y = p(x t.(~2) is:

(1) zeroforx £ wy,

@ x=f(y|Q) foro<y<t,

3) onefor w,<x < w;3,

C)) x=f2(y|.(~2) for0 <y <1,

(5) zeroforx 2 wy.
It is convenient to have x a function of y on [©1; ®;] and [w3; @4]. If it is eligible to have y a function of x, then

it is possible to use the inverse functions y = f;~/ (x lfz) forw; < x < wy,andy = f2‘1 (x|.(~2) forw; < x
< @Dy.
Sometimes straight line segments for u(x lﬁ) on [0); ®,;] and [0;; 4] are employed. In this case the

membership function is denoted simply as (o, ®2, ©3, ©4). )]
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If the state of events Q is a fuzzy number, then the fuzzy result R must be modelled using the extension
principle in (1). The space of results is an ordered set of fuzzy numbers:

(8 <) = (R Rigo R R )

For each Q, (w=1,2, ..., n) we obtained a fuzzy number R,(v=1,2,.., m) which has a membership

Junction defined by (x| &,)= ( o £t (¥ | Re) 7 mg s /602 (v | R rv4) )
As segments for membership function p (x ‘ RV> is straight lines on [r,;; ry;] and [r3; Tu4], then
x= fu(V|R) = (rz = r)- v+ 1, x= for(V|R) = (hos = oa) -y + 1y, for 0y <1 ©)

If f,; is the straight line for j = 1, 2 (R is a triangular fuzzy number or a flat fuzzy number), to organise
obtained results RI,RZ,...R ,...R_ is proposed: the application of the semi-distance from the origin

m

criterion if:
o~ +T + Iy + Iy T T3+ Igg
R <R & Tp1 T Tp2 T 1p3 T4 < q1 T g2 I37 N
P 4 4
Let now be considered a continuous concave increasing function (ufility function) u:
u (R) = U, where R is a real number. 8)

Next the results R are fuzzy numbers and the utility U must be modelled using the extension principle in
equitation (8).

If the function u is applied to a triangular or a flat fuzzy number R, the result U can be a fuzzy number which
has lost their triangular or flat form, and which must be classified to obtain the order of preferences in another

form. To organise the fuzzy number INJV with a membership function defined for 0<y <1 by
H (X ' INjV) = (uVI’ fvl (y | fjv) / Uyg, Uy3 /fv2 (y | I’jv)’ uv4) (9)

it is suggested the following criterion (the criterion is suggested, for which the choice from many possibilities
seems to be suitable after checking it on the economical applications given below):
the application of the centre of the gravity:

INJP <L~Iq T, <T,,where T, = fora=p,q (10)

4. The mortgage bonds optimisation issues

The mortgage banks gain financial sources except others by placing and following sale of mortgage bonds
issues on the capital market. A bank pays debit interests to the respective investors for those sources providing,
and, therefore, its effort is aimed towards placing those sources without any time delay in such way that it
provides mortgage loans to clients (credit interest). The revenues of a mortgage bank (in a simple way) are a
difference between the credit and debit interests amount.
A risk of such transactions can be expected from several sides, e.g.

e  abank issues mortgage bonds in a larger volume than it then succeeds to contract mortgage loans,

+ due to insufficient measures, it enables to repay mortgage loans in a shorter term, while it still has to

pay the debit interests.

A mortgage bank management decision-making concerning a volume of mortgage bonds issues can be
supported by quantitative methods, which, however, in their classical form face a fact the following demand for
mortgage loans is only estimated, being uncertain. A possibility is offered to quantify such uncertainty in the
fuzzy environment, thus gaining an efficient tool for decision-making support.

Let A= {A}, Ay, ..., A,, ..., Ay} be a set of decision alternatives (crisp numbers). A, represents the decision of
a banker to issue mortgage bonds (e. g. fo buy money) in v mil. CZK.

Let O is an expected uncertainty demand after mortgage loans (e.g. a sale of money by banker) in mil. CZK.
Q is given as a flat fuzzy number (3).
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Let i, is a credit interest rate p.a. (crisp number) and iq is a debit interest rate p.a. (crisp number).

If the state of events Q) is a fuzzy number, then the fuzzy revenues R of a bank in the course of A, must be
modelled using the extension principle in equitation (1). The membership function for R v = (1, Ty, T3, Tya)
is determined by

ra=£,4(0]R,) :ic-min(Av,f](O|§~2))—id-Av, ra= (1| &) =ic-min(Av,f1(1 |§~2))—id-Av
rs= fV2(1|§v):ic-min(Av,f2(l|(~2))—id~Av, fo= fv2(0|§v)=ic-nﬁn(Av,f2(0|£~)))—id~AV a1

To organise the obtained fuzzy number R , v=1,2, ... m) the manager can use (7).

A banker decision-making is influenced by the decreasing marginal utility rule from the extent and thus
related risk quantification in dependence on increasing investment amounts. This fact can be taken into
account by applying the utility function. The real variable utility function is degressively increasing, i.e. the u
function itself is increasing, however, its marginal function is decreasing. Several types of functions of
required properties can be chosen, such as an increasing section of a concave quadratic function, logarithmic
function, rational fraction function, etc. Let a required increasing concave function of a real variable is a
function

u(®)=2R-R for R €[0;1]. 12)
If the revenues R is a fuzzy number, then the utility U must be modelled using the extension principle in
equitation (12):
~ ~ ~ \2
u(RV):2~Rv69[—(RV) ] (13)

for R, suchthat min (r,, )20, vg}?_)f“(r"“) <1, (14)

v=l,.m
where a membership function p (x 1 iv) is given by the equitation (6) for v=1, 2, ..., m. In this paper the

standard arithmetics of fuzzy numbers are used (the addition of fuzzy numbers is @).
The membership function for U, (9) is determined by

£,(y]0,)=2-1,(y|R,)- 12 (v IR.) (15)
for j=1,2; 0<y<land
fvl(olfjv) = Uy, fvl(l‘ﬁv) = Uy2, fVZ(Olﬁv) = Uy4, fv2(1|ﬁv) = Uy3.
To organise the obtained fuzzy number [NJV e U (v=1, 2, ... m) the manager can use (10).

5. Examples

Example 1: Modelling of risk following from changes of difference of credit and debit interest rates.
Example la:

* Let a set of decision alternatives be A = { Ao, Aso, Ajoo, Aiso, Az0, Azso, Asoo}, Where A, represents the
decision of banker to issue mortgage bonds on the capital market in v mil. CZK.

* Let an expected uncertainty demand after mortgage loans be given as a flat fuzzy number Q = (0, 150, 200,
300) in mil. CZK.

= Let the credit interest rate be i, = 12% p.a. and the debit interest rate iy = 8% p.a.,i. €. i.- ia = 4% p.a.

Provided a banker makes a decision to issue mortgage bonds in a value of v mil. of CZK, then the revenues of
the bank for such decisions are given according to (11) by following values:

R, = (0.12:min(0;0) - 0.08.0; 0.12-min(0;150) - 0.08-0; 0.12-min(0;200) - 0.08-0; 0.12-min(0;300) - 0.08-0)

R, = (0.12:min(50;0) - 0.08-50; 0.12:min(50;150) - 0.08-50; 0.12-min(50;200) - 0.08-50; 0.12-min(50;300) - 0.08-50)

R4 = (0.12:min(100;0) - 0.08-100; 0.12-min(100;150) -0.08-100; 0.12-min(100;200) - 0.08-100; 0.12-min(100;300) -
0.08-100)

R

200 = (0.12:min(300:0) - 0.08-300; 0.12-min(300;150) -0.08-300; 0.12-min(300;200) - 0.08-300; 0.12-min(300,300) -
0.08-300).
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According to (7) a representative value can be created for each fuzzy number according to which particular
decisions can be ordered based on the resulting bank revenues. For a graphic depiction of the revenues related
to particular decisions it is suitable to norm the values (the highest revenue amount would be evaluated as a
number one, a zero revenue as a zero, losses would be attributed by corresponding negative values). The results

are written in the following table and depicted in the graph.

Table

1: The

order

of alternatives:

Rys0 > Rygo ™ Rago = Rsg > Rg > Raso > R3gg

Stocks  Results R,  Representants Values of
representants

Ay (0;0;0;0) 0 0

Asy (-4:2;2;2) 0.5 1/3

Ajso (-12;6;6;6) 1.5 1

Ao (-16;2;8;8) 0.5 13

Assg (-20;-2;4;10) -2 -4/3
Asog (-24;-6;0;12) -4.5 -3

Evaluation of example la:
An estimated uncertain demand was chosen as very uncrisp, potential decision alternatives copied all the
expected demand values. A difference between the credit and debit interest rates was chosen as medium.

The alternatives order with positive revenues corresponds with the demand uncrisp, however, a risk of a too
high number of mortgage bonds issue proved to be too high in relation to determined losses.

Example 1b.
* Let a set of decision alternatives be the same A = { Aq, Aso, Aioo, A1so, A2oo, Azso, Asoo}-

* Let a flat fuzzy number be the same() = (0, 150, 200, 300).

* Leti,= 12% p.a. and let iq be a different one: iy =5%p.a.,i. e. i.- ia = 7%p.a.

The values of revenues R, I~{50 , ... , R3q, are numerated in the same way as in the example la.

Table 2: The order of alternatives:

Ra00 > Ryso > Raso > R3gp > Rygp > Rso > Ry

p(x | Ez)ﬂ Values of representants ﬁlso

_____________________________

0 (50 100 (150 200 pso [300

__________________________________________________________

Fig. 1: The order of alternatives for i. -ig = 4% p.a.
Rys0 > Rygo > Ra00 = Rsp > Ro > Ros > Rsgo

Ao (-10;8;14;14) 6.5 1.0
Azso  (-12.5;5.5;11.5;17.5) 55 0.8462
Aspo  (-15;3:9;21) 4.5 0.6923

Stocks Results R,  Representants Values  of
representants

Ay (0,0;0;0) 0 0

Aso  (-2.5:3.5:3.5;3.5) 2 0.3077

Ao (5:7:7.7) 4 0.6154

Ao (-7.5;10.5;10.5;10.5) 6 0.9231
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Fig. 2: Order of alternatives for i, - iy = 7% p.a.

p(x|(~2) Values of representants o —~ - — - < .
Rago > Rysp > Rasg = R3go > Rygo > Rs9 > Ry

Evaluation of example 1b:

Due to increasing the difference between the credit and debit interest rates all alternatives became profitable,
their order being changed so that they moved to higher issues amounts.

Example Ic.

* Let a set of decision alternatives be the same A = {Ay, Aso, Aioo, Aiso, A200, A2s0, A300}-

* Let a flat fuzzy number be the same Q) = (0, 150, 200, 300).

* Leti,= 12% p.a. and let iy be a different one: iy=10%p.a,i.e. i.- iy = 2% p.a..

The values of revenues R, Ry, ..., Ry, are numerated in the same way as in the example 1a.

p(x |§N2ﬁ Values of representants

Table 3: The order of alternatives (all of them are
lossmaking):

Ry > Rsg > Rygp > Ryso > Rogg > Rasp > R3gp

300

Stocks  Results R Representants Values  of

Y representants
Ay (0;0,0;0) 0 0
Asg -5 L;L;1) -0.5 -1/3
Ajgo (-10;2;2;2) -1.0 =23 e e
Aso (-15;3;3;3) -15 -1 Rioo
Azgo (-20;-2;4;4) -35 7 T W T
A250 (-25,-7,-1,5) -7 - 14/3 -1 ﬁlSO
Az (-30;-12;-6;-6) -13.5 -9

Fig. 3! Order of alternatives for 1. - iy & 2% pla.

Ry > Rsg > Rygp > Rys9 > Rogp = Ry > R3gp

Evaluation of example Ic:

A difference between the credit and debit interest rates being decreased, the mortgage bonds issue risk is
increased so that all the alternatives seem to be loss-making. These results are supported by a fact the demand
for mortgage loans is very uncertain (the choice of the demand from the example 1 is kept).

Example 2: Modeling of a financial decision risk following from the decreasing marginal utility rule.

Example 2a:
* Let a set of decision alternatives be the same A = { Ay, Aso, Aioo, A1s0, Az00, A2so, Azoo}.
* Let a flat fuzzy number Q) be a different one: Q = (150, 240, 260, 300).
* Leti, = 12% p.a. and let iy be the same as in example 1c, where all alternatives are lossmaking: iq = 10%
p.a,ie. i;- ig isonly 2% p.a.
ﬁo = (0.12-min(0; 150) - 0.10-0; 0.12-min(0; 240) - 0.10-0; 0.12.min(0;260) - 0.10-0; 0.12-min(0; 300) -
0.10-0)
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R, = (0.12-min(50; 150) - 0.10-50; 0.12-min(50; 240) -0.10-50; 0.12-min(50;260) - 0.10-50; 0.12-min(50;

300) - 0.10-50)

§300= (0.12-min(300; 150) - 0.10-300; 0.12-min(300; 240) -0.10-300; 0.12-min(300;260) - 0.10-300;,
0.12-min(300; 300) - 0.10-300).

Table 4: The order of alternatives:
Rys0 > Rygp > Rygp > Rosg > Rsg > R > Ryqg

Stocks Results R,  Represent Values of
ants representants

Ay (0;0,0;0) 0 0

Aso (1;1;1;DH) 1 0.333

Ao (2;2;252) 2 0.666

Aiso (3;3;3;3) 3 1

Ao (-2;4;4;4) 2.5 0.833

Asso  (-7;3.8:5;5) 1.7 0.566

Azgo  (-12;-1.2;1.2:6) -1.5 -0.5

Evaluation of example 2a:

¢ Comparison with example 1c:

<[]

Values of representants

_____________________________

Ra00
PR =
: 100 R,s0
R
0 I Capital amount
! , l l
0 150 (100 150 200 250 P00
R300

Fig. 4: Order of alternatives for i. - iy = 2% p.a
and for Q) = (150, 240, 260, 300)

The mortgage loans fuzzy demand increasing and its movement to upper values resulted into profit
achieved by most decisions, even the difference between the credit and debit interest keeps to be as
small as in example 1c. However, a risk of investment to the higher amount than the lower exceeding
fuzzy demand limit keeps to be too high. However, in case of the debit interest rate decreasing, the best
solutions would be moved towards the higher mortgage bonds amount issues.
o Comparison with the example 2b:
Determination of alternatives order in example 2a quantifies just a risk following from the gained
sources not placed on the mortgage loan market.

Example 2b:

Let all values from example 2a are holt.

In addition, a risk following from the decreasing marginal utility rule (increasing, concave utility

function) can be quantified by finding of functional value of the fuzzy function u of variable ﬁv .

* Revenues attributed to particular alternatives in the example 2a are first of all transformed to the interval [0;
1] according to (14).

*  According to (6) the ﬁv fuzzy numbers are written down, applying a-cuts [1].

*  According to (13), (15) images of fuzzy numbers are found in a mapping u: R, > U, .
The values are stated in Tables 5 and 6.
* To organise the fuzzy numbers is used (10).

Table 5:
Stocks Capital amounts in mil CZK Transformed capital amounts

Ag (0;0;0:0) (2/3;2/3;2/3;2/3)

Aso (1;1;1;1) (13/18;13/18;13/18;13/18)

Ajgo (2;2;2;2) (7/9;7/9;7/9,7/9)

Aiso (3;3:3;3) (5/6,5/6,5/6,5/6)

Az (-2;:4:4:4) (5/9;8/9:8/9;8/9)

Asso (-7:3.8:5;5) (5/18;79/90,17/18;17/18)

Aso (-12;-1.2:1.2:6) (0,3/5;22/30,1)

Table 6: The order of alternatives with an attitude to a risk: R;sq > R;gp > Rpgg > R > Rg = Rpsg > R3q.
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n(x|R,) 0,-2.R, & [_ (§V)2] Centre of the gravity
(2/3;2/3) (0.8889; 0.8889) 0.8889
(13/18;13/18) (0.9228; 0.9228) 0.9228
(7/9;719) (0.9506; 0.9506) 0.9506
(5/6;5/6) (0.9722; 0.9722) 0.9722
(1/30+5/9;8/9) (0.66670+0.3210; -0.11110>~.37040.+1.4691) 0.9357
(3/50+5/18;17/18) (1.2000-0.3364; -0.52890>-0.3333c + 1.8117) 0.8629
(3/501;—8/300+1) (-0.06760:%+1.7200 o, —1.0000; -0.52890*~.52000.+2.0000) 0.6832

Evaluation of example 2b:

The quantification of a risk following not only from a potential not placement of the means (gained by
the mortgage bonds sale) on the mortgage loans market, but also of a risk following from a degressive
utility of increasing amounts of financial transactions resulted into the alternatives order re-
arrangement. The alternative of the issue of 100 mil. CZK moved to the second order at the debit of the
alternative issue of 200 mil. CZK, the alternative of 250 mil. CZK moved even by two positions back. In
both the cases, the issue of 300 mil. CZK was kept on the last position, because a difference between the
credit and debit interest rates was too low. This difference increasing would result into a choice of
alternatives with larger amount issues.

The re-arrangement of the order is depicted in (Fig. 5).

The original order:

Rys0 > Rogo > Rygo > Raso > Rsg > Rg > R3gg

X

A new order:
Rys0 > Rygo ™ Rpgo > Rsp > Ry > Ras0 > R

Fig. 5. A change in the alternatives order due to the quantification of the risk following from a
degressive utility from increasing financial transaction amounts.

6. Conclusion

This paper presents a method for management decision-making support in relation to the mortgage
bonds amount issues, when a demand for mortgage loans is based only on the following estimation,
being uncertain. A decision-making function is modeled with regard to two risk groups:
o the risk of losses making because the gained financial sources were not placed,
o the risk following from decreasing marginal utility rule.
The examples demonstrate:
o the influence of a difference between credit and debit interest rates on the revenues of a bank,
* potential bad decisions when the decreasing niarginal utility rule is not take into account.
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